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FOREWORD 

This  r e p o r t  p r e s e n t s  a summary of t h e  work conducted under Contract  
NAS3-11216, "Study of Inducer  Load and S t r e s s , "  by t h e  F l o r i d a  Research 
and Development Center of P r a t t  & Whitney A i r c r a f t ,  M r .  W. E. Young, 
Program Manager. The Contract  w a s  sponsored by t h e  L e w i s  Research Center 
of t h e  Nat ional  Aeronautics and Space Adminis t ra t ion,  Cleveland, Ohio, 
and w a s  adminis tered under t h e  t e c h n i c a l  d i r e c t i o n  of t h e  Chemical Rocket 
Divis ion wi th  M r .  D. D. Scheer,  P r o j e c t  Manager. This  r e p o r t ,  which covers  
t h e  pe r iod  15 February 1968 t o  28 February 1970, i s  d iv ided  i n t o  two 
volumes: Volume I summarizes t h e  a n a l y t i c a l  and experimental  e f f o r t  
devoted t o  developing computer programs f o r  p r e d i c t i n g  inducer  l oads  
and stresses; Volume I1 p r e s e n t s  t h e  l i s t i n g s  of  t h e  programs and i n s t r u c -  
t i o n s  f o r  t h e i r  use. 

S p e c i a l  r ecogn i t ion  i s  hereby extended t o  t h e  fol lowing P r a t t  & 
Whitney personnel  who c o n t r i b u t e d  i n  a l a r g e  measure t o  t h e  s u c c e s s f u l  
completion of t h e  c o n t r a c t  e f f o r t :  

M r .  R. E. Davis, who supe rv i sed  and d i r e c t e d  t h e  en t i re  
a n a l y t i c a l  e f f o r t .  

M r .  L .  L .  Coons and M r .  C .  G .  Roberts ,  who were r e s p o n s i b l e  
f o r  t he  formulat ion and development of  the hydrodynamic program. 

M r .  H. J. Barten,  who formulated and developed t h e  stress 
and v i b r a t i o n  computer programs. 

M r .  J .  A. Scheurenbrand, who w a s  r e s p o n s i b l e  f o r  programing 
t h e  v i b r a t i o n  and stress equa t ions  f o r  computer s o l u t i o n .  

M r .  J .  M. Reddec l i f f ,  who w a s  r e s p o n s i b l e  f o r  t h e  conduct 
of t h e  test program and t h e  s u c c e s s f u l  a p p l i c a t i o n  of t h e  
p r e s s u r e  scanning valve. 
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ABSTRACT 

A program of analysis, design, fabrication and testing has been 
conducted to develop computer programs f o r  predicting rocket engine 
turbopump inducer hydrodynamic loading, stress magnitude and distri- 
bution, and vibration characteristics. Methods of predicting blade 
loading, stress, and vibration characteristics were selected from a 
literature search and used as a basis for the computer programs. 
inducer, representative of typical rocket engine inducers, was designed 
fabricated, and tested with special instrumentation selected to provide 
measurements of blade surface pressures and stresses. Data from the 
tests were compared with predicted values and the computer programs 
were revised as required to improve correlation. 

An 
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SUMMARY 

Inducers  are widely used i n  rocket  engine turbopumps t o  prevent  cavi- 
t a t i o n  i n  t h e  pump main s t a g e s ,  thereby p e r m i t t i n g  h i g h e r  turbopump oper- 
a t i n g  speeds and/or  reduced pump i n l e t  p re s su re .  
inducer ,  hydrodynamic performance can be a c c u r a t e l y  p r e d i c t e d  from em- 
p i r i c a l  l o s s  and d e v i a t i o n  da ta .  The p r e d i c t i o n  of o p e r a t i n g  stresses 
p r e s e n t s  a problem, however, because (1 )  t h e r e  is  a l a c k  of information 
on b l a d e  p r e s s u r e  loading and (2) t h e  complexity of t h e  inducer  b l ade  
shape p reven t s  simple s t eady  and v i b r a t o r y  stress a n a l y s i s ,  Consequently, 
inducer  mechanical design i s  u s u a l l y  based on several approximations,  w i th  
l i b e r a l  s a f e t y  f a c t o r s  being app l i ed .  This  a p p r o a c h - r e s u l t s  i n  r e l a t i v e l y  
heavy induce r s  w i th  undesirably t h i c k  b l ades .  

In t h e  design of an 

The inducer  load and stress study w a s  undertaken t o  provide a n a l y t i c  
t o o l s ,  i n  t h e  form o f  computer programs, f o r  t h e  p r e d i c t i o n  of (1)  des ign  
and off-design hydrodynamic b l ade  loading under c a v i t a t i n g  and noncavi- 
t a t i n g  cond i t ions ,  (2)  b l ade  stresses due t o  hydrodynamic and c e n t r i f u g a l  
loading,  and (3) b l a d e  resonant  f r equenc ie s  and relative stress d i s t r i b u -  
t i o n .  The s tudy c o n s i s t e d  of (1 )  a l i t e r a t u r e  survey t o  e s t a b l i s h  t h e  
c u r r e n t  s t a t e -o f - the -a r t ,  (2) formulat ion of computer programs and cor- 
r e l a t i o n  wi th  e x i s t i n g  d a t a ,  (3) design and f a b r i c a t i o n  of a test inducer  
and test r i g ,  ( 4 )  a test program i n  which b l ade  p r e s s u r e s ,  resonant  
f r equenc ie s ,  and stresses were measured and compared wi th  p r e d i c t i o n s ,  
and (5) development of t h e  computer programs based on t h e  test r e s u l t s ,  

E x i s t i n g  methods w e r e  s e l e c t e d  from t h e  l i t e r a t u r e  survey and used as 
a b a s i s  f o r  computer programs t o  p r e d i c t  inducer  b l ade  p res su res  and 
stresses. Inducer i n t e r n a l  flow w a s  c a l c u l a t e d  from a mean s t r eaml ine  
a n a l y s i s  u s ing  f i n i t e  increments,  S t r e s s  and v i b r a t i o n  c h a r a c t e r i s t i c s  
were c a l c u l a t e d  us ing  a m a t r i x  a n a l y s i s  of f i n i t e  t r i a n g u l a r  elements.  

Computer program p r e d i c t i o n s  w e r e  compared w i t h  experimental  d a t a  o r  
exact  s o l u t i o n s  f o r  i nduce r  c a v i t a t i n g  and noncav i t a t ing  performance, 
inducer resonant  f r equenc ie s ,  c a n t i l e v e r e d  p l a t e  resonant  f r equenc ie s ,  
inducer  stress (bladder  between b l a d e s ) ,  and f l a t  p l a t e  stress. The 
c o r r e l a t i o n  w a s  s a t i s f a c t o r y  i n  a l l  cases. 

An inducer  and test r i g  w e r e  designed wi th  p r o v i s i o n s  f o r  measurement 
of blade s u r f a c e  p r e s s u r e s  and s t eady  and v i b r a t o r y  s t r a i n s .  The inducer  
w a s  t e s t e d  s t a t i c a l l y  and i n  a c losed  water loop and t h e  r e s u l t a n t  d a t a  
w e r e  compared with v a l u e s  p r e d i c t e d  by t h e  computer programs. Minor re- 
finements were made t o  t h e  programs as a r e s u l t  of t h e  c o r r e l a t i o n .  



SECTION I 
INTRODUCTION 

Inducers  are used as t h e  f i r s t  s t a g e  i n  l i q u i d  r o c k e t  engine turbo- 
pumps because of t h e  weight r educ t ion  and performance g a i n s  they  o f f e r .  
Inducers  can o p e r a t e  a t  low i n l e t  p re s su res ,  reducing t h e  r equ i r ed  pro- 
p e l l a n t  tank p res su re .  Low tank p r e s s u r e s  mean l i g h t e r  p r o p e l l a n t  tanks.  
A t  t h e  same t i m e ,  t h e  inducer  s u p p l i e s  t h e  main s t a g e  of t h e  turbopump 
wi th  a much h i g h e r  p r e s s u r e  than is  p o s s i b l e  by t ank  p r e s s u r i z a t i o n ,  t hus  
al lowing t h e  turbopumps t o  o p e r a t e  a t  much h i g h e r  speeds wi thou t  cavitat- 
ing. Higher turbopump speeds mean l i g h t e r  and more e f f i c i e n t  pumps. A s  
might b e  expected, t h e  induce r  must pay t h e  p e n a l t y  f o r  t h e  advantages 
r e a l i z e d  by t h e  engine system. 
ducer must o p e r a t e  almost cont inuously i n  a s t a t e  of p a r t i a l  c a v i t a t i o n  
wh i l e  s t i l l  providing t h e  necessa ry  head rise. When o p e r a t i n g  wi th  i n l e t  
p r e s s u r e s  h igh  enough t o  prevent  c a v i t a t i o n ,  b l a d e  s t eady  stresses become 
severe. 
stresses are reduced. However, t h e  c o l l a p s e  of t h e  vapor c a v i t y  i s  o f t e n  
v i o l e n t  and u n s t a b l e ,  r e s u l t i n g  i n  f l u c t u a t i n g  b l ade  loads  t h a t  can cause 
b l ade  f a t i g u e  f a i l u r e .  

Because of t h e  l o w  tank p r e s s u r e s ,  t h e  in-  

A s  i n l e t  p r e s s u r e  i s  lowered and a vapor c a v i t y  forms, t h e  s t eady  

Inducer hydrodynamic des ign  has  been r e f i n e d  through the  c o r r e l a t i o n  
of empi r i ca l  d a t a  w i t h  des ign  theory t o  the  p o i n t  where e x c e l l e n t  perform- 
ance, i . e . ,  head r ise,  e f f i c i e n c y  and s u c t i o n  c a p a b i l i t i e s ,  can be a c c u r a t e l y  
p red ic t ed  and achieved. However, i n  t h e  a r e a  of mechanical o r  s t r u c t u r a l  
design,  the s t a t e - o f - t h e - a r t  has no t  kep t  pace, and it i s  t h i s  l a c k  of 
advance t h a t  may l i m i t  f u r t h e r  improvements i n  hydrodynamic performance. 
The reasons f o r  t h i s  are (1) t h e  i n a b i l i t y  of e x i s t i n g  design t o o l s  t o  ac- 
c u r a t e l y  p r e d i c t  t h e  b l a d e  load ings  t h a t  occur i n  t h e  inducer  from p r e s s u r e  
and c e n t r i f u g a l  f o r c e s  and (2) t h e  absence of a s a t i s f a c t o r y  method of pre- 
d i c t i n g  the  stresses t h a t  r e s u l t  even when t h e s e  f o r c e s  are known. 
a consequence, t he  inducer blades must be designed c o n s e r v a t i v e l y ,  i .e .  , 
overly t h i c k ,  t o  ensure t h a t  f a i l u r e  w i l l  not  occur du r ing  engine ope ra t ion .  
The b l ade  th i ckness  d i r e c t l y  a f f e c t s  t he  blockage i n  the  inducer i n l e t  and 
i s  d e t r i m e n t a l  t o  inducer  s u c t i o n  performance. 

A s  

It w a s  t h i s  d e f i c i e n c y  i n  rocke t  engine inducer des ign  t h a t  l e d  t o  
the  i n i t i a t i o n  of Contract  NAS3-11216, "Study of Inducer Loads and S t r e s s e s . "  
The o b j e c t i v e  of t h i s  c o n t r a c t  work was t o  develop computer programs t h a t  
could a c c u r a t e l y  p r e d i c t  inducer  b l a d e  p r e s s u r e  d i s t r i b u t i o n s  and r e sonan t  
f r equenc ie s ,  a long wi th  t h e i r  r e s u l t a n t  stresses. The combined a n a l y t i c a l  
and experimental  e f f o r t  w a s  d iv ided  i n t o  t h e  fol lowing s i x  tasks: 

I. L i t e r a t u r e  Survey 
11. Formulations of A n a l y t i c a l  Models and Computer Programs 
111. Hydrodynamic and Mechanical Design of T e s t  Inducer 
I V .  De ta i l ed  Design of T e s t  Inducer 
V.  F a b r i c a t i o n  of Test Hardware 
V I .  Experimental Tes t ing  and Computer Program V e r i f i c a t i o n .  

This  f i n a l  r e p o r t  covers  a l l  o f  t h e  work performed under t h e  c o n t r a c t .  
The a n a l y t i c a l  and experimental  program and i t s  r e s u l t s  are discussed i n  
d e t a i l  i n  Volume I and computer program u s e r ' s  information i s  presented 
i n  Volume 11. 
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SECTION I1 
TECHNICAL PROGRAM 

A. TASK I - LITERATURE SURVEY 

1. General 

A l i t e r a t u r e  survey w a s  conducted t o  determine t h e  c u r r e n t  s t a t e - o f -  
t h e - a r t  i n  t h e  fol lowing a s p e c t s  o f  inducer s t r u c t u r a l  des ign :  

1. Methods used i n  the  p r e d i c t i o n  of des ign  and o f f -des ign  
hydrodynamic loading under c a v i t a t i n g  and noncav i t a t ing  
cond i t ions  

2. Methods used i n  t h e  p r e d i c t i o n  of stresses due t o  hydro- 
dynamic and c e n t r i f u g a l  l oad ing  

3 .  Methods used i n  the  p r e d i c t i o n  of inducer  blade r e sonan t  
f r equenc ie s  and a s s o c i a t e d  stress d i s t r i b u t i o n s  

A method was s e l e c t e d  from each ca t egory  t o  s e r v e  as a b a s i s  f o r  t h e  
computer programs t o  be formulated i n  Task 11. The s e l e c t i o n  w a s  based 
on t h e  fol lowing c r i t e r i a :  

1. Comprehensiveness - a b i l i t y  t o  account f o r  important 
phys i ca l  c h a r a c t e r i s t i c s  (geometric and hydrodynamic) 

2. S i m p l i c i t y  - p r a c t i c a l  des ign  t o o l  

3 .  Success of s i m i l a r  methods i n  o t h e r  a p p l i c a t i o n s  

4 .  A v a i l a b i l i t y  of empirical  s u b s t a n t i a t i o n .  

A s  w i l l  be noted i n  t h e  subsequent d i s c u s s i o n ,  i t  became necessary 
o r  d e s i r a b l e  t o  modify some methods and combine a t t r a c t i v e  f e a t u r e s  of 
o t h e r s  t o  more adequately s a t i s f y  t h e s e  c r i t e r i a .  

The l i t e r a t u r e  survey w a s  conducted through the  l i b r a r y  f a c i l i t i e s  
of United A i r c r a f t  Corporat ion and the  Defense Documentation Center .  
From t h e s e  sou rces ,  approximately 1800 a b s t r a c t s  were c o l l e c t e d ,  of 
which over 100 were found t o  be p e r t i n e n t  t o  t h e  work requirements of 
t he  program. These s e l e c t e d  a b s t r a c t s  w e r e  ca t egor i zed  and are presented 
i n  Appendix A under t h e  fol lowing main headings.  

Sec t ion  1 - Blade Hydrodynamic Loading Under C a v i t a t i n g  and 
Noncavi ta t ing Conditions 

Sec t ion  2 - Blade Stresses ( S t r e s s e s  i n  Curved P l a t e s )  

Sec t ion  3 - Blade Vib ra t ions  (Vibrat ions of Curved P l a t e s )  

Resumes of t hose  a r t i c l e s  from which material w a s  drawn are pre-  
sented i n  Appendix B.  The methods evaluated are d i scussed  i n  t h e  f o l -  
lowing paragraphs.  
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2. Hydrodynamic Loading of Inducer  Blades 

Exact,  approximate, and experimental  methods can be used i n  d e f i n i n g  
flow through inducer  passages.  Examples of each of t h e s e  methods are 
presented below. 

a .  Exact Methods 

Exact methods may employ conformal mapping techniques f o r  s o l u t i o n  
of t h e  e x a c t  p o t e n t i a l  flow equa t ions .  This  t ype  s o l u t i o n  is  f o r  i d e a l  
o r  no-loss  flow and nonnal ly  i s  solved only f o r  a two-dimensional flow 
f i e l d .  Examples of s o l u t i o n s  t o  s p e c i f i c  cases  have been presented by 
s e v e r a l  a u t h o r s .  Exact s o l u t i o n s  f o r  s ing le -phase  flow between f l a t  
p l a t e  cascades was presented by von Karman and Burgers (Reference 1). 
S t r i p l i n g  and Acosta (Reference 2) extended the  p o t e n t i a l  f low f l a t  p l a t e  
theory t o  inc lude  the  e f f e c t s  of c a v i t a t i o n .  F a n t i  (Reference 3)  presen t s  
t h e  modified f l a t  p l a t e  t heo ry  t o  e x a c t l y  account f o r  p o t e n t i a l  flow about 
a i r f o i l s  of a r b i t r a r y  shape i n  an  a r b i t r a r y  cascade.  Jakobsen (Ref- 
erence 4 )  p r e s e n t s  t he  most gene ra l  of t h e  exac t  cascade flow theory by 
account ing f o r  varying a i r f o i l  shape and complete c a v i t a t i o n .  However, 
he only p r e s e n t s  s o l u t i o n s  f o r  f l a t  p l a t e s  and c i r c u l a r  a r c  a i r f o i l s .  

b . Approximate Methods 

The t e r m  "approximate method" used he re  r e f e r s  t o  methods t h a t  g ive  
a n  approximate a n a l y t i c a l  d e s c r i p t i o n  of a three-dimensional flow f i e l d .  
These methods could be divided i n t o  two subgroups r e f e r r e d  t o  a s  t h r e e -  
dimensional and quasi- three-dimensional  methods. A three-dimensional 
approximate method may employ a numerical r e l a x a t i o n  o r  f i n i t e  d i f f e r e n c e  
s o l u t i o n  of t h e  p o t e n t i a l  flow equa t ions .  A quasi- three-dimensional  
s o l u t i o n  may involve e i t h e r  a two-dimensional f i n i t e  d i f f e r e n c e  s o l u t i o n  
t o  the b a s i c  flow equat ions w i t h  an assumed s o l u t i o n  i n  the t h i r d  dimen- 
s i o n  o r  a one-dimensional s o l u t i o n  w i t h  assumed s o l u t i o n s  i n  the  o t h e r  
two dimens i o n s .  

The f i n i t e  d i f f e r e n c e  s o l u t i o n  o f  t he  b a s i c  flow equa t ions  i s  a 
s t anda rd  method. This type s o l u t i o n  has been used by S t a n i t z  (Reference 5 ) ,  
Stockman (Reference 6 ) )  and Cooper (Reference 7) among o t h e r s .  S t a n i t z  
and Stockman p resen t  quasi- three-dimensional  s o l u t i o n s  whereas Cooper p r e -  
s e n t s  both three-dimensional and quasi- three-dimensional  s o l u t i o n s .  Loss 
c a l c u l a t i o n s  can  e a s i l y  be inco rpora t ed  i n t o  methods invo lv ing  a f i n i t e  
d i f f e r e n c e  s o l u t i o n  of a p o t e n t i a l  f low f i e l d .  This type s o l u t i o n  a p p l i e s  
e q u a l l y  w e l l  t o  e i t h e r  c a v i t a t i n g  o r  noncav i t a t ing  flow. 

The most gene ra l  type s o l u t i o n  between the  e x a c t  and approximate s o l u -  
t i o n s  is the  three-dimensional approximate s o l u t i o n  because of i t s  a b i l i t y  
t o  d e s c r i b e  completely a flow f i e l d  i n  t h r e e  dimensions,  i nc lud ing  the 
e f f e c t s  of three-dimensional flow, c a v i t a t i o n  and flow l o s s e s .  It was 
found, however, i n  Reference 7 t h a t  use of a three-dimensional approxi- 
mate model ( r e f e r r e d  t o  a s  "exact" i n  t h a t  r e fe rence )  r equ i r ed  such l a r g e  
q u a n t i t i e s  of computer t i m e  t h a t  i t  would n o t  be p r a c t i c a l  t o  cons ide r  
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i t  f o r  use i n  the  p r e s e n t  inducer  stress design system. A quas i - th ree -  
dimensional s o l u t i o n  was found t o  execute  much more r a p i d l y  on the  com- 
p u t e r ,  a s  s t a t e d  i n  Reference 7 .  It i s  noted,  however, t h a t  i n  models 
such a s  t h i s  one, flow incidence e f f e c t s  on b l ade  load ing  i n  the  r eg ion  
of t he  b l ade  l ead ing  edge have n o t  always been p rope r ly  considered.  

The re fo re ,  i n  t h e  hydrodynamic p o r t i o n  of t h e  Task I1 e f f o r t  t he  quasi-  
three-dimensional a n a l y s i s  was used f o r  d e f i n i n g  t h e  flow f i e l d  w i t h i n  
t h e  inducer passage wh i l e  u s ing  t h e  r e s u l t s  of e x a c t  p o t e n t i a l  flow so lu -  
t i o n s  f o r  d e f i n i n g  the  flow f i e l d  on and nea r  t h e  b l ade  l ead ing  edge. The 
complete hydrodynamic model w i l l  s o l v e  both c a v i t a t i n g  and n o n c a v i t a t i n g  
flow problems account ing f o r  l ead ing  edge/flow incidence e f f e c t s  and in-  
t e r n a l  flow l o s s e s .  

c .  Experimental Methods 

Experimental methods i n  gene ra l  r e l y  heav i ly  on p a r t i c u l a r  test 
r e s u l t s  f o r  u se  i n  a n a l y s i s .  Although t h e s e  techniques a r e  g e n e r a l l y  
less complex i n  n a t u r e ,  t h e i r  u ses  a r e  r e s t r i c t e d  t o  s p e c i f i c  machines 
and flow c o n d i t i o n s .  Because of t hese  r e s t r i c t i o n s  t h e s e  methods w e r e  
no t  considered f o r  use as p r e d i c t i o n  methods i n  t h i s  program. 

3 .  S t r e s s e s  and Vib ra t ions  i n  Inducer Blades 

Stresses and v i b r a t i o n s  i n  inducers  w i t h  i d e a l i z e d  geometry such a s  
c o n s t a n t  h e l i x  ang le ,  hub diameter ,  and blade th i ckness  can probably be 
determined by c l a s s i c a l  methods s i m i l a r  t o  those discussed by Wan (Refer- 
ence 8), Reissner  (Reference 9 ) ,  and Knowles (Reference l o ) .  Varying 
geometry t h a t  i s  used i n  convent ional  inducers  would prevent  t h e  use  of 
c l a s s i c a l  methods because of t he  i n c r e a s e  i n  t h e  number of v a r i a b l e s ,  and 
approximate numerical  methods a r e  t h e  only p r a c t i c a l  a l t e r n a t i v e .  A s u r -  
vey of t h e  l i t e r a t u r e  i n d i c a t e s  t h a t  m a t r i x  a n a l y s i s  of f i n i t e  elements 
should be a p p l i c a b l e  t o  t h e  inducer  problem, us ing  e x i s t i n g  d i g i t a l  com- 
p u t e r  techniques.  

I n  t h e  f i n i t e  element a n a l y s i s ,  t he  o b j e c t  i s  d iv ided  i n t o  polygonal 
e lements ,  u s u a l l y  r e c t a n g l e s  o r  t r i a n g l e s ,  and i n t e r n a l  d i s t r i b u t e d  f o r c e s  
a r e  replaced by s t a t i c a l l y  e q u i v a l e n t  f o r c e s  a t  element nodes. By s e l e c -  
t i o n  of  a p p r o p r i a t e  displacement polynomials, t h e  s t i f f n e s s  ma t r ix ,  which 
a s s o c i a t e s  t h e  nodal f o r c e s  w i t h  nodal displacements ,  can be obtained.  
This matrix depends upon t h e  geometry of t h e  element,  and f o r  t h e  induce r ,  
s e l e c t i o n  of a base element i n  the  shape of a f l a t  t r i a n g l e  would be 
p r a c t i c a l .  The change i n  t h e  d i r e c t i o n s  of t h e  normals of t h e s e  base  
elements w i l l  then account f o r  blade cu rva tu re .  Techniques f o r  handl ing 
t r i a n g u l a r  elements t h a t  a r e  v a r i a b l e  i n  d i r e c t i o n  a r e  d i scussed  by 
Argyris  f o r  elements under membrane loading (Reference 11) and McGrattan 
and North (Reference 12) .  Although t h e  l a t t e r  paper involves  v i b r a t i o n s ,  
i t s  a p p l i c a t i o n  t o  elements i n  t h r e e  dimensions i s  p e r t i n e n t  t o  the i n -  
ducer stress program. 
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a .  Stresses i n  Inducer Blades 

S t i f f n e s s  m a t r i c e s  f o r  t r i a n g l e s  can be obtained by d i r e c t  methods, 
a s  discussed by Turner ,  Clough, and Topp (Reference 1 3 ) ,  o r  by conven- 
t i o n a l  s t r a i n  energy methods a s  discussed by Utku (Reference 14) and 
o t h e r s .  An a n a l y t i c a l  expres s ion  f o r  t he  s t i f f n e s s  m a t r i x  of an  a r b i -  
t r a r i l y  shaped t r i a n g l e  i s  ve ry  cumbersome and i t  i s  more p r a c t i c a l  t o  
o b t a i n  i t s  numerical  elements on a computer by c o n s i d e r a t i o n  of t he  
s t r a i n  energy. T h i s  m a t r i x  w i l l  y i e l d  t h e  r e l a t i o n  between nodal f o r c e s  
and displacements a s s o c i a t e d  w i t h  the  t r i a n g l e .  Because of b l ade  curva- 
t u r e ,  normals of t he  base t r i a n g u l a r  elements w i l l  n o t  l i e  i n  the  same 
d i r e c t i o n  and t h e  s t i f f n e s s  ma t r i ces  must be transformed t o  correspond 
t o  a common d i r e c t i o n .  This technique is  d i scussed  i n  d e r a i l  i n  Ref- 
erence 11. Af te r  they are transformed, t h e  summation of nodal f o r c e s  t o  
z e r o  and the equa t ing  of nodal displacements  a t  common nodes y i e l d s  a s e t  
of simultaneous displacement  equa t ions .  The values  f o r  displacements  are 
then used t o  determine stresses.  Ex te rna l  load cond i t ions  i n  t h i s  i n s t a n c e  
are p res su re  loading and c e n t r i f u g a l  loading.  

b .  V ib ra t ions  of Inducer Blades 

A f t e r  t h e  s t i f f n e s s  ma t r ix  i s  ob ta ined ,  the frequency equa t ion  and 
nodes can be obtained by c o n s i d e r a t i o n  of t h e  m a t r i x  equa t ion  of motion 
a s  discussed by McGrattan and North (Reference 1 2 ) .  This  w i l l  involve a 
de t e rmina t ion  of t h e  f l e x i b i l i t y  matrix, which can be obtained by inve r -  
s i o n  of t he  s t i f f n e s s  ma t r ix  on the computer. 

S i m i l a r  methods have been used by o t h e r  d i v i s i o n s  of United A i r c r a f t  
Corporation t o  c a l c u l a t e  f r equenc ie s  and node shapes f o r  r a d i a l  impe l l e r s .  
Resu l t s  ag ree  w e l l  wi th  experimental  test d a t a .  

B .  TASK I1 - FORMULATION OF COMPUTER PROGRAMS 

1. Hydrodynamic. Computer Program 

a. In t roduc t ion  

To p r e d i c t  inducer b l ade  stresses under c a v i t a t i n g  and noncav i t a t ing  
c o n d i t i o n s ,  it is f i r s t  necessary t o  o b t a i n  t h e  p r e s s u r e  d i s t r i b u t i o n  
on t h e  s u r f a c e s  of t h e  b l ades .  The p r e s s u r e  d i f f e r e n t i a l  a c r o s s  t h e  
b l ade  causes  a normal f o r c e  c a l l e d  t h e  hydrodynamic loading.  I f  t h i s  
information is a v a i l a b l e  from tests, then t h e  hydrodynamic loading can 
be combined wi th  t h e  c e n t r i f u g a l  loading on t h e  b l ades  t o  p r e d i c t  t h e  
b l a d e  stresses. 

This tes t  information is  u s u a l l y  not  a v a i l a b l e .  It is  known, however, 
t h a t  a l a r g e  p ropor t ion  of t h e  b l ade  stress i n  inducers  i s  caused by t h e  
hydrodynamic loading. Therefore ,  it i s  e s s e n t i a l  t h a t  a c c u r a t e  methods 
f o r  p r e d i c t i n g  t h e  b l a d e  hydrodynamic loadings be used, 
Task 11, a computer program f o r  t h e  p r e d i c t i o n  of hydrodynamic load ing ,  
under c a v i t a t i n g  and n o n c a v i t a t i n g  c o n d i t i o n s ,  w a s  formulated and 
programed. 

A s  a p a r t  of 
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A s  a r e s u l t  of con t inu ing  refinement of t h e  computer program during 
t h e  course of t h e  c o n t r a c t  e f f o r t ,  t h e  fol lowing program subrou t ines  and 
c a l c u l a t i o n s  have been added o r  modified: 

1. Loss and Blockage Model 
2 .  Cavity Model 
3 .  Loading Subroutine 
4.  E x i t  Deviat ion Model 
5. I n l e t  S t a t i o n  C a l c u l a t i o n s  
6. E x i t  S t a t i o n  C a l c u l a t i o n s  

To avoid confusion, t h e  r e l a t i o n s  p re sen ted  i n  t h i s  s e c t i o n  p e r t a i n  t o  
t h e  p r e s e n t  formulat ion of t h e  Hydrodynamic program. Di f f e rences  between 
t h e  formulat ion o f  models as they e x i s t e d  a t  t h e  end of Task I1 (see 
Reference 15) and t h e  p r e s e n t  models are d i scussed  i n  Sec t ion  11, Task V I .  

b. Desc r ip t ion  of A n a l y t i c a l  Model 

The b a s i c  flow model s e l e c t e d  as a r e s u l t  of t h e  Task I l i t e r a t u r e  
survey i s  a mean s t r e a m l i n e ,  two-dimensional mer id iona l  flow model. It 
i s  assumed t h a t  t h e  average flow cond i t ions  i n  t h e  blade-to-blade space 
can be r ep resen ted  on a mer id iona l  s u r f a c e  s o  t h a t  on ly  a two-dimensional, 
s t r eaml ine  balancing r e l a x a t i o n  a n a l y s i s  i s  r equ i r ed  t o  e s t a b l i s h  mean 
v e l o c i t i e s ,  p r e s s u r e s ,  and flow angles .  

However, i n  t h e  b a s i c  model two important non-ideal f low e f f e c t s  are 
included,  both of which g r e a t l y  a f f e c t  t h e  flow f i e l d .  These are t h e  
v i s c o s i t y  of t h e  f l u i d  and t h e  v a p o r i z a t i o n  of t h e  f l u i d  when t h e  l o c a l  
s t a t i c  p r e s s u r e  reaches s a t u r a t i o n  p res su re .  

The viscous e f f e c t s  are accounted f o r  u s ing  a two-dimensional 
boundary l a y e r  model. The boundary l a y e r  a n a l y s i s  determines t h e  amount 
of flow blockage and momentum d e f e c t  due t o  d i f f u s i o n  and t o  v i scous  
shea r  f o r c e s  a t  t h e  b l a d e  s u r f a c e s  and on t h e  hub and shroud w a l l s .  The 
boundary l a y e r  blockage causes  t h e  meridional  v e l o c i t y  t o  i n c r e a s e  and 
reduces t h e  work c a p a b i l i t y  of t h e  inducer .  The momentum d e f e c t  causes  
t h e  mass-average t o t a l  p r e s s u r e  t o  be reduced. Thus, t h e  v i s c o s i t y  of 
t h e  f l u i d  a f f e c t s  both t h e  head i n p u t  and head output .  The presence of 
a boundary l a y e r  and i t s  e f f e c t  on t h e  second non-ideal f l u i d  cha rac t e r -  
i s t i c ,  t h e  formation o f  a vapor c a v i t y ,  are a l s o  accounted f o r  i n  t h e  
c a v i t y  model. 

Formation of a vapor c a v i t y  occurs  when t h e  l o c a l  s t a t i c  p r e s s u r e  
reaches s a t u r a t i o n  p res su re .  I n  t h e  s e l e c t e d  model, i t  is  assumed t h a t  
t h e  f l u i d  w i l l  vaporize whenever t h e  f l u i d  reaches some c r i t i ca l  v a l u e  
of p re s su re .  Furthermore, t h i s  va lue  i s  assumed t o  b e  cons t an t  and equa l  
t o  t h e  equ i l ib r ium s a t u r a t i o n  p r e s s u r e  of t h e  bulk f l u i d  a t  t h e  i n l e t  t o  
t h e  inducer .  The e f f e c t s  of t r a n s i e n t  h e a t  t r a n s f e r  processes  o r  of 
l o c a l  subcool ing of t h e  l i q u i d  on c a v i t a t i o n  are n o t  considered. A t  t h e  
inducer  i n l e t  a f i n i t e  vapor c a v i t y  i s  assumed t o  occur  ove r  some f i n i t e  
d i s t a n c e  along t h e  blade.  This  assumption is c o n s i s t e n t  w i th  t h e  model 
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of S t r i p l i n g  and Acosta (Reference 2 ) .  The assumption i s  made t h a t  t h e  
l i q u i d  and vapor are sepa ra t ed  by c e n t r i f u g a l  e f f e c t s  bo th  i n  t h e  m e r i -  
d i o n a l  s u r f a c e  and i n  t h e  blade-to-blade s u r f a c e  (due t o  flow cu rva tu re ) .  
Thus, t h e  c a v i t a t i o n  model i n c o r p o r a t e s  t h e  concept of a d i s t i n c t  vapor 
c a v i t y  d i s p l a c i n g  an o the rwise  incompressible  l i q u i d  (see f i g u r e  1 ) .  
Because t h e  vapor merely d i s p l a c e s  t h e  l i q u i d  i n  t h e  flow model, i t  i s  
assumed t h a t  t h e  a c t u a l  b l a d e  can be r ep laced  by a pseudo-blade made up 
of t h e  real b l a d e  p l u s  t h e  vapor cav i ty .  
by an e f f e c t i v e  ang le ,  i .e.,  t h e  average o f  t h e  b l a d e  m e t a l  a n g l e  and t h e  
ang le  o f  t h e  s u r f a c e  o f  d i s c o n t i n u i t y  between t h e  vapor and t h e  l i q u i d .  
Because of t h e  formation of t h e  c a v i t y  t h e  mean flow a n g l e  w i l l  be  d i f f e r -  
e n t  from t h e  mean a n g l e  of t h e  pseudo-blade. Other  real f l u i d  e f f e c t s  
which i n f l u e n c e  t h i s  d i f f e r e n c e  o r  "deviation" r e s u l t  from t h e  l ead ing  
edge inc idence ,  t r a i l i n g  edge unloading (commonly c a l l e d  t h e  e x i t  devi- 
a t i o n ) ,  and t h e  i n a b i l i t y  of t h e  f l u i d  t o  fo l low e x a c t l y  a curved p a t h  
due t o  its i n e r t i a .  These e f f e c t s  are combined t o  form t h e  t o t a l  devi- 
a t i o n  o r  simply, t h e  dev ia t ion .  

The real b l ade  ang le  is  replaced 

Liquid 

Vapor Cavity 

Figure  1. D i s t i n c t  Vapor Cavi ty  Forms During 
C a v i t a t i o n  

FD 25645B 

c.  Discussion of Basic Re la t ions  

(1) Geometric Re la t ions  

The information about t h e  geometry of t h e  inducer r e q u i r e d  ' t o  begin t h e  
a n a l y s i s  i nc ludes  t h e  flowpath inner  and o u t e r  r a d i i  ve r sus  a x i a l  d i s t a n c e  
and some d e s c r i p t i o n  of t h e  b l ade  ang le  ( of;) and th i ckness  (t) d i s -  
t r i b u t i o n s .  I n  t h e  model s e l e c t e d ,  i t  is  assumed t h a t  one s u r f a c e  of 
t h e  inducer b l a d e  is generated by a s t r a i g h t  l i n e  ( g e n e r a t r i x )  pas s ing  
through t h e  hub and t i p  r a d i i  given p rev ious ly .  The o t h e r  s u r f a c e  i s  
assumed t o  be generated by a s t r a i g h t  l i n e  i n c l i n e d  a t  some ang le  (Y - t h e  
t a p e r  angle)  and d i sp laced  some d i s t a n c e  ( t h e  b l ade  th i ckness )  w i th  re- 
s p e c t  t o  the  o t h e r  g e n e r a t r i x  ( f i g u r e  2 ) .  To al low f o r  nonrad ia l  element 
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b lad ing ,  it is  assumed t h a t  t h e  product of r a d i u s  (R) t i m e s  t he  tangent  of 
t h e  b l a d e  a n g l e  varies l i n e a r l y  between t h e  va lues  f o r  t h e  hub and t i p .  
Thus, 

from which t h e  l o c a l  va lue  of 6"' can b e  found f o r  any value of R. 

The l o c a l  b l ade  th i ckness  may be obtained from t h e  given b l ade  t i p  
th i ckness  ( t T )  and the  t a p e r  ang le  (Y) :  

where Y i s  assumed t o  be a s m a l l  angle.  

. .  

RT ~~ 

Y ---I 
Section Along 1 ~~ Generatrix 

(Tangent to Blade) Generatrix 

ci- - 
Meridional Surface 

Figure  2. Thickness D i s t r i b u t i o n  of Typical  Blade FD 25872B 

The d i s t a n c e  between s u r f a c e s  of a d j a c e n t  b l ades  (measured i n  t h e  
c i r c u m f e r e n t i a l  d i r e c t i o n )  i s  given by 

where 7 i s  t h e  t a n g e n t i a l  spacing and Nb i s  t h e  number of b l a d e s -  

Although t h e  flow i n  an inducer  i s  p r i m a r i l y  a x i a l ,  t he  hub o r  t i p  
contour o f t e n  has a varying r a d i u s .  The s t r e a m l i n e s  then may be forced 
t o  change r a d i u s  and,  because of t h e  inducer r o t a t i o n  about i t s  a x i s ,  
C o r i o l i s  f o r c e s  w i l l  cause b l ade  p r e s s u r e  loading.  The angle  (\L) of a 
stream tube between two s t a t i o n s  i s  found by d i v i d i n g  t h e  r a d i a l  d i s -  
placement by t h e  axial displacement .  

9 = t a n  -1 ( E )  AR 
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(2) Flow Re la t ions  

The v e l o c i t y  diagram a t  any p o i n t  i n  the  flow is shown i n  f i g u r e  3 .  
From trigonometry 

wu = w cos B 
vu = u - wu 
a = Arc t a n  (Vm/Vu) 

v = V m / s i n a  

The re la t ive flow ang le  (p )  i s  found from t h e  b l a d e  ang le  and t h e  
. d e v i a t i o n  ang le  a t  any p o i n t  

0 = - d e v i a t i o n  

The meridional  f low v e l o c i t y  (Vm) is found from t h e  volumetr ic  flow 
(Q) and the flow area normal t o  t h e  meridional  f low d i r e c t i o n  (A) 

Vm = Q/A 

where 

A = T (Ay) cos 6 e '  
andrL. i s  t h a t  p o r t i o n  of the c i r c u m f e r e n t i a l  d i s t a n c e  between two b lades  
t h a t  is occupied by l i q u i d ,  a n d A y  i s  t h e  r a d i a l  d i s t a n c e  between stream- 
l i n e s  (see f i g u r e  4 ) .  
t a n g e n t i a l  b l ade  spacing (7 )  by t h e  boundary l a y e r  displacement th i ckness  
(a*) and t h e  vapor c a v i t y  h e i g h t  (b) ,  measured c i r c u m f e r e n t i a l l y .  

The va lue  ofT[ i s  ob ta ined  by a d j u s t i n g  t h e  

However, i f  a c a v i t y  does no t  e x i s t  on t h e  b l ade  s u r f a c e  t h e  expres s ion  
f o r  T becomes : Q 

Blockage due t o  hub and shroud s u r f a c e  boundary l a y e r s  i s  accounted 
f o r  by reducing the  hub and t i p  s t ream tube h e i g h t s  (Ay) by t h e i r  r e s p e c t i v e  
displacement  th i ckness ,  6 -Ir: 

6" 
cos  $ 

Ay = Ay - - 
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Figure 3 .  Typical Velocity Diagram FD 258098 

View 

A 

In Direction A 

--- 

Meridional View 

Figure 4 .  Schematic of Flow Passage FD 25644B 

13 



(3) Deviat ion 

( a )  F l u i d  I n e r t i a  Model 

It i s  assumed t h a t  t h e  flow w i l l  tend t o  fo l low t h e  mean d i r e c t i o n  of  
t h e  passage formed by t h e  b l ades  o r  t h e  pseudo-blades (where a c a v i t y  
e x i s t s ) .  Because of f l u i d  i n e r t i a ,  however, changes of ang le  a t  t h e  
lead ing  and t r a i l i n g  edges r e s u l t i n g  from leading  edge inc idence  and 
t r a i l i n g  edge unloading cannot t ake  p l ace  d i scon t inuous ly .  The 
d i s t r i b u t i o n  of t h e  d e v i a t i o n  ang le  assumed i s  r e l a t e d  t o  a s t eady  , 
2-dimensional,  i r r o t a t i o n a l  f low model. The express ions  de f in ing  t h i s  
s t eady  2-dimensional i r r o t a t i o n a l  f low are: 

equat ion  of c o n t i n u i t y  

cond i t ion  of i r r o t a t i o n a l i t y  a U  av  
a y  a x  
_.-- = o  

where v e l o c i t i e s  u and v and coord ina te s  x and y a r e  shown on f i g u r e  5.  
D i f f e r e n t i a t i n g  t h e  f i r s t  express ion  wi th  r e s p e c t  t o  y and t h e  second 
wi th  r e s p e c t  t o  x and s u b t r a c t i n g  y i e l d s :  

2 -2 a v 2  +-2 a v  = 0 
a x  a y  

The g e n e r a l  s o l u t i o n  t o  t h i s  equat ion  i s  

* kix [Ai s i n  (kiy) + B .  cos (k .y)  v =  Z e  1 i 1 1 

S a t i s f y i n g  t h e  fol lowing boundary cond i t ions  

a t y = O ,  v = O  
a t  y = T,, v = 0 
a t  x =  Q ,  x = O  

and e v a l u a t i n g  t h e  r e s u l t i n g  express ion  a t  mid-channel (x ) = 1 / 2  g ives :  
TIS 

Note t h a t  when k i s  an even i n t e g e r  the series term goes t o  z e r o .  

Consider ing only  t h e  f i r s t  f i n i t e  t e r m  of t h e  series as be ing  
s i g n i f i c a n t  r e s u l t s  i n  

K X  -- 
7n 

v = A e  1 
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Rela t ion  of t h e  t r a n s v e r s e  v e l o c i t y  (v) t o  t h e  inducer  i n l e t  
r e l a t i v e  v e l o c i t y  t r i a n g l e  i s  shown i n  f i g u r e  5.  
f o r  t h e  t r a n s v e r s e  v e l o c i t y  t h e  fo l lowing  expres s ion  f o r  l o c a l  f l u i d  
d e v i a t i o n  r e s u l t s  : 

Using t h i s  r e l a t i o n  

t a n  6 
- K x  

Applying t h e  boundary cond i t ions :  

a t  x = 0 t a n  6 = t a n  d o  
a t x =  OD 61= 0 

y i e l d s  nO,m - -  

where b o  = i n i t i a l  inc idence  = 05 1 / 2  68"; - 8' 
A m  = incrementa l  d i s t a n c e  a long  t h e  b l ade  

F igure  5 .  Inducer  Veloc i ty  Diagram 
DF 85036 
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An i l l u s t r a t i o n  of t h e  e f f e c t  of t h i s  i n e r t i a l  l ag  on d e v i a t i o n  i s  
shown i n  f i g u r e  6 .  The d e v i a t i o n  due t o  incidence i s  shown t o  be 
removed b e f o r e  a d i s t a n c e  of one b l ade  gap. 

I f  t h e  b l ade  a n g l e  v a r i e s  i n  t h e  flow d i r e c t i o n  t h e  d e v i a t i o n  a t  each 
s t a t i o n  can be found by t r e a t i n g  A m  a s  the  d i s t a n c e  between s t a t i o n s  and 
6 0  a s  t h e  v a l u e  of d e v i a t i o n  a t  t h e  previous s t a t i o n .  

F igu re  6 .  E f f e c t  of I n e r t i a l  Lag On Deviation DF 85035 
Due t o  Incidence 

(b) T r a i l i n g  Edge Deviat ion 

The v a l u e  of e x i t  d e v i a t i o n  ang le  (de ) ,  r e s u l t i n g  from c i r c u l a t i o n  
about t h e  h y d r o f o i l s  i n  cascade,  i s  found by us ing  an e m p i r i c a l  formula 
s i m i l a r  t o  Carter 's  r u l e .  I n  t h e  p r e s e n t  model, f o r  a given blade 
geometry the  e x i t  d e v i a t i o n  i s  p r o p o r t i o n a l  t o  t h e  b l ade  camber p l u s  
i n l e t  i nc idence ,  i . e . ,  where F = b lade  camber = P*e - 08 
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where 6;  is  t h e  b l ade  e x i t  angle  and Po i s  the  f l u i d  i n l e t  angle.  The 
c o n s t a n t  i s  assumed t o  be a f u n c t i o n  of blade s o l i d i t y  (a o r  chordlgap 
r a t i o )  as normally de f ined  by Carter's ru le :  

e C _ -  e 6 

< o ; - a )  -6 
0 

For induce r s ,  Ce i s  p r i m a r i l y  a f u n c t i o n  of b l ade  ang le ,  From Refer- 
ence 16 a va lue  of Ce = 0.28 w a s  determined, which is c o n s i s t e n t  w i th  
t h e  magnitude from previous empi r i ca l  c o r r e l a t i o n s  f o r  cascades wi th  
h igh  s t a g g e r  a n g l e s  (Reference 17 ,  18). I f  t h e  induce r  has  cambered 
b l ades ,  an equ iva len t  s t a g g e r  a n g l e  i s  c a l c u l a t e d  from i n l e t  and e x i t  
v a l u e s  o f  b l ade  angle .  

Upstream of t h e  t r a i l i n g  edge t h e  d e v i a t i o n  due t o  t r a i l i n g  edge un- 
loading ( o r  c i r c u l a t i o n )  is assumed t o  approach t h e  e x i t  va lue  exponenti- 
a l l y ,  s i m i l a r  t o  t h e  d i s t r i b u t i o n  of d e v i a t i o n  due t o  l ead ing  edge 
inc idence  given earlier ( f i g u r e  6 ) .  

(c) Dev ia t ion  Due t o  C a v i t a t i o n  

I n  t h e  concept of t he  s e l e c t e d  model, c a v i t a t i o n  causes  a change i n  
t h e  "e f f ec t ive"  b l ade  angle .  I n  t h i s  s ense ,  t h e  c a v i t y  forms p a r t  o f  a 
pseudo-blade r a t h e r  t han  causing d e v i a t i o n ,  i .e. ,  

where 6DJc i s  t h e  s l o p e  o f  t h e  vapor c a v i t y  s u r f a c e  r e l a t i v e  t o  t h e  rea l  
blade.  However, f o r  r e f e r e n c e  purposes t h i s  d e v i a t i o n  i s  considered 
as a p a r t  o f  t h e  t o t a l  d e v i a t i o n :  

8 J c  Deviat ion = @+; - f3 = 6, + lie + $- 
(4) Radial  Equi l ibr ium 

The flow i n  t h e  inducer  must s a t i s f y  equ i l ib r ium o f  r a d i a l  momentum. 
The s t a t i c  p re s su re  (P) w i t h i n  each s t reamtube i s  found from t h e  
Bernou l l i  equa t ion  

where Pr,l is  t h e  local 
is  t h e  f l u i d  d e n s i t y ,  

t o t a l  r e l a t i v e  p r e s s u r e  i n  t h e  co re  flow and P 
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The r a d i a l  g r a d i e n t  o f  s t a t i c  p re s su re  f o r  each s t reamtube can  be 
found from conse rva t ion  o f  momentum i n  t h e  r a d i a l  d i r e c t i o n .  There are 
two e f f e c t s  caus ing  a r a d i a l  p re s su re  g r a d i e n t  - f i r s t ,  t h e  r o t a t i o n  of  
t h e  inducer  causes  a c e n t r i f u g a l  p re s su re  g r a d i e n t  

n 

Secondly, t h e  change i n  r a d i a l  v e l o c i t y  (i .e. ,  s t r e a m l i n e  cu rva tu re  and 
r a d i a l  a c c e l e r a t i o n )  causes  a r a d i a l  p re s su re  g rad ien t :  

where dZ is  t h e  element of a x i a l  length.  The t o t a l  p re s su re  g r a d i e n t  
i s  , t h e r e  f o r e  : 

Radia l  equ i l ib r ium is  eva lua ted  halfway between a x i a l  s t a t i o n s ,  
s i n c e  t h e  s t r e a m l i n e  cu rva tu re  and a c c e l e r a t i o n  a r e  c a l c u l a t e d  f o r  t h e  
change from s t a t i o n - t o - s t a t i o n .  
o f  t h e  inducer ,  only s imple r a d i a l  equ i l ib r ium i s  used, i . e . ,  (dP/dr )2  = 0. 

A t  t h e  l ead ing  edge and f a r  downstream 

(5) S t reaml ine  Relaxa t ion  

The r a d i a l  p o s i t i o n  of each s t r eaml ine  a t  each axial  s t a t i o n  is 
determined by s a t i s f y i n g  the cond i t ion  o f  r a d i a l  equ i l ib r ium wi th  t h e  
l e a s t  e r r o r  o r  by an  e r r o r  less than  some t o l e r a n c e  l e v e l .  The e r r o r  
i n  l o c a l  s t a t i c  p r e s s u r e  g r a d i e n t  is found by comparing t h e  c a l c u l a t e d  
dP/dr  w i th  t h e  f i n i t e  d i f f e r e n c e  va lue  determined from a d j a c e n t  s t ream- 
tubes  : 

where 

( i -1)  
A P = P  - P  

( i) 

and 

A r = R  - R  (i.) ( i -1 )  
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The e r r o r s  o f  a l l  s t reamtubes a r e  computed and minimized by i t e r a t i n g  
The p o s i t i o n s  ( i n  pe rcen t  o f  passage on t h e  p o s i t i o n  o f  t h e  s t r e a m l i n e s .  

he igh t )  are c o r r e c t e d  by a s m a l l  incremental  s t e p  i n  t h e  d i r e c t i o n  de-  
termined by t h e  e r r o r  i n  p r e s s u r e  g r a d i e n t s  o f  t h e  s t reamtubes above and 
below each s t r eaml ine .  The s i z e  o f  t h e  incremental  c o r r e c t i o n  i s  reduced 
a f t e r  a f ixed number o f  i t e r a t i o n s  t o  improve t h e  accuracy. A l i m i t  i s  
placed on t h e  t o t a l  number of i t e r a t i o n s  t o  l i m i t  computing t i m e .  

(6) Blade Loading 

After the  r a d i a l  p o s i t i o n s  o f  t h e  s t r e a m l i n e s  are  l o c a t e d  through 
the r e l a x a t i o n  procedure,  t h e  meridional  s o l u t i o n  a t  t h e  a x i a l  s t a t i o n  
i s  completely determined. Then i t  i s  p o s s i b l e  t o  superimpose a s o l u t i o n  
f o r  p r e s s u r e  d i f f e r e n t i a l  a c r o s s  t h e  blade.  Two methods o f  s u p e r p o s i t i o n  
of  t h i s  s o l u t i o n  are a v a i l a b l e :  i n  t h e  t a n g e n t i a l  d i r e c t i o n  and i n  t h e  
d i r e c t i o n  normal t o  t h e  blades.  Both methods o f  a n a l y s i s  were evaluated.  

(a) Tangent ia l  o r  C i rcumfe ren t i a l  Loading Method 

The b l ade  p res su re  loading,  APb, i s  found from conse rva t ion  o f  
angular  momentum o f  t h e  f l u i d  between any two a x i a l  s t a t i o n s .  The 
blade p res su re  f o r c e  i n  t h e  t a n g e n t i a l  d i r e c t i o n  is: 

where Am i s  t h e  element o f  l e n g t h  along the  b l ade  

Am = AZ/(cos rL s i n  OJ:) 

The moment arm i s  t h e  r a d i u s  R .  Therefore ,  t h e  torque i s :  

T = F - R = (A€',) (Ay cos 4) (Am s i n  p) (Nb) (R) 

From E u l e r ' s  turbomachinery equa t ion ,  t h e  change i n  f l u i d  angu la r  momentum 
i s  equal  t o  t h i s  torque 

I;I A(RVu) = T 

The c o n t i n u i t y  of mass is given by 

S u b s t i t u t i n g  f o r  6-1 and T,  t h e  momentum equa t ion  reduces t o  
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I f  the increment Am i s  taken small  enough, 

S u b s t i t u t i n g  Vu =WR - W COS 0 

and 

dW 
dm dm dm dm 

- =  i.@ - cos 0 - 

then 

d @Vu) dW 
dm = (WR - w cos 0) dR dm + WR s i n  p 2 - R cos 0 - dm 

and 

= P E Q .  - dR - W cos /3 - dR 4- WR s i n  fl  - R coss - ]  dW Apb R s i n  pi‘: [ dm dm dm dm 

Fac to r ing  out  s i n  0 and n o t i n g  t h a t  

-_.- I, dR - s i n  4 
s i n  p dm 

and d i v i d i n g  through by t h e  r e l a t i v e  dynamic p r e s s u r e  (QD) 

where 

*’b 2 Tf!sin2P - cos fl  s i n &  - 
R dm cot W “1  dm -k then,  - - - 

QD s i n  pi’: 

The f i r s t  t e r m  i n s i d e  t h e  b racke t s  r e p r e s e n t s  t h e  b l ade  loading caused 
by C o r i o l i s  f o r c e s .  The second t e r m  d e r i v e s  from cu rva tu re  of t h e  flow 
i n  a b s o l u t e  space about  t h e  a x i s  a t  c o n s t a n t  r e l a t i v e  ang le  ( p ) .  
t h i r d  t e r m  r e p r e s e n t s  t h e  c o n t r i b u t i o n  of flow cu rva tu re  due t o  the  ra te  
o f  change of t h e  r e l a t i v e  flow d i r e c t i o n .  The l a s t  term i s  t h e  con t r ibu -  
t i o n  o f  mean d i f f u s i o n  t o  t h e  t a n g e n t i a l  l oad ing  APb. For inducers  w i th  
low b lade  camber (dpldm = 0) and a x i a l  f low ( s i n  $’= 0) , t h e  l a s t  t e r m  w i l l  
dominate and p r i m a r i l y  determine t h e  b l a d e  hydrodynamic loading. 

The 

For s m a l l  b lade ang le s  the  c i r c u m f e r e n t i a l  d i s t a n c e  between blades 
over which t h i s  loading i s  app l i ed  i s  l a r g e .  This  e f f e c t ,  coupled w i t h  
t h e  h i g h  s e n s i t i v i t y  o f  t h e  load ing  g r a d i e n t  t o  e r r o r s  i n  c a l c u l a t i o n  
of t h e  mean d i f f u s i o n  t e r m ,  due t o  t h e  use of f i n i t e  d i f f e r e n c e s ,  can re- 
s u l t  i n  l a r g e  v a r i a t i o n s  and i n a c c u r a c i e s  i n  t h e  b l a d e  p r e s s u r e  loading.  
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(b) Normal Loading Method 

Normal loadings  a r e  expressed i n  t h e  same form a s  t h e  t a n g e n t i a l  
loadings  and a r e  comprised o f  t h e  same terms, wi th  t h e  except ion  o f  t h e  
c o n t r i b u t i o n  r e s u l t i n g  from d i f f u s i o n  i n  t h e  d i r e c t i o n  o f  flow ( i . e . ,  
LX!L@ 

t h e r e f o r e  i n  t h e  b l ad ing  d i r e c t i o n ,  cannot  have a component normal 
t o  t h e  b l ade  and hence cannot  c o n t r i b u t e  t o  t h e  normal loading .  

) .  This term, being a g r a d i e n t  i n  t h e  flow d i r e c t i o n  and W dm 

Although c a l c u l a t i o n  o f  normal loadings  a l l e v i a t e s  t h e  d isadvantages  
inhe ren t  w i t h  t h e  t a n g e n t i a l  b l ade  p r e s s u r e  load ings ,  they do possess  
some undes i r ab le  f e a t u r e s .  To apply  normal loadings  t h e  mid-channel 
flow p r o p e r t i e s  and c h a r a c t e r i s t i c s  must be known a t  a l l  p o i n t s  normal 
t o  t h e  s u r f a c e  on which t h e  p re s su re  i s  t o  be c a l c u l a t e d .  The i n l e t  
and e x i t  flow s e c t i o n s  of  cascades have p o r t i o n s  o f  flow s u r f a c e s  which 
a r e  r e f e r r e d  t o  a s  uncovered (no channel e x i s t s )  as shown i n  f i g u r e  7 .  

Inlet 
Uncovered 

\/ Region 

Figure  7. Schematic Cascade Sec t ion  For 
Normal Loading Analysis  

Exit 
Uncovered 
Region 
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- 1 I n l e t  Uncovered Region 

The s t reamtube a x i a l  v e l o c i t y  i s  assumed cons t an t  between the 
i n l e t  s t a t i o n  and S lade  leading  edge. The r e l a t i v e  v e l o c i t y  i s  
assumed t o  va ry  exponen t i a l ly  over  t h i s  reg ion  w i t h  a d i s t r i b u t i o n  
s i m i l a r  t o  that d iscussed  i n  Sec t ion  (3) (a) and i s  c a l c u l a t e d  by: 

T C O S  p+& 
2 

wo = WLE - (W0 - W L E k  

where s u b s c r i p t s  i n d i c a t e  va lues  a t  t h e  i n l e t  (upstream) and b lade  
l ead ing  edge s t a t i o n s .  

The b lade  p res su re  loading  due t o  flow cu rva tu re  i n  t h e  p lane  o f  t h e  
cascade predominates,  r e s u l t i n g  i n  the  fol lowing expres s ion  f o r  normal 
loading  (APbn) over t h e  i n l e t  uncovered reg ion .  

Nb 
R s i n  p;'& 

7 c o s  &b 
2 

(W0 - W L E b  
-a? - "mo s i n  2 0 APbn= 

g c o s 0  s i n  P J ~  

A s  i l l u s t r a t e d  i n  f i g u r e  7 t he  loadings c a l c u l a t e d  i n  t h i s  manner apply 
only t o  t h e  b lade  s u c t i o n  s u r f a c e  a t  t h e  cascade. 

I n l e t  r e l a t i v e  t o t a l  p re s su re  is assumed c o n s t a n t  f o r  t h e  s t reamtubes 
over  t h e  uncovered i n l e t  reg ion .  Streamtube s t a t i c  p re s su re  t h e r e f o r e  
i s  c a l c u l a t e d  by: 

and s u c t i o n  s u r f a c e  p r e s s u r e  i s  expressed as 

P s = P - -  "bn 
2 

- 2 Exit Uncovered Region 

The e x i t  uncovered r eg ion  is  analyzed i n  a s i m i l a r  manner. The 
e x i t  s t a t i o n  a x i a l  v e l o c i t y  i s  assumed cons t an t  over  t h e  r eg ion  and t h e  
r e l a t i v e  v e l o c i t y  i s  expressed by: 

2 
W = We - (We. - WTE)e 

where s u b s c r i p t s  i n d i c a t e  va lues  a t  blade t r a i l i n g  edge and e x i t  (down- 
stream) s t a t i o n s  , 
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I n  the ex i t  r eg ion ,  a s  i n  t h e  i n l e t  r eg ion ,  t he  flow cu rva tu re  t e r m  
i s  the dominant t e r m  i n  t h e  normal loading c a l c u l a t i o n .  The expres s ion  
used i n  t h e  c a l c u l a t i o n  o f  t h e  normal loading is: 

R e l a t i v e  p re s su re  downstream of t h e  inducer  i s  assumed c o n s t a n t  f o r  
the streamtube ove r  t he  uncovered e x i t  r eg ion .  Streamtube s t a t i c  p re s -  
s u r e  i s  w r i t t e n  a s  : 

where P r e l  
c ludes  the  e f f e c t s  of wake mixing l o s s e s .  

i s  the t o t a l  r e l a t i v e  p re s su re  a t  t h e  ex i t  s t a t i o n  and i n -  
e 

P res su re  s u r f a c e  p r e s s u r e  ove r  t h i s  ex i t  uncovered r eg ion  is  c a l c u l a t e d  
by : 

*'bn P = P + -  P 2 

- 3 Channel Region 

The flow cond i t ions  w i t h i n  t h e  b l a d i n g  passage a r e  c a l c u l a t e d  a s  
descr ibed i n  Sect ion 11, Blc(2) .  
loading as c a l c u l a t e d  i n  t h e  main program are s t o r e d  and are curve f i t  as 
a f u n c t i o n  of b l ade  l e n g t h  i n  t h e  b l ade  p r e s s u r e  loading subrout ine.  
d a t a  are  c a l l e d  as requ i r ed  t o  c a l c u l a t e  s u c t i o n  and p r e s s u r e  s u r f a c e  
p re s su res  a t  l o c a t i o n s  e i r c u m f e r e n t i a l l y  oppos i t e  each o t h e r  as shown 
i n  f i g u r e  8. 

Values of s t reamtube p r e s s u r e  and normal 

These 

Combining t h e  uncovered an'd covered methods of c a l c u l a t i n g  b l a d e  
s u r f a c e  p r e s s u r e s  makes p o s s i b l e  t h e  c a l c u l a t i o n  of b l ade  p r e s s u r e  
loadings a t  any p o i n t  w i t h i n  t h e  inducer.  
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Figure  8 .  Conversion of Blade Normal Loading 
t o  Blade C i rcumfe ren t i a l  Loading 

FD 48161 

( 7 )  I n l e t  Ca lcu la t ions  

(a )  Radial  V a r i a t i o n  of I n l e t  Conditions 

S p e c i a l  i n l e t  c a l c u l a t i o n s  are r e q u i r e d  t o  e s t a b l i s h  streamline 
l o c a t i o n s ,  i nc idence  ang le s ,  and o t h e r  relative i n l e t  c a l c u l a t i o n s .  The 
i n l e t  r o u t i n e  accep t s  r a d i a l  v a r i a t i o n s  i n  t o t a l  p re s su re ,  a x i a l  v e l o c i t y  
and p rewhi r l  angle.  

The i n l e t  annulus is  d iv ided  i n t o  equa l  area streamtubes.  The 
volumetr ic  flow rate f o r  each s t reamtube i s  found from 

Q = Vm * A  

(b) Blade Leading Edge Sweep 

The l e a d i n g  edge of t h e  inducer  b l ade  is  o f t e n  swept t o  reduce b l ade  
r o o t  maximum stress and t o  improve c a v i t a t i n g  performance. P rov i s ions  
f o r  ana lyz ing  induce r s  w i t h  swept l ead ing  edges are included.  

Blade l ead ing  edge sweep i s  desc r ibed  (geomet r i ca l ly )  i n  t h e  R-Z 
(meridional)  p l ane  by a t h i r d  o r d e r  polynominal i n  R w i th  cons t an t  co- 
e f f i c i e n t s ,  Radial  l e a d i n g  edge induce r s  are desc r ibed  by s e t t i n g  each 
of t h e s e  c o e f f i c i e n t s  t o  zero.  

The method of flow a n a l y s i s  employed f o r  t h e  swept and unswept 
l ead ing  edge cases is  t h e  same. That i s ,  t h e  flow is  analyzed along 
r a d i a l  g e n e r a t o r  l i n e s .  
momentum a t  a l l  p o i n t s  a long a g e n e r a t o r  which l a y  o u t s i d e  of t h e  in- 
ducer. 
where a p p l i c a b l e .  Streamline r e l a x a t i o n  and a l l  flow c a l c u l a t i o n s  are 
handled t h e  s a m e  as f o r  t h e  unswept l ead ing  edge case. 
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The f l u i d  is  assumed t o  possess  i n l e t  angu la r  

Cor rec t ions  f o r  b l a d e  and b l ade  boundary l a y e r  blockage are made 



(8) E x i t  C a l c u l a t i o n s  

Because of boundary l a y e r  and blade t h i c k n e s s ,  wakes w i l l  e x i s t  a t  
t h e  e x i t  of t h e  inducer.  These wakes m i x  o u t  a s h o r t  d i s t a n c e  downstream 
of t h e  inducer  causing t h e  average a x i a l  v e l o c i t y  t o  dec rease  due t o  re- 
duced blockage. 
f low cond i t ions .  

Th i s  d i f f u s i o n  w i l l  cause some r e d i s t r i b u t i o n  of e x i t  

An e x i t  s t a t i o n  downstream of t h e  b l a d e  t r a i l i n g  edge is included t o  
e v a l u a t e  t h e s e  effects and t o  provide ex i t  p r e s s u r e s  and v e l o c i t i e s  f o r  
performance eva lua t ion .  Streamline l o c a t i o n s  are de f ined  by s a t i s f y i n g  
simple r a d i a l  momentum, i .e. ,  (dp/dr)2 = 0. (See paragraph lc4.)  

(9) Performance Ca lcu la t ions  

The o v e r a l l  performance c a l c u l a t i o n s  inc lude  mass average and r a d i a l  
d i s t r i b u t i o n  of performance parameters such a s  work i n p u t ,  head rise, 
and e f f i c i e n c y .  Other p e r t i n e n t  parameters,  such a s  NPSH, Reynolds 
Number, s u c t i o n  s p e c i f i c  speed, flow c o e f f i c i e n t ,  and head c o e f f i c i e n t  
a r e  included i n  t h e s e  c a l c u l a t i o n s .  

(10) Boundary Layer C a l c u l a t i o n s  

A two-dimensional, t u r b u l e n t ,  incompressible  boundary l a y e r  model 
i nc lud ing  the  e f f e c t s  of p re s su re  g r a d i e n t ,  i s  employed f o r  c a l c u l a t i n g  
the  boundary l a y e r  growth on a l l  s u r f a c e s .  A f i n i t e  d i f f e r e n c e  s o l u t i o n  
of t h e  i n t e g r a l  momentum equa t ion  and the  shape f a c t o r  equa t ion  of Garner 
(Reference 19) i s  used. 

8 dW (H + 2.0) yj dm de Cf - = - -  
dm 2.0 

1 - 0.0135 (H - 1.4) - R e e  
5,(H - 1.4) 8dH - =  

dm 1 /6 
Ree 

where 

8 = momentum th i ckness  
H = shape f a c t o r  
Cf= f r i c t i o n  f a c t o r  

Reg = Reynolds Number 

A forward i n t e g r a t i o n  technique is employed i n  s o l u t i o n  of t h e s e  
equa t ions  

Skin f r i e t i o n  c o e f f i c i e n t  (C) i s  determined u s i n g  t h e  Ludwig-Til€man f equa t ion  

-0.6 7 8H -0.268 Cf= 0.246(10) 
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The Reynolds Number (Reo) i s  def ined  as 

ew 
Reo - v 

- -  

where v i s  the  f l u i d  kinematic  v i s c o s i t y .  

Boundary l a y e r  displacement  th ickness  (a*) is  determined from t h e  
shape f a c t o r  (H) and t h e  momentum th ickness  ( 6 )  by 

It i s  assumed t h a t  t h e r e  i s  l i t t l e  secondary flow i n  t h e  inducer  
so t h a t  migra t ion  of t h e  boundary l a y e r  flow from t h e  pre’ssure s u r f a c e  
t o  the  s u c t i o n  s u r f a c e  i s  n o t  s i g n i f i c a n t .  

(11) Loss System 

The assumed loss system model makes use  of t h e  f a c t  t h a t  t h e  momentum 
th i ckness ,  as c a l c u l a t e d  i n  t h e  boundary l a y e r  model d i scussed  above, in -  
c ludes t h e  s t reamtube momentum d e f e c t  r e s u l t i n g  from both  s k i n  f r i c t i o n  
and s t reamtube d i f f u s i o n .  This momentum d e f e c t  i s  converted t o  a t o t a l  
p re s su re  loss  i n  t h e  r e l a t i v e  frame of r e fe rence  by mixing o u t  t h e  bound- 
a r y  l a y e r  momentum th i ckness  through a momentum mixing process .  
s u l t i n g  l o s s  i n  mass average  t o t a l  relative p res su re  (POrel) f o r  t h e  
b_lade boundary l a y e r s  i s  

The re- 

The loss  f o r  t he  hub and shroud s t ream tubes i s  c a l c u l a t e d  i n  a 
s i m i l a r  manner e 

Boundary l a y e r  ana lyses  performed on t y p i c a l  inducers  i n d i c a t e  t h a t  
t h e  flow w i t h i n  an inducer  i s  n o t  f u l l y  developed ( i , e , ,  t he  boundary 
l a y e r  t h i ckness  does no t  comprise the  complete b l ad ing  passage) .  
a l lows t h e  c o n s t a n t  momentum mixing of t h e  boundary l a y e r s  f o r  c a l c u l a t i n g  
l o s s e s  i n  s t reamtube t o t a l  r e l a t i v e  p re s su re  a s  d i scussed  above. 

On t h a t  p o r t i o n  o f  t h e  s u r f a c e s  where c a v i t a t i o n  i s  p r e s e n t ,  t he  bound- 
a r y  l a y e r  i s  assumed t o  be  conta ined  i n  t h e  c a v i t y .  
t i o n a l  momentum d e f e c t  i s  accounted f o r ,  so  the  equa t ion  becomes 

This  

Therefore ,  no addi -  
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t h e  end w a l l  boundary l a y e r s  a r e  accounted for by an a d d i t i o n a l  d e f e c t  
t e r m .  

( 1 2 )  C a v i t a t i o n  Model 

(a )  Desc r ip t ion  

The present flow model f o r  c a v i t a t i o n  i n c o r p o r a t e s  t h e  concept o f  a 
d i s t i n c t  vapor c a v i t y  forming on t h e  s u c t i o n  s u r f a c e  of t h e  b l ade  and 
a t t ached  a t  t h e  l e a d i n g  edge ( f i g u r e l ) .  This  c a v i t y  tends t o  a c t  a s  
a pseudo-blade, d i s p l a c i n g  t h e  flow and al lowing i t  t o  t u r n  more g radua l ly .  
It  i s  t h e  more gradual  t u r n i n g  t h a t  a l lows the p re s su re  a t  t h e  vapor 
l i q u i d  i n t e r f a c e  ( i . e .  , t h e  "Suction Surface' '  of t he  pseudo-blade) t o  
be equa l  t o  t h e  s a t u r a t i o n  p res su re .  I f  t h e  i n l e t  p re s su re  dec reases ,  
then t h e  c a v i t y  w i l l  grow t o  form a shape such t h a t  t he  s u c t i o n  s u r f a c e  
p re s su re  w i l l  always equal  s a t u r a t i o n  p res su re .  

Seve ra l  two-dimensional, f r e e  streamline, p o t e n t i a l  flow (nonviscous) 
models e x i s t  which p r e d i c t  vapor c a v i t y  growth a s  a func t ion  of inducer  
i n l e t  geometry and o p e r a t i n g  cond i t ions .  The models of S t r i p l i n g  and 
Acosta (Reference 2 )  and Jakobsen (Reference 4 )  apply conformal mapping 
f o r  t h e i r  s o l u t i o n ,  Whereas, t h e  model of S t r i p l i n g  and Acosta can be 
app l i ed  on ly  t o  two-dimensional f l a t  p l a t e  cascades ,  t he  method of 
Jakobsen a p p l i e s  t o  cambered b l ades  a s  w e l l .  However, Reference 4 
presen t s  t he  s o l u t i o n s  on ly  f o r  f l a t  p l a t e  and c i r c u l a r  arc cascades.  

Although t h e s e  i d e a l i z e d  models l end  much i n s i g h t  i n t o  the  e f f e c t s  o f  
blading geometry and o p e r a t i n g  cond i t ions  on vapor c a v i t y  growth, they 
do n o t  i nc lude  r e a l  e f f e c t s  r e s u l t i n g  from v i scous ,  three-dimensional 
flow. Viscous e f f e c t s  i n f l u e n c e  c a v i t y  growth through boundary l a y e r  
blockage (69;) and d rag  f o r c e s  (FD) . Three-dimensional e f f e c t s  r e s u l t  
from c e n t r i f u g a l  f o r c e s ,  s t r e a m l i n e  r e l o c a t i o n ,  and changes i n  passage 
width,  

The models of S t r i p l i n g  and Acosta and Jakobsen, although employing 

This  w a s  pointed ou t  
conformal t r ans fo rma t ion  techniques t o  arrive a t  a s o l u t i o n  f o r  t h e  
vapor c a v i t y  shape, s o l v e  b a s i c  f low r e l a t i o n s h i p s .  
i n  Reference 2 where i t  w a s  noted t h a t  t h e  maximum h e i g h t  of t h e  two- 
dimensional c a v i t y  could be c a l c u l a t e d  from one-dimensional conse rva t ion  
of momentum p a r a l l e l  t o  t h e  b l ades .  This  sugges t ion  has  been used i n  
formulat ing a c a v i t y  model during t h e  Task V I  e f f o r t  which s a t i s f i e s  
t h e  same b a s i c  flow r e l a t i o n s .  S i g n i f i c a n t l y ,  i t  inc ludes  v i scous  and 
three-dimensional  e f f e c t s .  

S o l u t i o n  f o r  c a v i t y  h e i g h t  i s  based on momentum c o n s i d e r a t i o n s  and 
i s  p o s s i b l e  by r e l a t i n g  t h e  mean ang le  of the flow (relative t o  t h e  b l ade )  
t o  t h e  b l ade  ang le .  The adop t ion  of t h i s  approach makes i t  p o s s i b l e  t o  
use f i n i t e  d i f f e r e n c e s  so t h a t  r e a l  f l u i d  e f f e c t s  can be included.  
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The f i n i t e  c a v i t y  which occurs  w i t h i n  t h e  inducer  i s  genera ted  such 
t h a t  conserva t ion  of momentum i n  the  through flow d i r e c t i o n  ( p a r a l l e l  
t o  t h e  b lades)  i s  a t  a l l  t i m e s  s a t i s f i e d .  Interdependence between t h e  
c a v i t y  shape (he igh t ,  b ,  and s l o p e ,  dB*) and t h e  r a d i a l  s t r eaml ine  l o c a t i o n  
r e q u i r e s  an i t e r a t i v e  procedure f o r  s o l u t i o n .  The fo rces  a s s o c i a t e d  wi th  
gene ra t ion  of  t h e  c a v i t y  a r e  d i scussed  below. These fo rces  inc lude  both 
those  encountered i n  a two-dimensional p o t e n t i a l  flow a n a l y s i s  and those 
r e s u l t i n g  from three-dimensional  and v iscous  e f f e c t s .  

An element of  f l u i d  e x i s t i n g  i n  a b l ad ing  passage wi th  a vapor 
c a v i t y  i s  shown i n  f i g u r e  9 

Station 

Station 2 

Figure  9. F l u i d  Element w i t h  Vapor Cavi ty  FD 38381 

A momentum ba lance  between s t a t i o n s  1 and 2 i n  t h e  b l ad ing  through 
flow d i r e c t i o n  g ives  

M1 = M2 + A M  

where MI and M2 a r e  the  l i q u i d  through-flow momenta (mass flow r a t e  times 
v e l o c i t y )  a t  s t a t i o n s  1 and 2. AM r e p r e s e n t s  t h e  change i n  momentum of 
t h e  l i q u i d  between s t a t i o n s  1 and 2 and i s  comprised of shea r  o r  drag  
f o r c e s  (FD), normal o r  p re s su re  f o r c e s  (Fp) ,  and a body f o r c e  
due t o  c e n t r i f u g a l  e f f e c t s .  

(Fc) 

A M =  F D + F  + F c  
P 
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(b) Der iva t ion  of Forces 

(1 )  Shear Forces 

Shear f o r c e s  r e s u l t  from a shea r  stress a c t i n g  over  some f i n i t e  a r e a .  
For a gene ra l  s t reamtube element as shown i n  f i g u r e  10,  fou r  s u r f a c e  areas 
e x i s t  over which shea r  stresses may a c t .  Surfaces  2 and 3 a r e  t h e  stream- 
tube i n t e r f a c e s  between the  lower and upper s t reamtubes w i t h  the  except ion 
of t he  s p e c i a l  c a s e s  where the  s t reamtube being analyzed i s  e i t h e r  t h e  
hub o r  shroud stream tube,  Surfaces  4 and 1 are t h e  b l ade  l i q u i d  and 
l i q u i d - c a v i t y  i n t e r f a c e s  r e s p e c t i v e l y .  

F igu re  10. Su r faces  of  F l u i d  Element FD 38382B 

Shear stresses e x i s t i n g  between a d j a c e n t  s t reamtubes and along t h e  
l i q u i d - c a v i t y  i n t e r f a c e  a r e  assumed t o  be sma l l  w i th  respect t o  the  
shea r  stresses t h a t  e x i s t  between l i q u i d  and inducer  s u r f a c e s .  There- 
f o r e ,  no c o n t r i b u t i o n  i s  made t o  t h e  t o t a l  s h e a r  f o r c e  on t h e  l i q u i d  
element from s u r f a c e s  1, 2 ,  and 3 .  The t o t a l  shea r  f o r c e  f o r  t h e  
l i q u i d  element i s  

where Om i s  the  l i q u i d  element l eng th  i n  the d i r e c t i o n  of t he  f l o w ,  
i s  t h e  shea r  stress, a n d a y ,  i s  t h e  element h e i g h t  measured normal t o  
t h e  through flow d i r e c t i o n .  
between s t a t i o n  1 and 2 .  

The bar  (-) i n d i c a t e s  average va lues  
Using t h e  expres s ion  f o r  shear  stress: 
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and de f in ing  AYn a s  AYn = Ay c o s &  al lows the  shear  f o r c e  t o  be expressed by 

An a d d i t i o n a l  wet ted s u r f a c e  exists f o r  each of t h e  hub and shroud 
s t reamtubes from which s h e a r  f o r c e s  a r e  generated.  This  s h e a r  f o r c e  i s  
expressed a s :  

where 7kn i s  t h e  f l u i d  element width measured normal t o  t h e  b l ad ing  
s u r f a c e  and i s  expressed by: 

This  a d d i t i o n a l  shea r  f o r c e  i s  combined w i t h  t h e  b l a d e  shea r  f o r c e  t o  
g ive  a t o t a l  f o r c e  o f :  

f o r  t he  hub and shroud s t reamtubes.  

(2) P r e s s u r e  Forces  

Sur face  p re s su re  f o r c e s  o r  normal fo rces  r e s u l t  from a s t a t i c  p r e s -  
s u r e  a c t i n g  over  a f i n i t e  area. For a gene ra l  l i q u i d  element i t  is pos- 
s i b l e  f o r  normal f o r c e s  t o  occur on a l l  s i x  element s u r f a c e s .  

Consider f i r s t  s u r f a c e s  2 and 3 from f i g u r e  10. A s i d e  view of t h e  
l i q u i d  element is shown i n  f i g u r e  11. This  f i g u r e  i s  an i l l u s t r a t i o n  of 
t h e  e f f e c t  of streamtube convergence. Normal areas f o r  s u r f a c e s  2 and 3 
r e s u l t  from p r o j e c t i o n s  of t h e s e  p l anes  i n t o  a p l ane  pe rpend icu la r  t o  t h e  
through flow d i r e c t i o n .  These areas are combined and are r ep resen ted  by: 

The p r e s s u r e  a c t i n g  over t h i s  s u r f a c e  is  assumed t o  be t h e  average 
s t reamtube p r e s s u r e  (F) between s t a t i o n s  1 and 2. Therefore ,  t he  p r e s -  
s u r e  f o r c e  r e s u l t i n g  from s t r e a m l i n e  r e l o c a t i o n  is r ep resen ted  by 

The o t h e r  normal o r  p r e s s u r e  f o r c e s  are r ep resen ted  i n  a s i m i l a r  
manner. F igu re  12 i l l u s t r a t e s  t h e  fo rces  r e s u l t i n g  from c a v i t y  growth 
and b l ade  passage convergence on t h e  l i q u i d  element. 
r e s u l t i n g  from t h e  formation of t h e  vapor c a v i t y  is r ep resen ted  by 

The p r e s s u r e  f o r c e  
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where P 
vapor c a v l t y  h e i g h t  between s t a t i o n s  1 and 2.  

is  t h e  f l u i d  s a t u r a t i o n  p r e s s u r e  and Abnis  t h e  change i n  normal 
SAT 

T 
1 
Figure 11. P res su re  Force Due t o  Streamtube FD 38379B 

Convergence 

I- Tl*l 

1 
Figure 1 2 .  P re s su re  Force Due t o  Cavi ty  Growth FD 38383B 

and Passage Convergence 

The p r e s s u r e  f o r c e  r e s u l t i n g  from t h e  change i n  b l ade  passage width 
is r ep resen ted  by 

where47,is t h e  change i n  blade passage width,  and t h e  p re s su re  on t h e  
blade p r e s s u r e  s u r f a c e  (P ) is assumed t o  be approximately equa l  t o  P. 
The p r e s s u r e  fo rces  on s u r f a c e s  5 and 6 ( f i g u r e l o ) ,  which are t h e  flow 
areas a t  each end of t he  l i q u i d  element and a r e  by d e f i n i t i o n  normal t o  
t h e  through flow d i r e c t i o n ,  are expressed as 

P 
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and 

where Pl and P2 are t h e  i n l e t  and e x i t  streamtube element s ta t ic  p res -  
s u r e s .  

(2) C e n t r i f u g a l  F o r c e .  

I n  inducer flow, t h e  l i q u i d  element of m a s s  (m) i s  moving a t  some 
f i n i t e  t a n g e n t i a l  v e l o c i t y  (Vu) r e s u l t i n g  i n  a r a d i a l  o r  c e n t r i f u g a l  
f o r c e  a c t i n g  on t h e  l i q u i d  element.  

I f  t h i s  element i s  n o t  t r a v e l i n g  p a r a l l e l  t o  t h e  a x i s  of r o t a t i o n ,  
as i l l u s t r a t e d  i n  f i g u r e  13, a component of t h i s  c e n t r i f u g a l  f o r c e  w i l l  
ac t  a long t h e  through flow d i r e c t i o n .  Th i s  f o r c e  can b e  w r i t t e n  as: 

2 
- - -  - vu s i n +  

FC g R 

o r  

where V u  and 
r a d i u s  and (R2 - R1) r e p r e s e n t s  t h e  n e t  r a d i a l  r e l o c a t i o n  of t h e  stream- 
tube  element.  

are t h e  average f l u i d  element t a n g e n t i a l  v e l o c i t y  and 

R l '  

-Axis of Rotation- - 

Figure  13. C e n t r i f u g a l  Force on Liquid 
Element 

FD 38380 
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( 4 )  - Summary of Forces 

The fol lowing i s  a summary o f  t he  f o r c e s  d i scussed :  

FD = Cf (c) (a, Ts ’+ 7 1 s i n  (Am) Drag Force 
(gene ra l  element) 

l i n e  convergence) 

P res su re  Force ( c a v i t y )  

= (p) (Aynl - Ayn2) (? sin 6.) Pres su re  Force (stream- 
FPSC e 
FPC - ’SAT (Ab,) AT cos  6 - 

(07,) P res su re  Force (change i n  = (p) A y  c o s &  

$ b lade  passage width) FPAr 

= p1 ( T J ~  s in  0 *) Ayl c o s $  P res su re  Force ( i n l e t )  F P l  1 

Pres su re  Force ( e x i t )  - - p2 ( ~ j ~  s i n  B,*) A Y ~  c o s $  
FP2 

- 2  

s i n  0*) A 7  cos  $ (R2 - R1) T 
R 

- - 
C e n t r i f u g a l  Force FC = g ‘‘e 

Assuming t h a t  t h e  p r e s s u r e s  a c t i n g  i n  t h e  d i r e c t i o n  of t h e  flow are 
p o s i t i v e ,  t h e  f o r c e s  are summed and set equa l  t o  t h e  change i n  through 
flow moment urn, 

w cos  a2  - w cos 61]  f[ 2 1 

where rb i s  t h e  s t reamtube m a s s  rate of flow and 6 i s  t h e  d e v i a t i o n  angle .  
Adjustments are made t o  t h e  c a v i t y  s l o p e  (ab*) and h e i g h t  f b )  a t  each 
s t a t i o n  such t h a t  t h e  above expression i s  s a t i s f i e d  f o r  a given stream- 
l i n e  l o c a t i o n  and s t reamtube shape. 
streamtube i n  t h e  induce r  a n a l y s i s  a t  success ive  s t a t i o n s  r e s u l t i n g  i n  
d e f i n i t i o n  of t h e  c a v i t y  shape. To arrive a t  t h e  c o r r e c t  c a v i t y  shape 
w i t h i n  an  induce r ,  equ i l ib r ium of both through flow and r a d i a l  momentum 
must b e  s a t i s f i e d .  S t i p u l a t i o n  of t h e s e  cond i t ions  a s s u r e s  t h a t  t h e  
proper  c a v i t y  shape and s t r e a m l i n e  l o c a t i o n  are achieved. 

Th i s  techhique i s  repeated f o r  each 

(c)  Cavity Collapse 

The c a v i t y  i s  allowed t o  grow u n t i l  i t s  s l o p e  (6f?*)  becumes zero 
(paral le l  t o  t h e  b l ade  s u c t i o n  s u r f a c e )  i n d i c a t i n g  t h a t  i t  has  reached 
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i t s  maximum he igh t .  
t u r b u l e n t  wake. 
r e s u l t s  i n  a l o s s  of t o t a l  p r e s s u r e  as w e l l  as a rise i n  s ta t ic  p res su re .  
These va lues  are foand by s p e c i f y i n g  a rate of c o l l a p s e  (i.e., wake 
mixing) and s o l v i n g  f o r  s t a t i c  and t o t a l  p r e s s u r e  from t h e  equa t ions  f o r  
c o n t i n u i t y  o f  mass and momentum. 
( c a v i t y  dump l o s s )  is expressed as 

Then i t  i s  assumed t h a t  t h e  c a v i t y  c o l l a p s e s  i n  a 
Th i s  causes  a sudden expansion of t h e  l i q u i d  flow and 

The l o s s  i n  t o t a l  relative p r e s s u r e  

The prime r e f e r s  t o  v a l u e s  a t  t h e  previous s t a t i o n .  

F igu re  14 shows a t y p i c a l  c a v i t y  c o l l a p s e .  Po in t  (a) corresponds t o  
t h e  po in t  o f  maximum c a v i t y  h e i g h t ,  p o i n t  (b) r e p r e s e n t s  t h e  complete 
c o l l a p s e  o f  t h e  c a v i t y ,  and is t h e  ang le  of c o l l a p s e .  The c a v i t y  
c o l l a p s e  ang le  i s  a f u n c t i o n  of t h e  maximum normal c a v i t y  h e i g h t  and 
v a r i e s  i n v e r s e l y  wi th  t h i s  c a v i t y  h e i g h t .  The r e l a t i o n s h i p  between c o l -  
l a p s e  ang le  and normal c a v i t y  h e i g h t  w a s  e s t a b l i s h e d  during Task V I .  By 
c a l c u l a t i n g  t h e  a n g l e  needed t o  p r e d i c t  t h e  c o r r e c t  c a v i t y  l eng ths  f o r  
s e l e c t e d  c o n d i t i o n s ,  and by curve f i t t i n g  t h e s e  a n g l e s  as a f u n c t i o n  o f  
maximum c a v i t y  h e i g h t ,  t h e  c o l l a p s e  ang le s  were determined. 

a tl 

Figure 14. Typ ica l  Cavi ty  Collapse FD 48163 

d. Typical  Resu l t s  of Analyses 

(1) T e s t  Cases 

I n  t h i s  s e c t i o n ,  typical r e s u l t s  from t h e  hydrodynamic a n a l y s i s  
program are p resen ted  f o r  fou r  s e p a r a t e  test cases. Two o f  t h e  t es t  
cases w e r e  used f o r  v e r i f i c a t i o n  of t h e  flow model o p e r a t i n g  under non- 
c a v i t a t i n g  cond i t ions ,  and t h e  o t h e r  two test cases w e r e  used i n  eval- 
u a t i n g  t h e  model during c a v i t a t i n g  o p e r a t i o n .  These t e s t  cases  were as 
f 0 llows: 
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Noncavi ta t ing 

-- -- 

0 Paddle wheel 

0 NASA 12-deg (0.21-rad) h e l i c a l  inducer  (NASA TND-1170) 

C a v i t a t i n g  

0 C a v i t a t i n g  f l a t  p l a t e  cascade 

0 NASA 12-deg (0.21-rad) h e l i c a l  inducer  (NASA TND-1170) 

(2)  Noncavi ta t ing T e s t  Cases 

(a )  Paddle Wheel 

This test case  w a s  s e l e c t e d  t o  s tudy  a s i m p l i f i e d  geometry t h a t  
would a l low s o l u t i o n  o f  t h e  r a d i a l  momentum d i f f e r e n t i a l  equa t ion  by 
d i r e c t  i n t e g r a t i o n ,  r e s u l t i n g  i n  an  e x a c t  expres s ion  f o r  t he  r a d i a l  
d i s t r i b u t i o n s  of s t a t i c  p r e s s u r e  and a x i a l  v e l o c i t y .  
o p e r a t i n g  c o n d i t i o n s  for t h i s  test case are shown i n  f i g u r e  15. 

Geometry and 

Zero Blade Thickness 

OPERATING CONDITIONS 

1. Noncavitating 
2. No Inlet Deviation 
9. No Exit Deviation 
4. Nonviscous Flow 

F igure  15. Paddle Wheel Geometry and 
Operating Conditions 

FD 25899 
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A comparison of t h e  exact a n a l y t i c a l  and program c a l c u l a t e d  r a d i a l  
The program r e s u l t s  are shown p res su re  p r o f i l e  i s  shown i n  f i g u r e  16. 

t o  be i n  complete agreement wi th  t h e  e x a c t  a n a l y t i c a l  s o l u t i o n .  
t h a t  t h e  s t r e a m l i n e  balance procedure as used by t h e  hydrodynamic program 
o p e r a t e s  as d e s i r e d  i n  s a t i s f y i n g  r a d i a l  equ i l ib r ium.  

Ver i fy ing  

The cri teria f o r  program convergence which a s s u r e s  t h e  c o r r e c t  
s t r e a m l i n e  p o s i t i o n  and s t reamtube p r o p e r t i e s  are based on s a t i s f y i n g  
r a d i a l  momentum. The e r r o r  i n  s t r e a m l i n e  l o c a t i o n  a t  any t i m e  during 
t h e  program r e l a x a t i o n  process  i s  de f ined  by: 

where d p / d r  is t h e  r a d i a l  p r e s s u r e  g r a d i e n t  r equ i r ed  t o  s a t i s f y  r a d i a l  
momentum and Ap/Ar i s  t h e  p r e s s u r e  g r a d i e n t  which e x i s t s  between adjacent  
s t reamtubes f o r  given s t r eaml ine  l o c a t i o n s .  The s t r eaml ine  p o s i t i o n s  a r e  
r e l axed  u n t i l  t h e i r  l o c a t i o n s  s a t i s f y  r a d i a l  momentum. 

I 

D-4 
W 

500 

400 

% 300 

2 
r?l: 200 

100 

0 
0.5 0.6 0.7 0.8 0.9 1.0 
Hub RADIUS RATIO Tip 

Figure  16 .  Paddle Wheel T e s t  Case - Radial  FD 25397 
Equi l ibr ium 
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(b)  NASA 12-deg (0.21-rad) Inducer (NASA TND-1170) 

Use of t h i s  inducer  as a t e s t  case  t o  a i d  i n  program checkout was 
based upon t h e  a v a i l a b i l i t y  of an ex tens ive  amount of noncav i t a t ing  tes t  
d a t a .  Th i s  inducer i s  a l s o  reasonably r e p r e s e n t a t i v e  of most inducer  
des igns  and, t h e r e f o r e ,  would provide a s u f f i c i e n t l y  r igo rous  checkout 
of the program's c a p a b i l i t y .  

Inducer performance was i n v e s t i g a t e d  f o r  s e v e r a l  i n l e t  f low c o e f f i c i e n t s  
a t  noncav i t a t ing  i n l e t  cond i t ions .  Comparisons between a n a l y t i c a l l y  p r e -  
d i c t e d  and experimental  r e su l t s  a r e  shown. 

- 1 Head vs  Flow 

A head-flow curve,  p l o t t e d  as head c o e f f i c i e n t  as a f u n c t i o n  of flow 
c o e f f i c i e n t ,  is  shown i n  f i g u r e  1 7 .  Close agreement between t h e  expe r i -  
mental  and program p r e d i c t e d  r e s u l t s  i s  shown. 

F igu re  1 7 .  Comparison o f  P red ic t ed  and Actual  DF 85015 
Head-Flow C o e f f i c i e n t  f o r  NASA 
12-deg Inducer 

- 2 I d e a l  Head and Head LOSS vs Flow 

Accurate p r e d i c t i o n  of a c t u a l  head c o e f f i c i e n t  i s  dependent upon 
a c c u r a t e  p r e d i c t i o n  of both i d e a l  head r i s e  and head l o s s .  
and 19  show t h e  comparison between p red ic t ed  and experimental  r e s u l t s  
f o r  i d e a l  head r ise  and head l o s s  r e s p e c t i v e l y  as a f u n c t i o n  of i n l e t  
f low c o e f f i c i e n t .  

F igu res  18 
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Figure  18. Comparison of  P red ic t ed  and Actua l  DF 85014 
I d e a l  Head C o e f f i c i e n t  f o r  NASA 
12-deg Inducer  

F igure  1 9 .  Comparison of  P red ic t ed  and Ac tua l  DF 85013 
Head Loss  C o e f f i c i e n t  f o r  NASA 
12-deg Inducer  
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Again, good agreement was achieved thus confirming the accuracy 
observed in prediction of actual head coefficient (figure 17). 

- 3 Efficiency vs Flow 

If ideal head rise and head l o s s  are predicted correctly, not only 
will actual head rise be accurately predicted but efficiency as well. 
This is shown in figure 20. 

Figure 20. Comparison of Predicted and Actual DF 85012 
Efficiency for NASA 12-deg Inducer 

(3)  Cavitating Test Case 

(a) Cavitating Flat Plate Cascade 

Stripling and Acosta (Reference 2) formulated a two-dimensional 
inviscid potential flow model for calculating the cavity shape along a 
zero thickness flat plate cascade of arbitrary stagger angle and inlet 
conditions. The cavity model used in the present hydrodynamic program 
(discussed in Section B) can be reduced to a two-dimensional inviscid 
flow model by eliminating blade thickness, shear forces (viscous effects), 
and streamline relocation. 
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This  w a s  done by i n p u t t i n g  t o  t h e  program 

(1) Zero t i p  th i ckness  t T  = 0.0 

(2) Zero t a p e r  ang le  = 0.0 

(3) Zero v i s c o s i t y  p = 0.0 

( 4 )  A h i g h  hub- to - t ip  r a t i o  RH zz RT 

and modifying the  source  deck t o  bypass t h e  s t r eaml ine  i t e r a t i o n  so t h a t  
t h e  d i s t a n c e  between s t r eaml ines  remained c o n s t a n t .  

The b l ad ing  geometry and i n l e t  cond i t ions  d i scussed  by S t r i p l i n g  and 
Acosta i n  Reference 2 w e r e  analyzed and t h e  r e s u l t s  compared wi th  those 
presented  i n  t h e i r  paper .  A s  shown i n  f i g u r e  21, t h e  c a v i t y  shape a s  
p red ic t ed  us ing  t h e  new model f o r  t h e  s p e c i a l ,  i n v i s c i d ,  two-dimensional, 
zero  b l ade - th i ckness  c a s e ,  ag rees  a lmost  e x a c t l y  w i t h  t h a t  p red ic t ed  by 
t h e  method of  S t r i p l i n g  and Acosta .  

(b) NASA 12-deg (0.21-rad) Inducer  (Cavi ta t ing)  

The o v e r a l l  head r i s e  of an inducer  ope ra t ing  under vary ing  f low 
cond i t ions  ( c a v i t a t i n g  and noncav i t a t ing )  can be recorded i n  nondimen- 
s i o n a l  form. F igure  2 2  shows a comparison between tes t  d a t a  and computer 
program r e s u l t s  f o r  t h e  c a v i t a t i n g  performance of t h e  NASA 12-deg 
(0.21 rad)  inducer  recorded i n  t h e  form $14 (noncavi ta t ing)  a s  a func t ion  
of  c a v i t a t i o n  parameter ,  k .  The p red ic t ed  e f f e c t  o f  reducing k on inducer  
head r ise  and t h e  p r e d i c t e d  po in t  o f  complete head breakdown agree  c l o s e l y  
wi th  t h e  exper imenta l  d a t a .  

2 .  S t r e s s  and V i b r a t i o n  Computer Programs 

a .  In t roduc t ion  

Computer programs f o r  determining s t r e s s  and v i b r a t o r y  c h a r a c t e r i s -  
t i c s  i n  three-d imens iona l  inducer  b l ades  have been developed. 

The programs are based on t h e  ma t r ix  displacement  method us ing  
d i s c r e t e  f l a t  t r i a n g u l a r  e lements  t o  d e f i n e  t h e  b lade  s u r f a c e .  

The inducer  b lade  middle s u r f a c e  i s  genera ted  by a skewed l i n e  t h a t  
moves a t  a f i x e d  d i s t a n c e  from the  a x i s  o f  t he  inducer .  The numerical  
(x ,y , z )  coord ina te s  of t h i s  s u r f a c e  a re  thus d i r e c t l y  de f ined  by t h e  
wrap ang le  8 and e l e v a t i o n  of the  gene ra t ing  l i n e .  This  s u r f a c e  i s  then  
r ep laced  by f l a t  t r i a n g u l a r  e lements  t h a t  are  jo ined  a t  t h e  v e r t i c e s  o r  
nodes t h a t  l i e  on t h e  s u r f a c e .  The cu rva tu re  of t he  s u r f a c e  i s  thus 
approximated by t h e  change i n  d i r e c t i o n  of t h e  normals t o  the  t r i a n g u l a r  
e lements .  Each element has  a l o c a l  r ec t angu la r  coord ina te  system 
( ~ , y , z )  a s s o c i a t e d  wi th  i t .  Displacement f u n c t i o n s ,  which a r e  expressed 
i n  terms o f  l o c a l  coord ina te s ,  y i e l d  s t i f f n e s s ,  c e n t r i f u g a l  load ,  pres -  
s u r e  load ,  and i n e r t i a  matrices expressed i n  terms of gene ra l i zed  nodal  
f o r c e s  and gene ra l i zed  nodal  displacements .  
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CAVITATION PARAMETER, k 

Figure 22. Comparison of Credi ted and Actual  FD 40423 
Suc t ion  Performance f o r  NASA ~ 

12-Deg Inducer  

For the  stress program, these  matrices a r e  f i r s t  transformed t o  a 
common r e c t a n g u l a r  coord ina te  system. Assembly of t h e s e  matrices, by 
s a t i s f y i n g  c o m p a t i b i l i t y  and equ i l ib r ium a t  common nodes and boundary 
cond i t ions ,  y i e l d s  a se t  of simultaneous equat ions with nodal d i s p l a c e -  
ments as unknowns. Displacements t h a t  s a t i s f y  t h i s  s e t  of equa t ions  are 
then used t o  c a l c u l a t e  s t r e s s e s .  

The v i b r a t i o n  program is  handled d i f f e r e n t l y  than the s t r e s s  program 
because only 50 degrees  of freedom can be handled by an  e x i s t i n g  l a t e n t  
r o o t  o r  eigen-value program. This a l lows a breakup of only e i g h t  f r e e  
nodes each of which has s i x  degrees  of freedom. For t h i s  r eason ,  the 
number of degrees of freedom pe r  f r e e  node w a s  reduced t o  one by f i r s t  
assuming t h a t  the dominant displacement i s  normal t o  t h e  s u r f a c e  and 
then us ing  ma t r ix  condensation techniques.  I n  t h i s  i n s t a n c e ,  l o c a l  
s t i f f n e s s  and i n e r t i a  ma t r i ces  were transformed t o  a r e c t a n g u l a r  coordi-  
n a t e  system i n  which t h e  normal d i r e c t i o n  a t  a node i s  i n  the mean d i r e c -  
t i o n  of the normals of a s e t  of t r i a n g u l a r  elements which have common 
v e r t i c e s  a t  a node. 
c o m p a t i b i l i t y  and e q u i l i b r i u m  followed by a ma t r ix  condensat ion 
frequency equat ions from which frequency and mode shapes are  obtained.  

Assembly of t hese  ma t r i ces  by s a t i s f y i n g  nodal  
y i e l d s  
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b .  Der iva t ions  of Basic  R e l a t i o n s  

The d e r i v a t i o n s  of t h e  v a r i o u s  r e l a t i o n s ,  i n  matrix form, t h a t  are 
used i n  t h e  a n a l y t i c a l  models f o r  t h e  s t ress  and v i b r a t i o n  programs a r e  
d i scussed  i n  Appendix D i n  t h e  sequence o u t l i n e d  below. They a r e  sepa- 
r a t e d  i n t o  r e l a t i o n s  t h a t  are common t o  both t h e  s t ress  and v i b r a t i o n  
programs and those t h a t  apply s p e c i f i c a l l y  t o  on ly  one of t he  programs. 

Both Programs 

(1) D i r e c t i o n  Cosine Matr ix  

( 2 )  Nodal Coordinate Matrix 

(3) T r i angu la r  Su r face  CooFdinate Matrix \If 

( 4 )  Thickness Matr ix  Re la t ion  

(5) Membrane S t i f f n e s s  Matrix 

(6) Bending S t i f f n e s s  Matr ix  

hl 

I 

I I  

S t r e s s  Program 

(7) P res su re  Force Mat r ix  ( F p I N  

(8) C e n t r i f u g a l  Force Matrix 

(9)  Approximate C e n t r i f u g a l  Force Matrix 

1 F c l N  

I .  

Vibra t ion  Program 

(10) Membrane I n e r t i a  Matr ix  

(11) Bending I n e r t i a  Matr ix  

(12) Normal D i r e c t i o n  Cosine Matrix 

(13) R e l a t i v e  Vib ra to ry  Bending S t r e s s  Matrix 

I4 
I a,) 

c .  D e s c r i p t i o n  of A n a l y t i c a l  Model 

(1) Blade Generation 

A t y p i c a l  inducer  i s  shown i n  f i g u r e  23. The inducer  blade i s  nor- 
mally machined by a s t r a i g h t  m i l l i n g  cut t ,er  whose a x i s  i s  t i l t e d  and may 
pass  a t  a f i x e d  d i s t a n c e  from the  a x i s  of t he  inducer  while  t h e  inducer  
blank advances and r o t a t e s  a t  t h e  d e s i r e d  l e a d .  The middle su r face  of 
t h e  inducer  blade i s  used f o r  purposes of a n a l y s i s  and geometric param- 
e ters  t h a t  d e f i n e  the  r ight-handed ( x , y , z )  coord ina te s  o f  t h e  su r face  are 
hub r a d i u s  RH, o f f - s e t  r a d i u s ,  RG, t i l t  angle  h ,  l ead  h e i g h t  ZH,  r a d i u s  
R along p r o j e c t i o n  of g e n e r a t o r ,  and wrap angle  0 as shown i n  f i g u r e  2 4 .  

4 3  



The(x,y,z) coord ina te s  i n  t e r m s  o f  t h e s e  parameters  are: 

x = cos  8 - R s i n  8 

y = RG s i n  8 + R cos 8 

z = ZH + (R - RH) t a n  1 

Figure  23. Turbopump Inducer  FE 100920 

(2)  F i n i t e  Element Breakup 

The use of d i s c r e t e  t r i a n g u l a r  e lements  f o r  t h e  s t ress  a n a l y s i s  of 
t h r e e  dimensional  s u r f a c e s  i s  d i scussed  by Argyr i s ,  Cheung, P e t y t ,  
Zienkiewicz and o t h e r s .  I n  t h i s  i n s t a n c e ,  t h e  s u r f a c e  i s  r ep laced  by 
f l a t  t r i a n g u l a r  e lements  t h a t  a r e  jo ined  a t  t h e  v e r t i c e s  o r  nodes which 
l i e  on the  o r i g i n a l  s u r f a c e .  Such a n a l y s i s  r e q u i r e s  t h a t  t h e  coord ina te s  
of t h e  node be expressed  i n  a common and l o c a l  r e c t a n g u l a r  coord ina te  
system. A r i g h t  hand l o c a l  system w a s  chosen s o  t h a t  t h e  base  of each 
t r i a n g l e  l i e s  on a gene ra t ing  l i n e  which d e f i n e s  t h e  2 a x i s  while  t he  
t h i r d  vertex l i e s  on a n  a d j a c e n t  gene ra to r .  The 7 axis l i e s  i n  the  
plane of t h e  t r i a n g l e  i n  a r igh t -hand sense  as shown i n  f i g u r e  25. I n  
t h i s  manner t h e  coord ina te s  of t h e  nodes of  each t r i a n g l e  are w e l l  de- 
f i n e d  because they  always l i e  on gene ra t ing  l i n e s  whose coord ina te s  a re  
known. 
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z = zo7 c-;", (x,y,2 
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Generating Line 

z = z, 

Figure 24. Geometric Parameters of Middle 
Surface of Inducer Blade 
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A 

FD 25602A 

Generator 

Generator 

X 

Figure 25. Local (W, 7 ,  E) and Common FD 25629 
(x, y, z )  Rectangular Coordinate 
System for Triangular Element 

45 



Nodal p o i n t s  a r e  e q u a l l y  spaced on a gene ra to r  between the  hub r a d i u s  
Rp'c and 
blade as shown i n  f i g u r e  26. The common coord ina te s  of t he  vertices are 
then  used t o  c a l c u l a t e  t h e  d i r e c t i o n  cos ine  ma t r ix  [ R i ]  as desc r ibed  i n  
Appendix D .  This  ma t r ix  e s t a b l i s h e s  t h e  r e l a t i o n  between t h e  d i r e c t i o n s  

t i p  r a d i u s  RT '~  and e s t a b l i s h  t h e  t r i a n g u l a t i o n  of t he  inducer 

o f -  t h e  l o c a l  coord ina te  axes re la t ive t o  t h e  common 
each element and i s  de f ined  as: 

Z 

coordinate  axes f o r  

X J 

Figure 26. T r i a n g u l a t i o n  of Inducer Blade FD 25630A 

This ma t r ix  i s  used la ter  f o r  t ransforming s t i f f n e s s  and m a s s  ma t r i ces  
and i s  used t o  c a l c u l a t e  t h e  l o c a l  nodal coord ina te s  by t h e  fol lowing 
r e l a t i o n s  : 
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o r  i n  ma t r ix  form: 

(3)  Displacement Functions f o r  T r i angu la r  Elements 

The use of t r i a n g u l a r  elements f o r  f i n i t e  element a n a l y s i s  i s  d i s -  - 
cussed e x t e n s i v e l y  by Argyr i s ,  Cheung, Clough, Hermann, Melosh, P e t y t ,  
Tocher, Utku, Zienkiewicz,  and o t h e r s .  Methods which are  d i r e c t l y  
a p p l i c a b l e  t o  the three-dimensional inducer  problem a r e  discussed by 
Argyr i s ,  Cheung, P e t y t ,  and Zienkiewicz. 

The accuracy of t h e  displacement method depends upon the s e l e c t i o n  
of an  a p p r o p r i a t e  displacement f u n c t i o n ;  polynomial func t ions  u s u a l l y  
being the  most a p p r o p r i a t e .  

For t h e  t r i a n g u l a r  element under in-plane membrane loading the  ex- 
pre’ssing of l o c a l  membrane displacements G and + as l i n e a r  func t ions  of 
2 and 7 y i e l d s  a uniform s t r a i n  f i e l d  i n  the  t r i a n g u l a r  element. Such 
a f u n c t i o n  provides  c o m p a t i b i l i t y  a t  t h e  i n t e r f a c e  between a d j a c e n t  
elements and invo lves  s i x  c o e f f i c i e n t s  t h a t  are determined i n  terms of 
the s i x  nodal displacements and s i x  nodal coord ina te s  of the v e r t i c e s  of 
the t r i a n g l e .  Linear  displacemen! func t ions  are used i n  t h e  d e r i v a t i o n  
of t h e  membrane s t i f f n e s s  matrix and the  membrane i n e r t i a  ma t r ix  
[&I i n  paragraphs (5) and (10) of Appendix D ,  r e s p e c t i v e l y .  

An a p p r o p r i a t e  displacement f u n c t i o n  f o r  t r i a n g u l a r  elements under 

Thus, t h e r e  w i l l  be nine 
bending i s  more d i f f i c u l t  t o  se t  up because i n  a d d i t i o n  t o  a lateral de- 
f l e c t i o n ,  6, t h e r e  a r e  r o t a t i o n s ,  8, and 8,. 
nodal displacements f o r  each t r i a n g u l a r  element. I f  a cubic  polynomial 
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- - -. d e f l e c t i o n  f u n c t i o n  wi th  terms l i k e ;  c o n s t . - ,  x ,  y ,  2, xy, 72,  X3, X27, 
Ty2, 7 3 ,  i s  se l ec t ed ,one  of t he  10 terms w i l l  have t o  be d e l e t e d  because 
only n i n e  cond i t ions  can be s a t i s f i e d ,  and hence t h e  displacement func- 
t i o n  can have only n i n e  c o e f f i c i e n t s .  
displacement and s lope  i n  t h e  d i r e c t i o n  of edges a t  an  i n t e r f a c e  e x i s t s  
f o r  the cub ic  displacement func t ion ,  t h e r e  i s  no guarantee t h a t  t he  nor- 
m a l  s l ope  i n  a d i r e c t i o n  pe rpend icu la r  t o  the edges i s  continuous.  I t  
i s  n o t  known how much e r r o r  w i l l  be caused by such nonconformity. 
Clough, Zienkiewicz,  and o t h e r s  d i s c u s s  methods of o b t a i n i n g  conforming 
displacement f u n c t i o n s  b u t  they are too  complicated f o r  use i n  t h e  i n -  
ducer program. 

Although c o m p a t i b i l i t y  of edge 

The Adini  polynominal displacement f u n c t i o n  

w = a + a 5 + a j; + a z2 + “sy2 + a 23 + a 527 + a8xy2 + “73.  1 2  3 4 6 7 

-- 
where the  uniform t w i s t  t e r m ,  xy ,  i n  the 10 t e r m  cubic  polynominal i s  
omitted t o  maintain symmetry, as d i scussed  by Clough, has  been used 
s u c c e s s f u l l y  i n  o t h e r  a p p l i c a t i o n s  and as a r e s u l t  w a s  employed i n  the 
inducer program. 

( 4 )  E f f e c t i v e  S t r e s s  Cr i te r ia  

The use of r a d i a l ,  t a n g e n t i a l ,  and shear  s t r e s s e s  i n d i v i d u a l l y  f o r  
design purposes i s  meaningless because t h e  i n t e r a c t i o n  of t hese  s t r e s s e s  
can cause a f a i l u r e  mode which would no t  be apparent  i f  the s t r e s s e s  were 
used i n d i v i d u a l l y .  For t h i s  reason a p rov i s ion  has  been made i n  the  
program t o  c a l c u l a t e  an e f f e c t i v e  s t r e s s ,  based on combined s t r e s s e s ,  
which can be compared t o  the  al lowable u n i a x i a l  stress ob ta ined  from 
convent ional  test  specimens. Gene ra l ly ,  when the  e f f e c t i v e  stress 
exceeds t h e  al lowable s t ress ,  f a i l u r e  i s  p o s s i b l e  due t o  the  i n i t i a t i o n  
of p l a s t i c  flow. Experiments i n d i c a t e  t h a t  an  e f f e c t i v e  s t r e s s  based on 
the  energy of d i s t o r t i o n  theo ry  i s  a p p l i c a b l e .  This e f f e c t i v e  s t r e s s  ae i n  t e r m s  of the p r i n c i p a l  stresses ax and 8, as used i n  the  programs 
i s  

Although t h e  e f f e c t i v e  stress does n o t  e x i s t  p h y s i c a l l y ,  i t s  d i s t r i b u t i o n  
over t h e  inducer  b l ade ,  based on the  combining of t h e o r e t i c a l  and measured 
s t r e s s e s ,  w i l l  i n d i c a t e  areas of d i s t r e s s  wherever i t s  va lue  exceeds the  
a l lowab le .  

It should be noted t h a t  i f  membrane stresses e x i s t  t he  t o t a l  s tress 
a t  the c e n t r o i d  on t h e  top  s u r f a c e  of a n  element can d i f f e r  from t h a t  a t  
t h e  c e n t r o i d  on the bottom of the  same element.  For t h i s  reason the  pro- 
gram c a l c u l a t e s  c e n t r o i d a l  stresses a t  t h e  t o p ,  middle ,  and bottom sur-  
f ace  of each element.  When membrane s t r e s s e s  a r e  n e g l i g i b l e  the  e f f e c t i v e  
stresses a t  t h e  top and bottom s u r f a c e s  of an element a r e  equa l  and the  
t r u e  stresses d i f f e r  i n  s i g n  on ly .  
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d .  Methods o f  Analys is  

(1) Stress  Program 

(a)  Forces  and Displacements 

The ma t r ix  displacement  method us ing  d i s c r e t e  t r i a n g u l a r  e lements  
I n  t h i s  method gene ra l i zed  nodal  f o r c e s  i s  used f o r  t hese  programs. 

a r e  expressed a s  l i n e a r  func t ions  o f  gene ra l i zed  nodal  displacements  
i n  ma t r ix  form. 
a r e  determined f o r  t r i a n g u l a r  e lements  i n  t h e  l o c a l  coord ina te  system. 
fo rce  and displacement  systems a r e  r ight-handed,  and t h e  components are  
shown i n  f i g u r e s  27 and 28. 
i n  t h e  same manner a s  f o r c e s  and displacements ,  a s  i s  done by P e t y t  and 
Zienkiewicz.  
coord ina te  system. 

These matrices are  de r ived  i n  paragraph B2d, below, and 
The 

Moments and r o t a t i o n s  are t r e a t e d  as v e c t o r s  

This  prevents  confus ion  when t ransforming  ma t r i ces  t o  a r o t a t e d  
The ma t r ix  r e l a t i o n  f o r  t h e  l o c a l  system i s  then:  
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where [EM] and [EB] are t h e  l o c a l  m mbrane a d bendin 
matrices whose composite form i s  PI, and hGTN and 1 8 1 ~  are gene ra l i zed  
nodal  f o r c e  and displacement  co lu  n rnatric s o r  vec to  s .  
and moments i n  t h e  l o c a l  
Zienkiewicz.  
and are  r e t a i n e d  f o r  convenience.  

t i f f n e s s  

Displacements 
d i r e c t i o n  are assumed ze ro  as i s  d i scussed  by 

These terms, however, w i l l  appear  i n  t h i s  common system 

49 



Figure 27. Generalized Nodal 
Displacements and 
Triangular Element 

Local Membrane FD 25631A 
Forces on Flat 

Figure 28. Generalized Nodal Bending Displace- FD 25652A 
ments and Forces on Flat Triangular 
E lemen t 

Generalized nodal pressure for 
nodal centrifugal forces matrices Appendix D, 
are also column matrices or 
these forces acting the general nodal 
triangular element in local coordinates is: 
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To s o l v e  the  three-dimensional  s t ress  problem, a l l  gene ra l i zed  
f o r c e s  and displacements  i n  t h i s  l o c a l  system 
ponents a long  the  axes  i n  the  common 
apply ing  t h e  d i r e c t i o n  cos ine  matrix f R l f  t o  t r i p l e t s  of gene ra l i zed  
f o r c e s  and displacements  i n  the  l o c a l  system. 
of freedom p e r  node t h e  s t i f f n e s s  mat r ix  f o r  a t r i a n g u l a r  element 
w i l l  be of o rde r  (18 x 18) and t h e  gene ra l i zed  f o r c e  and displacement  
matrices w i l l  be  of o r d e r  (18 x 1). 
p a t i b l e ,  they  must be  o f  t he  same orde 
ing  ze ros  i n  a p p r o p r i a t e  p o s i t i o n s ;  PPI; and p C l N  a r e  a l s o  expressed as 
a n  (18 x 1) column m a t r i x  by i n s e r t i n g  zeros  i n  a p p r o p r i a t e  l o c a t i o n s .  

must be  broken i n t o  com- 
ys  e m .  This  i s  accomplished by 

Because t h e r e  a re  6 d e g r e e s  

To make the  l o c a l  matrices com- 
This  i s  accomplished by p lac-  
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The o r d e r  of the elements i n  t h e  l o c a l  gene ra l i zed  f o r c e  and d i s -  
placement column matrices ar 

between the  gene ra l i zed  f o r c  

en changed t o  be compatible wi th  t h a t  of 

d displacement column ma t r i c  
t he  d i r e c t i o n  cos ine  ma t r ix  . Under t h i s  r e -o rde r ing ,  t he  r e l a t i o n  

common system and the l o c a l  system is  

F 
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The g e n e r a l  force-displacement  ma t r ix  r e l a t i o n  f o r  a t r i a n g u l a r  element 
i n  the  common system i s  ob ta ined  conven t iona l ly  by t ransforming (1) using 
(3) and ( 4 )  from which 

Then (1) t ransforms from 

o r  

Thus, t h e  gene ra l  force-displacement  matrix r e l a t i o n  f o r  a t r i a n g l e  i n  
t h e  common system i s  expressed by 

where the  elements on the  r i g h t  s i d e  a r e  obtained d i r e c t l y  from t h e  
l o c a l  system p r o p e r t i e s  by the  r e l a t i o n s  

The gene ra l i zed  nodal displacement ma t r ix  r e l a t i o n  f o r  t he  t r i a n g u l a t e d  
su r face  w a s  assembled by cons ide r ing  a r e p r e s e n t a t i v e  node t h a t  i s  
common t o  neighboring t r i a n g u l a r  elements as shown i n  f i g u r e  29. Because 
each node has 6 degrees  o f  freedom t h e r e  w i l l  be 6n degrees  of freedom 
f o r  a system wi th  n f r e e  nodes. Thus a l l  column ma t r i ces  w i l l  be of 
o rde r  (6n x 1) and t h e  s t i f f n e s s  m a t r i x  w i l l  be of o r d e r  (4n x 6n) .  The 
ope ra t ions  t h a t  y i e l d  the  displacement ma t r ix  r e l a t i o n  a r e :  

1. Add the elements of  N which a r e  a s s o c i a t e d  wi th  
a common node. system matrices F and 1 P I T  

2 .  Sum a l l  of the elements of (FJ which a r e  a s s o c i a t e d  with a 
common node t o  zero i n  o rde r  !o s a t i s f y  i n t e r n a l  nodal equ i l ib r ium 

5 3  



3 .  Equate gene ra l i zed  displacements  of v e r t i c e s  t h a t  have a 
common node. 

4. Add elements of s t i f f n e s s  matrices which are a s s o c i a t e d  
w i t h  a ommon node. This w i l l  y i e l d  t h e  system s t i f f n e s s  
ma t r ix  'r.1.. 

The gene ra l i zed  displacement  matrix equat ion f o r  t h e  system i s  then 

The s o l u t i o n  t o  t h i s  s e t  of simultaneous equat ions y i e l d s  t h e  
gene ra l i zed  nodal displacements  6 . These are  then transformed back 
t o  the  l o c a l  system by I I N  

Z 

A 

Generators 

I 

-Y 

Figure  29.  Common Node of 6 Neighboring FD 256678 
T r  i ang  l e  s 

(b) S t r e s s e s  

The membrane stress ma t r ix  and bending moment ma t r ix  i n  t h e  l o c a l  
system are then  given by 

= ['MI [ 'MI [ ;h] 
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with the symbols defined in Appendix D. The bending moments are linear 
functions of X and 7 and are evaluated at the centroid C to yield the 
centroidal bending stresses. 

(c) Development of Subsystems 

The direct solution of the set of simultaneous equations (6) is 
time-consuming and uneconomical when a large number of unknowns is in- 
volved. For this reason, the execution time was reduced by subsystem 
analysis. This was accomplished by providing an option to divide the 
system into subsystems as shown in figure 30. Each subsystem has common 
boundary nodes a and internal nodes b. The internal nodes include all 
nodes that do not lie on a common boundary. 
relation for each subsystem is of the form (5) and becomes 

The general force-displacement 

Figure 30. Division of System Into Subsystems FD 25668A 
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Then, t h e  subsystem matrix w a s  p a r t i t i o n e d  t o  s e p a r a t e  boundary nodes 
from i n t e r n a l  nodes i n  t h e  fol lowing manner s i n c e  the  summation of nodal 
f o r c e s  a t  i n t e r n a l  p o i n t s  i s  ze ro .  

This  p a r t i t i o n i n g  y i e l d s  two matrix equat ions 

By e l i m i n a t i n g  t h e  i n t e r n a l  nod 
t h e  gene ra l i zed  boundary f o r c e  
d e f l e c t i o n  and t h e  i n t e r n a l  pro of t h e  subsystem i s  ob ta ined .  

e f l e c t i o n s  ldblN from t h e  expres s ions ,  
t e r m s  of t h e  gene ra l i zed  boundary 

Thus, 

A t  t he  boundaries c n t o  t h e  subsystems, t h e  displacements lbaIN a r e  
equated and fo rces  
taneous equat ions w t h e  boun a r  d i s p l a  ements 

by 

a r e  summed t o  ze ro .  This y i e l d s  a se t  of simu- 

These equa t ions  are solved f o r  [ b a r N ,  and Pb1j-g i s  
S a b  a s  unknowns. 
t h  n found from ( 7 )  

‘cblN) 

Execution t i m e s  on t h i s  program have been reduced by a f a c t o r  of up t o  
25 by means of t h i s  technique. 

(2) Vibra t ion  Program 

For t h e  v i b r a t i o n  program, the  s u r f a c e  of t he  inducer  i s  t r i a n g u l a t e d  
i n  t h e  same manner a s  t h e  stress program and the same l o c a l  s t i f f n e s s  
matr ices  [Q] and [RBI are used. 
t r i a n g u l a r  elements have l o c a l  membrane i n e r t i a  matrices [%] and bending 
i n e r t i a  ma t r i ces  [EB] , which a r e  def ined i n  Appendix D. 
l o c a l  nodal i n e r t i a  f o r c e  ma t r ix ,  assuming harmonic v i b r a t i o n s  of f r e -  

I n  a d d i t i o n  t o  t h e s e  ma t r i ces  the  

The a s s o c i a t e d  

quency o and amplitudes N i s  s i m i l a r  t o ( 2 )  and i s  
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It w a s  now assumed t h a t  t h e  v i b r a t i o n  of t h e  inducer  b l ade  i s  normal 
t o  t h e  inducer  s u r f a c e .  
coord ina te  system d i f f e r e n t  from t h e  common system used i n  t h e  stress 
program was adopted and i s  shown i n  f i g u r e  31. 
i s  i n  t h e  mean d i r e c t i o n  of t h e  f o u r  normals t o  t r i a n g u l a r  elements that 
have common v e r t i c e s  a t  a node and a common gene ra to r ,  and t h e  x a x i s  
is i n  t h e  d i r e c t i o n  of  t h e  gene ra to r .  

For t h i s  reason a right-handed r e c t a n g u l a r  

The z a x i s  o f  t h i s  system 

The d i  e c t i o n s  of t h e  normals are obtained from t h e  d i r e c t i o n  cos ine  
ma t r ix  [Rl]. Because t h e  y a x i s  i s  normal t o  t h e  x a x i s ,  t h e  d i r e c t i o n  
of y i s  es a b l i s h e d ,  r e s u l t i n g  i n  a new d i r e c t i o n  cos ine  ma t r ix  [R1Inas  
def ined i n  Appendix D .  The gene ra l i zed  i n e r t i a  f o r c e  matrix r e l a t i o n  
f o r  a t r i a n g u l a r  element i n  the  quasi-normal system i s  obtained i n  t h e  
same manner a s  t he  gene ra l i zed  s t a t i c  force-displacement  ma t r ix  ( 2 ) .  
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"2 zn\ 

Figure 3 1 .  Definition of Quasi-Normal 
Coordinate System 

IF1N = -a2['] 14)N 

From (3) and ( 4 )  

IFIN = [R6rlFlNand ('IN = [R6]:Iq)N 

Then (8) transforms to 

I.61,' IF IN = -a2 ['I jR6E 1' IN 

or 

FD 25669A 

Thus, the generalized inertia force matrix relation for a triangular 
element in the quasi-normal system is expressed by . 

where [FIN, [MI and 1qIN are referred to the quasi-normal system 

and the mass matrix M is defined by 1 1  
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The s t i f f n e s s  and mass matrices a r e  now assembled i n  t h e  same manner 
t h a t  w a s  used i n  t h e  stress program. Elements of s t i f f n e s s  and mass ma t r i ces ,  
which a r e  a s s o c i a t e d  w i t h  a common node, are added and displacements  a t  
common nodes a r e  equated. The ma t r ix  equa t ion  of motion of f r e e  nodes 
o f  t h e  system i s  then 

The ass 'ociated eigen-value equa t ion  is then 

Because each f r e e  node has s i x  degrees  of freedom, t h e  eigen-value ma t r ix  
. w i l l  be of o rde r  (Gn x 6n) f o r  a system with n f r e e  nodes. This allows 
only e i g h t  f r e e  nodes t o  d e s c r i b e  the inducer geometry because the  c a p a c i t y  
of an e x i s t e n t  I B M  360 eigen-value program i s  l i m i t e d  t o  50 eigen-values .  
Because e i g h t  f r e e  nodes are i n s u f f i c i e n t  t o  d e s c r i b e  a t y p i c a l  inducer ,  
the number of degrees  of freedom per node was reduced t o  one by ma t r ix  
condensat ion techniques following a procedure recommended by Guyany;. Th i s  
is  accomplished by r ea r r ang ing  and p a r t i t i o n i n g  by which the  nodal fo rce -  
displacement  r e l a t i o n  can be expressed i n  the  m a t r i x  form 

(3n x 1 )  

(3n x 1) 

N 1 

It is  now assumed t h a t  i f  t h e  p l a t e  v i b r a t e s  normally t o  t h e  s u r f a c e  
u,  v ,  and 8 ,  are zero.  
columns con ta in ing  t h e  ma t r i ces  [D] , [E] , and [ E I T .  
f u r t h e r  p a r t i t i o n i n g ,  t he  nodal force-displacement  ma t r ix  r e l a t i o n  i s  

This can be accomplished by d e l e t i n g  the rows and 
Af te r  d e l e t i o n  and 

L e t t i n g  F2 = 0 f o r  condensation a s  recommended by Guyan y i e l d s  two 
m a t r i x  equa t ions  

I F 1 ) N  = I A ] l w ) N  + [ c ] T \ e l N  

%See Appendix A ,  s e c t i o n  3. 
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where 

E 1 imina t ing 8 

or  

Thus, t he  reduced s t i f f n e s s  ma t r ix  i s  

[ K]* = [ [ A ]  - [ C I T  [B]- '  [ C]] 
This o p e r a t i o n  reduces t h e  number of degrees  of freedom t o  n w h i l e  s t i l l  
r e t a i n i n g  t h e  p h y s i c a l  p r o p e r t i e s  of t h e  o r i g i n a l  system. Examination of 
(9) and (10) i n d i c a t e s  t h a t  i t  amounts t o  a coord ina te  t r ans fo rma t ion  as 
d i scussed  by Guyan, i . e .  

where 

[ T I  = [ -B :1] C 

Thus, i f  t h e  i n t e r n a l  s t r a i n  energy is -to be preserved under t h i s  t r a n s -  
formation 

Thus, t h e  reduced system s t i f f n e s s  matrix is of t he  form 

[ K ] ~  = [ T ~ T  [ K I T  [TI 

The k i n e t i c  energy must a l s o  be preserved under t h i s  t ransformation.  Thus, 

The reduced system m a s s  ma t r ix  is  then 
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Using these reduced matrices, the equation of motion becomes 

The associated eigen-value equation then involves only n degrees of 
freedom and is 

e. Discussion of Typical Results of Analyses 

The initial test cases for the stress and vibration computer pro- 
grams were run on flat surfaces using a special matrix. This was done 
in order to obtain two-dimensional solutions that could be compared with 
known two-dimensional solutions. Flat plate geometries cannot be run 
with the existing three-dimensional program because the matrix becomes 
singular. For this reason all of the test cases except the rotating 
disc were re-run by programing the surface so that it was slightly 
warped out of plane. 
to the theoretical values for Elat plates as did the first flat plate 
runs. 

The results of these re-runs agreed just as close 

(1) Stress Program 

( a )  Sectors 

Test cases were run on 45 degree flat sectors with 9 (figure 32a) 
and 30 (figure 32b) free nodes under uniform transverse loading and 
centrifugal loading. There was a decided improvement in the accuracy of 
predicted radial deflection for the centrifugal load case in going from 
9 to 30 nodes as is shown in figure 33. Radial membrane stresses on 
interior triangular elements just about straddled the estimated stress 
curve when they were plotted for the centroid* of the appropriate tri- 
angle as is shown in figure 34. Approximate stresses and deflections 
were estimated by direct integration assuming that the radial pull is 
independent of polar angle. Averaging the stresses at each node by 
averaging the stresses in the triangles immediately surrounding a node 
also agreed fairly well with the estimated curve as is shown in figure 35. 

The predicted displacements under bending load also were improved in 
going from 9 to 30 nodes as is shown in figure 36. 
on interior triangular elements also straddled the estimated curve as i s  
shown in figure 37. These stresses were also averaged at the center nodes 
and are presented in figure 38. Stresses were obtained from the moment 
distribution on a cantilever beam of linearly varying width and deflec- 
tions were approximated by the moment-area method. 

Radial bending stresses 

* Gerstenkoro presents data at the centroid of triangular elements for the 
solution of the thick-walled cylinder using finite elements, and Zienkiewicz 
discusses this and other methods of averaging stresses in triangular elements. 

61 



1 in. 

Node Numbers 

a-N 

t 
X 

a .  1 2  Tr i angu la r  Elements 
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b. 48 Tr i angu la r  Elements 

F igu re  32b. Breakup of 45-Degree Sec to r  

FD 25670A 
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Figure 34. Radial Membrane Stresses in Rotating FD 25657 
45-Degree Sector with 30 Free Nodes 
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Figure 35. Radial Membrane Stresses in Rotating FD 25786B 
45-Degree Sector at Midchord 
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Figure 36. Transverse Midchord Displacement of FD 257878 
Uniformly Loaded 45-Degree Canti- 
levered Sector 
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(b) Rectangles 

- 
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0- 

Similar test cases were run on 2 by 3 in. (5.08 by 7.62 cm) rectangles 
as shown in figures 39 through 43. 
cases. Displacements always agreed better than the stresses. 

Good agreement was achieved in all 

0 .(E03 

0.002 
d 

.A 

0 .ool 

0 

Figure 39. Breakup of 2-inch by 3-inch FD 25673A 
Rectangle into 48 Triangular 
Elements and 30 Free Nodes 
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Figure 40. Radial Displacements in Rotating FD 25790 

Rectangle with 30 Free Nodes 
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Figure 41. Radial Stresses in Rotating 
Rectangle with 30 Free Nodes 
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Figure 4 2 .  Transverse Midchord Displacement of FD 257928 
Uniformly Loaded Cantilever with 
30 Free Nodes 
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t = 0.1 in. (0.254 cm) 
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Figure 43. Radial Bending Stress in Uniformly FD 25793 
Loaded Cantilever with 30 Free Nodes 

(c) Circular Disk 

A test case for a solid bore spinning disk with 48 free nodes (fig- 
ure 44)  was evaluated next. Displacements again agreed with theoretical 
results as shown in figure 45. Results were compared with the theoretical 
plane stress solution for a disk and with results from an existing program 
which is used by Pratt & Whitney Aircraft for compressor and turbine disk 
design, with U = 0.300. Stresses that were averaged at the nodes did not 
agree as closely as those for sectors and rectangles as is shown in fig- 
ure 46. Pertaining to stress interpretation in general and figure 46 in 
particular, stresses at the hub and free edges cannot be evaluated-di- 
rectly because the correct stress gradient cannot be accounted for in a 
triangle over which the membrane stress is assumed constant or the bending 
stress is assumed to vary linearly. Such stresses can be obtained by 
using either extrapolation, smaller elements, or judicious weighing of 
element stresses as discussed by Zienkiewicz. It is expected that a finer 
breakup would reduce the error. 
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Figure 44.  Breakup of Circular Disk into FD 25655A 
96 Triangular Elements and 
48 Free Nodes 
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Figure 45. Radial Displacements in 48 Node FD 25794C 
Spinning Disk 
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Figure  4 6 .  Radial  and Tangen t i a l  Membrane FD 25795A 
Stresses i n  4 8  Node Spinning Disk 

(2)  V ib ra t ion  Program 

(a) Rectangular P l a t e  

40 f r e e  nodes ( f i g u r e  4 7 )  y ie lded  t h e  r e s u l t s  shown i n  t a b l e  1. Com- 
pa r i son  w i t h  t h e  f i r s t  fou r  known mode shapes w a s  i n  good agreement, a s  
i s  shown i n  f i g u r e  4 8 .  The p r e d i c t e d  frequency of t h e  f i r s t  t o r s i o n a l  
mode (1/0 mode), however, was h igh  (see t a b l e  1). 

A t e s t  case on a 1 by 2 i n .  ( 2 . 5  bu 5 . 1  cm) r e c t a n g u l a r  p l a t e  w i th  
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Table 1. Modes and Na tu ra l  Frequencies  o f  Can t i l eve red  P l a t e  

Frequencies ,  cps  

Exac t9: E x i s t i n g  Program Pres  en  t Program Mode 
.For F l a t  P l a t e s  

~~1 846 844 720 

010 

~~ 3 , 638 

5,266 
I 

3,584 4 , 942 

5 , 301 4 ,513 

14 , 648 11,802 

15,185 

23,011 

23,340 

38,331 

12 , 532 

21,563 

25 , 165 

24  , 459 
013 

- -+- 
35 , 039 

211  

38,175 

9; Refer t o  Barton i n  Appendix A 
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Figure 47. Breakup of 1-inch by 2-inch FD 256568 
Rectangular Plate into 64 Tri- 
angular Elements and 40 Free Nodes 

X/L 

Figure 48.  Comparison of Mode Shapes of 
Cantilever Plate 
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Figure  49  shows r e l a t i v e  c e n t r o i d a l  v i b r a t o r y  bending stresses f o r  
t h e  s a m e  1 by 2 i n .  rectar .gular  p l a t e  as compared t o  t h e  t h e o r e t i c a l  
va lues  f o r  a c a n t i l e v e r e d  beam at  t h e  same shape, 
good except  nea r  t h e  clamped edge. 
improved by t h e  u s e  of more elements.  

The agreement is 
It i s  a n t i c i p a t e d  t h a t  t h i s  can be 

E! 
a a 
I- 

W 

I- 

W 

z 
4 
a 

X/L 

FD 48170 Figure 49. Relative Vib ra to ry  Bending S t r e s s e s  
i n  a C a n t i l e v e r  Beam (2 x 1) 

(b) Six-Degree Inducer 

A t e s t  case f o r  an inducer  w i th  a 6-degree i n l e t  blade ang le  and wi th  
a 438-degree wrap ang le  w a s  conducted and r e s u l t s  compared wi th  t es t  d a t a  
as shown i n  t a b l e  2 .  
t h e  f i f t h  mode. 

The r e s u l t s  were i n  f a i r l y  good agreement through 

Table 2. Mode Shapes and Na tu ra l  Frequencies of 6-Degree (0.105-rad) 
Inducer 

Frequency (cps) 

T e s t  Calculated 
Mode Data (P resen t  Program) 

44 1 483 

@ 1/0 

5 75  540 
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Table 2. Mode Shapes and Natural Frequencies of 6-Degree (0.105-rad) 
Inducer (Continued) 

Frequency (cps ) 

Test Calculated 
Data (Present Program) 

--- 606 

2/0 

@ 
510 

--a 

83 1 

709 

840 

9 94 

~ 

C. TASK I11 - DESIGN OF TEST INDUCER 
1. Inducer Design and Analysis 

a. Preliminary Design 

(1) Requirements 

Task I11 work requirements called for the preliminary design of an 
inducer to be instrumented and tested in Task VI, both in static rigs 
and a water flow loop. Test results were then used in the development 
of the computer programs formulated in Task 11. 
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The following performance characteristics were established as 
design goals: 

1. Minimum Flow Coefficient (4) - 0.065 
2. Minimum Head Coefficient ($) - 0.15 
3 .  Minimum Suction Specific Speed (Nss) - 40,000. 

During the Task I11 preliminary design phase, it was found that, to 
achieve a suction specific speed of 40,000 would require the use of low 
blade angles and thin blades both of which would limit instrumentation 
and compromise the acquisition of extensive and accurate test data. 
Therefore, the blade thickness and inlet angle were selected to provide 
good instrumentation coverage, and the other inducer parameters varied 
to obtain maximum suction specific speed. 

(2) Selection of Basic Parameters 

A three-blade design was selected, and zero blade taper angle was 
used to provide adequate tip thickness for instrumentation and still 
maintain low hub blockage for good suction performance. To obtain various 
hydrodynamic loading conditions, the meridional area was reduced by 15% 
at the exit, and the blade was cambered by 2 deg at the tip. An inlet 
tip angle of 8 deg was selected to provide adequate room for instrumenta- 
tion while maintaining a relatively low angle for good suction performance. 

Titanium was selected as the inducer material primarily because of 
its low modulus of elasticity and high strength-to-weight ratio. The 
low modulus, which results in a high strain per unit of stress, provides 
improved accuracy in strain gage testing. The high strength to weight 
ratio made it possible to design the blade tip to the desired thickness 
for instrumentation without having to increase the thickness at the hub 
to obtain the necessary strength. 

In addition, because the inducer is overhung on the test rig shaft, 
the light weight of  the titanium eliminated a potential critical speed 
problem. The oxidation resistance of the titanium further inhanced its 
selection as the inducer material. 

For simplicity and ease of rig modification, a constant OD flowpath 
was used. A high solidity was specified to obtain a high work level as 
well as good suction performance. 
(46 m/sec) in an attempt to preclude cavitation damage. A maximum OD and 
minimum ID were used to provide the largest blade surface for instrumen- 
tation. The basic design parameters are listed in table 3 .  

The tip speed was limited to 150 ft/sec 
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Table 3. Basic Inducer Design Parameters 

Inlet  E x i t  

Hub D i a m e t e r ,  i n .  (Cm) 

Blade Angle-Tip, deg (rad)  

Blade Angle-Hub, deg ( r ad )  

T ip  D i a m e t e r ,  in .  (em) 

Blade Thickness,  i n .  (cm) 

Number of Blades 

Flow C o e f f i c i e n t  

Head C o e f f i c i e n t  

Suc t ion  S p e c i f i c  Speed 
(100% Head F a l l o f f )  

Flow Rate, Gpm (m /S) 

Rotor Speed, rpm ( r a d / s )  

3 

7.0 (17.8) 

0.130 (0.330) 

3 

0.07 

0.24 

30,000 ( m i n )  

1060 (0.067) 

4900 ( 5 1 3 )  

2.8 (7.1) 3.74 (9 .5 )  

8 (0.14) 10 (0.18) 

19.35 (0.339) 18.25 (0.318) 

b. Flow Pa th  and Blading Design 

The hub contour and blade ang le  d i s t r i b u t i o n  are shown i n  f i g u r e  5 0 .  
The t i p  blade angle  w a s  he ld  cons t an t  a t  8 deg f o r  a t a n g e n t i a l  gap/chord 
r a t i o  o f  approximately one. 
t he  e x i t  followed a power d i s t r i b u t i o n  as shown i n  f i g u r e  5 0 .  This blade 
design is  p a t t e r n e d  a f t e r  t h e  "J" b lade  concept.  This  design technique, 
i n  i n c o r p o r a t i n g  a noncambered i n l e t  f o r  a t a n g e n t i a l  s o l i d i t y  of one, 
a l lows t h e  l ead ing  edge inc idence  t o  b e  removed b e f o r e  t u r n i n g  t h e  flow 
i n  t h e  cambered s e c t i o n  of t h e  b l a d e  t o  produce t h e  d e s i r e d  head. I n  
doing t h i s ,  t h e  b l ade  p r e s s u r e  loading due t o  l ead ing  edge inc idence  
diminishes  b e f o r e  t h e  load ing  due t o  b l a d e  camber begins.  
a d d i t i o n  of l oad ings  due t o  inc idence  and camber nea r  t h e  b l a d e  l ead ing  
edge. 

area w a s  he ld  c o n s t a n t  so  t h a t  an accep tab le  mean l i n e  re la t ive v e l o c i t y  
p r o f i l e  would be ob ta ined .  With flow area and t i p  diameter cons t an t  and 
t h e  blade angle  d i s t r i b u t i o n  s p e c i f i e d ,  an approximate hub contour w a s  
determined. A t es t  r i g  requirement t h a t  t h e  inducer  ex i t  flow be a x i a l  
r e s u l t e d  i n  some d e p a r t u r e  from t h i s  d e s i r e d  hub contour .  

The blade ang le  p r o f i l e  from t h i s  p o i n t  t o  

Th i s  p reven t s  

A f t e r  de t e rmina t ion  of t he  b l ade  ang le  d i s t r i b u t i o n ,  t h e  channel flow 

The mean re la t ive v e l o c i t y  p r o f i l e s ,  as determined from t h e  hydro- 
dynamic program, are shown i n  f i g u r e  51. The v e l o c i t y  p r o f i l e s  shown 
are both smooth and devoid of any excess ive  d i f f u s i o n  o t h e r  t han  i n  t h e  
r eg ion  of t h e  l ead ing  edge, where some r a p i d  d i f f u s i o n  e x i s t s .  This  
leading edge d i f f u s i o n  i s  t h e  r e s u l t  of t h e  r a p i d  t u r n i n g  due t o  l ead ing  
edge inc idence ,  and i s  common t o  any inducer  des ign .  It can be t o l e r a t e d  
( i f  t h e  d i f f u s i o n  v e l o c i t y  r a t i o  i s  no t  extremely h igh )  because t h e  
boundary l a y e r s  are s t i l l  ve ry  t h i n  nea r  t h e  l ead ing  edge. 
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Figure 50. Inducer Flow Path and Blade Angle FD 25798A 
Distribution 

c. Performance and Stress Analysis 

The overall performance, hydrodynamic blade loading and stress dis- 
tribution for the inducer were analyzed using the computer programs 
originally developed in Task 11. While the stress and vibration computer 
programs have remained unchanged, significant modifications have been 
made to the hydrodynamic program, as mentioned earlier. The performance, 
hydrodynamic loading and stress values predicted using the modified pro- 
gram are presented in the Task VI discussion. The original predictions, 
which were used primarily to assist in locating instrumentation and to 
assure the safe operation of the inducer from the stress standpoint, are 
not pertinent to the development of the computer programs and, therefore, 
are not included in this report. These predicted data were presented in 
the interim report (Reference 15). 
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Profile 

FD 25800 

2. Instrumentation Design 

Blade surface pressure and strain distribution data were required for 
correlation with computer program predictions. Provisions for these 
measurements were made during the design stage of the program. Pressure 
data were to be measured during inducer operation in water, and strain 
data were to be measured both in static laboratory tests and during opera- 
tion in-water. 
the instrumentation needed in the test program, a summary of blade data 
requirements and instrumentation employed is given in the following 
paragraphs. 

Because of the unique requirements and critical nature of 

a. Blade and Hub Steady Pressures 

A pressure scanning valve-transducer assembly* was selected to mea- 
sure blade and hub steady pressures during inducer flow tests. A photo- 
graph of the valve assembly and a schematic which illustrates its opera- 
tion are shown in figures 52 and 53. The valve rotor rotates in 48 dis- 
crete steps so that the collector slot sequentially connects each of 
48 sensing ports to a single internally mounted transducer located on the 
valve centerline. The rotor is driven by a 28-volt solenoid through a 
ratchet mechanism that causes the valve to index one sensing port each 
time the solenoid is energized. A switch in the drive train is actuated 
Wcanivalve Corporation, San Diego, California, Model 48D9 Special 
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each t i m e  t h e  valve makes one r o t a t i o n  (48 s t e p s )  and t h a t  s i g n a l  i s  
used t o  i n d i c a t e  t h a t  t h e  valve i s  on "home" p o r t .  A potent iometer  i n  
t h e  d r i v e  t r a i n  a l s o  provides  a r e s i s t a n c e  t h a t  i s  p r o p o r t i o n a l  t o  t h e  
va lve  p o s i t i o n  and can be used as a p o s i t i o n  i n d i c a t o r .  

Figure 52. P res su re  Scanning Valve - Transducer FE 94089 
Assembly 

Sensing Port - ,- Transducer 

Collector 

Drive Shaft 2 

.Shown Out 
of Position 

Cavity 

Figure 53. Schematic of  P res su re  Scanning Valve FD 21392 
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The valve assembly w a s  i n s t a l l e d  i n  the  inducer  hub as shown i n  
f i g u r e  5 4  and i t s  e l ec t r i ca l  l e a d s  w e r e  routed through t h e  d r i v e  s h a f t  
f o r  connection t o  a s l i p  r i n g .  Eleven l e a d s  were r equ i r ed :  four  f o r  
power and s t epp ing  c o n t r o l ,  t h r e e  f o r  p o s i t i o n  i n d i c a t i o n ,  and fou r  f o r  
t h e  t r a n s d u c e r .  The inducer  d r i v e  s h a f t  housed t h e  valve assembly sb 
t h a t  t h e  inducer  could be removed without  d i s t u r b i n g  the  valve and i t s  
e l e c t r i c a l  connect ions t o  the  s l i p  r i n g .  Su r face  p re s su res  were sensed 
using small-diameter tubing r eces sed  i n t o  t h e  blade and d r i l l e d  a t  t h e  
d e s i r e d  r a d i a l  l o c a t i o n .  The p r e s s u r e  t a p  l i n e s  were rou ted  t o  t h e  f r o n t  
of t h e  inducer  and connected t o  t h e  valve wi th  nylon tubing.  Spacers and 
rubber packings w e r e  used t o  secure t h e  va lve  assembly r a d i a l l y  and 
a x i a l l y  i n  t h e  d r i v e  s h a f t .  

Nose 

Valve Assembly 

Pressure Tap 

Figure 54. Pressu re  Scanning Valve i n  Inducer FD 25812 
Hub 

Since t h e  p r e s s u r e  scanning valve- t ransducer  assembly w a s  l o c a t e d  on 
t h e  inducer  c e n t e r l i n e  and p r e s s u r e  t a p s  w e r e  l o c a t e d  a t  some r a d i u s  on 
t h e  b l a d e s ,  t h e  p r e s s u r e  sensed by t h e  t r ansduce r  would b e  lower than  t h e  
a c t u a l  p r e s s u r e  on t h e  b l a d e  by t h e  c e n t r i f u g a l  p r e s s u r e  of t h e  f l u i d  i n  
t h e  t a p  l i n e .  
i f  t h e  f l u i d  i n  t h e  t a p  l i n e  w e r e  of known d e n s i t y ,  However, t h e  d e n s i t y  
would n o t  b e  known i f  t h e  b l ade  s u r f a c e  p r e s s u r e  w a s  less than  t h e  p r e s s u r e  
generated by c e n t r i f u g a l  f o r c e  on t h e  column of water. 
since b l a d e  s u c t i o n  s u r f a c e  p r e s s u r e s  could b e  as low as vapor p r e s s u r e ,  
water would be fo rced  o u t  of t h e  t a p  l i n e  u n t i l  t h e  i n t e g r a t e d  c e n t r i f u -  
g a l  p r e s s u r e  equa l l ed  t h e  b l ade  p res su re .  The t a p  l i n e  would then  be 
f i l l e d  w i t h  a combination of water and water vapor w i t h  t h e  i n t e r f a c e  
being a t  an  unknown r a d i u s .  The t r ansduce r  would sense  vapor p r e s s u r e ,  
and a c t u a l  b l a d e  s u r f a c e  p r e s s u r e  would b e  indeterminable  from t h e  test 
da ta .  

A c o r r e c t i o n  t o  t h e  sensed p r e s s u r e  could e a s i l y  b e  app l i ed  

A s  an  example, 
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To circumvent t h i s  problem, p r o v i s i o n s  w e r e  made t o  purge t h e  pres- 
s u r e  t a p  l i n e s  w i t h  a i r  a t  a p r e s s u r e  h ighe r  t han  t h e  p r e d i c t e d  b l ade  
s u r f a c e  p re s su re .  
n e g l i g i b l e .  
scanning valve which had a h o l e  i n  i t s  r o t o r  one p o r t  ahead of t h e  col-  
l e c t o r  s l o t ,  a s e a l e d  case c a v i t y ,  and one sens ing  p o r t  vented t o  t h e  
case c a v i t y .  These mod i f i ca t ions  are shown i n  f i g u r e  53. I n  ope ra t ion ,  
a cons t an t  p r e s s u r e  purge w a s  app l i ed  through t h e  vented sensing p o r t  t o  
p r e s s u r i z e  t h e  va lve  case  and purge each sensing p o r t  through t h e  h o l e  
i n  t h e  r o t o r  j u s t  p r i o r  t o  i t s  being connected t o  t h e  t r ansduce r .  A s  
long as purge p res su re  i s  h ighe r  than blade s u r f a c e  p r e s s u r e ,  t he  t a p  
l i n e s  are completely f i l l e d  wi th  a i r  a t  blade s u r f a c e  p re s su re  and t h e  
t r ansduce r  measures a c t u a l  blade su r face  p r e s s u r e .  Purge p res su re  w a s  
l i m i t e d  by va lve  c a p a b i l i t i e s  which d i c t a t e d  t h a t  case p res su re  n o t  

s u r e  n o t  exceed 60 p s i d  (41 N / c m 2 ) .  
l o s s  o f  some d a t a  bu t  t h e  i n a c c u r a t e  p o i n t s  were r e a d i l y  apparent  because 
the  t r ansduce r  measured purge p res su re  when blade p res su re  w a s  h ighe r  than 
purge p r e s s u r e  ( i . e . ,  t he  t a p  l i n e  became p a r t l y  f i l l e d  wi th  water; cen- 
t r i f u g a l  p re s su re  t o g e t h e r  w i t h  purge p r e s s u r e ,  balanced the  blade sur-  
f ace  p r e s s u r e ) .  

valve.  One of t h e s e  w a s  used t o  provide purge p r e s s u r e  and ano the r  w a s  
l e f t  open i n  t h e  s h a f t  bore,  f o r  a n  ambient r e f e r e n c e  reading,  l eav ing  
46 sens ing  p o r t s  a v a i l a b l e  f o r  p r e s s u r e  measurement. Th i s  number w a s  
i n s u f f i c i e n t  t o  f u l l y  d e f i n e  t h e  inducer blade p r e s s u r e  d i s t r i b u t i o n ;  
t h e r e f o r e  two tes t  series were planned t o  permit  d a t a  t o  be taken a t  
92 p o i n t s .  The s e l e c t e d  p o i n t s  were along two des ign  po in t  s t r eaml ines  
and along t h e  inducer  hub as shown i n  f i g u r e  55. P res su re  and s u c t i o n  
s u r f a c e  t a p s  w e r e  a l t e r n a t e d  t o  prevent  back t o  back grooves i n  t h e  
b l ades  a t  1 9  angu la r  s t a t i o n s  along two of t h e  t h r e e  inducer  blades.  
Three p r e s s u r e  s u r f a c e  t a p s  ( l o c a t i o n s  2, 8, and 13) were dup l i ca t ed  on 
t h e  t h i r d  b l ade  and read f o r  b o t h  test series t o  i n s u r e  d a t a  c o n t i n u i t y .  

The c e n t r i f u g a l  p r e s s u r e  of t h e  a i r  column would b e  
Purging w a s  accomplished by employing a modified p r e s s u r e  

exceed 100 p s i a  (69 N / c m  2 ) and t h a t  case-sensing p o r t  d i f f e r e n t i a l  pres-  
These l i m i t a t i o n s  r e s u l t e d  i n  t h e  

Forty-eight  s ens ing  p o r t s  were a v a i l a b l e  on t h e  p r e s s u r e  scanning 

The n i n e t e e n  measurement s t a t i o n s  were s e l e c t e d  t o  provide f i n e  
r e s o l u t i o n  n e a r  t h e  b l a d e  l ead ing  and t r a i l i n g  edges where p r e s s u r e  
should change r a p i d l y ,  and r e l a t i v e l y  coa r se  r e s o l u t i o n  i n  t h e  inducer  
c e n t e r  s e c t i o n  where p r e s s u r e s  should change slowly. 

P r e s s u r e s  along t h e  o u t e r  s t r eaml ine  were s e l e c t e d  t o  be measured 
f i r s t ,  a f t e r  which t h e  inducer  would be removed, o u t e r  t a p s  plugged, and 
new t a p s  i n s t a l l e d  along t h e  i n n e r  s t r eaml ine .  

b. Blade Vibratory P res su res  

To o b t a i n  b l ade  v i b r a t o r y  p r e s s u r e s  p r o v i s i o n s  w e r e  made t o  i n s t a l l  
min ia tu re  transducers",  one of which i s  shown i n  f i g u r e  5 6 .  The t r a n s -  
ducers  employ a monoli thic  Wheatstone b r idge  formed d i r e c t l y  on a s i l i -  
con diaphram. Although the t r ansduce r s  are capable  of measuring both 
s t eady  and v i b r a t o r y  p r e s s u r e s ,  they were employed f o r  only v i b r a t o r y  
measurements i n  t h i s  a p p l i c a t i o n .  The e f f e c t s  of cementing and c e n t r i f -  
ugal  f o r c e  would make them l e s s  accu ra t e  than t h e  p re s su re  scanning va lve  
f o r  s t eady  p res su re  measurement. 

*Kuli te  Semiconductor Products ,  Inc.  Model LPS 1 2 5  - 150 
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Figure 56. Minia tu re  Transducer FE 89875 

The t r ansduce r s  were loca ted  along t h e  o u t e r  s t r eaml ine  of a blade 
s u c t i o n  s u r f a c e  a s  shown i n  f i g u r e  57. This  l o c a t i o n  was s e l e c t e d  t o  
p l a c e  t h e  t r ansduce r s  i n  t h e  r eg ion  of maximum c a v i t a t i o n .  The t r ans -  
ducers  were i n s t a l l e d  f l u s h  w i t h  t h e  b l a d e  s u r f a c e  and cemented i n  
p l ace .  

c. Blade Steady and Vibratory S t r a i n  

Three element s t r a i n  gage rosettes?:* were inco rpora t ed  i n  t h e  design 
t o  measure b l ade  s t eady  and v i b r a t o r y  s t r a i n s .  
t o  t h e  s u c t i o n  s u r f a c e  of a s i n g l e  b l ade  f o r  l a b o r a t o r y  s t eady  and 
v i b r a t o r y  s t r a i n  tests. One r o s e t t e  w a s  l o c a t e d  a t  each of t h e  64 a n a l y t i c  
f i n i t e  element nodes used i n  t h e  s t ress  a n a l y s i s  t o  f a c i l i t a t e  t he  
c o r r e l a t i o n  of experimental  w i th  p r e d i c t e d  d a t a .  
i n s t e a d  of s i n g l e  element gages pe rmi t t ed  c a l c u l a t i o n  of stress magni- 
t ude  and d i r e c t i o n  a t  each node. 

The r o s e t t e s  w e r e  app l i ed  

The use of r o s e t t e s  

S l i p  r i n g  c a p a c i t y  (48 channels) l i m i t e d  t h e  number of r o s e t t e s  t h a t  
could b e  read du r ing  o p e r a t i o n a l  tests t o  twelve. Rose t t e s  a t  nodes 
1 through 12 were s e l e c t e d  t o  provide d a t a  i n  t h e  r eg ion  of maximum 
p r e d i c t e d  b l ade  loading.  I n  a d d i t i o n ,  s p a r e  r o s e t t e s  were added a t  
node 1 of t h e  o t h e r  two b l a d e s  t o  ensu re  t h a t  gage f a i l u r e  d i d  n o t  
prevent  s t r a i n  measurements a t  t h i s  c r i t i c a l  l o c a t i o n  and t h e  gage 
a t  node 1 3  w a s  prepared as a spare. 
t i o n a l  tes ts  t h e r e f o r e  c o n s i s t e d  of primary r o s e t t e s  a t  nodes 1 through 
12, 2 spa re  r o s e t t e s  a t  node 1 and one spa re  r o s e t t e  a t  node 13. 

**Baldwin L i m a  Hamilton Type WA-06-12OWR-120 

S t r a i n  in s t rumen ta t ion  f o r  opera- 
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Figure 57. Min ia tu re  Transducer Locat ions - FD 25858 
Blade N o .  3 

3. T e s t  Rig Design 

The inducer  and in s t rumen ta t ion  w e r e  designed i n t o  a water loop 
t e s t  r i g  as shown i n  f i g u r e  58. The r i g  w a s  assembled w i t h  the  p re s -  
s u r e  scanning va lve  and min ia tu re  t r a n s d u c e r s ,  o r  w i th  t h e  s t r a i n  
gages, depending on test  requirements.  Leads were rou ted  through t h e  
hollow d r i v e  s h a f t  and connected t o  t h e  s l i p  r i n g .  For performance 
tests, wi th  no inducer  i n s t rumen ta t ion ,  a torquemeter w a s  s u b s t i t u t e d  
f o r  t h e  s l i p  r i n g  i n  t h e  d r i v e  t r a i n .  

The inducer  w a s  overhung i n  t h e  i n l e t  l i n e  from a rubber sleeve 
b e a r i n g  t o  provide unobstructed i n l e t  flow. An a c r y l i c  p l a s t i c  sleeve 
was used t o  house t h e  inducer  t o  permit o b s e r v a t i o n  of c a v i t a t i n g  flow. 
The a c r y l i c  sleeve contained p r o v i s i o n s  f o r  i n l e t  and d i scha rge  t r a v e r s e  
in s t rumen ta t ion  and s t a t i c  p r e s s u r e  measurements a long t h e  inducer  
b l a d e  t i p .  
0.062 i n .  (0.158 cm) diameter steel  tub ing  w a s  routed from t h e  annulus 
t o  t h e  p r e s s u r e  scantling va lve  t o  provide t h e  va lve  wi th  purge a i r .  

A s e a l e d  annulus w a s  provided a t  t h e  rear of t h e  r i g  and 

Ana ly t i c  checks of t h e  r i p  stresses and r o t o r  dynamics i n d i c a t e d  
t h a t  t h e  design w a s  s a t i s f a c t o r y .  
conse rva t ive ly  c a l c u l a t e d  as 6200 rpm (649.3 r a d / s )  n e g l e c t i n g  t h e  
s t i f f n e s s  of t h e  rubber  sleeve bea r ing .  Th i s  v a l u e  w a s  25% h i g h e r  than  
t h e  maximum o p e r a t i n g  speed of 4900 rpm (513.1 r a d / s ) .  A l l  d r i v e  
t r a i n  components had a minimim s a f e t y  f a c t o r  of 4 cons ide r ing  a maximum 
torque requirement o f  1000 in . - lb  (113 cm-N) . 
r i n g  s h a f t  w a s  n o t  s t r o n g  enough t o  d r i v e  t h e  r i g  so a modified des ign  
us ing  a h i g h e r  s t r e n g t h  material  w a s  s u b s t i t u t e d .  

The r i g  f i r s t  c r i t i c a l  speed w a s  

The s t anda rd  s l i p  
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D. TASK I V  - DETAIL DESIGN 

Detail manufacturing drawings were prepared f o r  new p a r t s  r equ i r ed  t o  
i n s t a l l  t h e  inducer  and in s t rumen ta t ion  i n  t h e  water test loop. The 
areas f o r  which new p a r t s  were r equ i r ed  are shaded i n  f i g u r e  59.  

E. TASK V - FABRICATION 

One set  of r i g  p a r t s  and two induce r s  were f a b r i c a t e d  wi th  one 
induce r  t o  b e  used f o r  p r e s s u r e  t e s t i n g  and one f o r  s t r a i n  gage t e s t i n g .  
Cr i t ica l  dimensions of r i g  p a r t s  were inspec ted  and induce r  b l a d e  s u r f a c e  
coord ina te s  w e r e  thoroughly inspected.  
p e n e t r a n t  i n spec ted  f o r  cracks.  

The inducers  were a l s o  f lou rescen t -  

Cr i t ica l  f i t  dimensions of a l l  p a r t s  w e r e  acceptable .  Blade and 
hub s u r f a c e  coord ina te s  f o r  t h e  two induce r s  dev ia t ed  from b l u e p r i n t  
l i m i t s  as l i s t e d  below. 

P r e s s u r e  T e s t  Inducer  S t r a i n  T e s t  Inducer 
Cm - In .  - In. Cm 

Blade Deviat ion G . z 3  0x08 0.004 0.010 

Hub Deviat ion 0.016 0.041 0.004 0.010 

These d e v i a t i o n s  were considered s u f f i c i e n t l y  s m a l l  as t o  have n e g l i g i b l e  
e f f e c t  on t h e  test  d a t a .  

F. TASK V I  - EXPERIMENTAL TESTING AND COMPUTER PROGRAM DEVELOPMENT 

The purpose of t h i s  t a s k  was t o  gene ra t e  experimental  d a t a  f o r  corre-  
l a t i o n  wi th ,  and development o f ,  t he  computer programs formulated i n  
Task 11. To provide the  d a t a  r equ i r ed  t o  f u l l y  s u b s t a n t i a t e  t h e  computer 
programs (hydrodynamic, stress, and v i b r a t i o n )  a three p a r t  experimental  
program w a s  conducted. The t h r e e  parts c o n s i s t e d  o f :  

1. S t a t i c  load t e s t i n g  i n  which a s t r a in -gaged  inducer  w a s  
sub jec t ed  t o  s t e a d y  p o i n t  loads and s t r a i n s  were measured. 

2.  V ib ra t ion  t e s t i n g  t o  determine blade r e sonan t  f r equenc ie s  
and corresponding re la t ive  stress d i s t r i b u t i o n s .  

3.  Operat ional  t e s t i n g  i n  a c losed  water loop with both blade 
s u r f a c e  p re s su res  and s t r a i n s  measured. 

Data from these tests were c o r r e l a t e d  with t h e  computer programs and 
mod i f i ca t ions  were made t o  t h e  programs where r equ i r ed  t o  improve accu- 
racy. 
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The t e s t  programs and subsequent d a t a  comparison a r e  d i scussed  i n  
the fol lowing paragraphs.  

1. S t a t i c  Load Tes t ing  

a. T e s t  Procedure 

Concentrated s t a t i c  loads were app l i ed  t o  t h e  inducer  blade normal 
t o  the  blade s u r f a c e  and t h e  r e s u l t i n g  s t r a i n  d i s t r i b u t i o n s  and d e f l e c -  
t i o n s  were measured f o r  c o r r e l a t i o n  w i t h  t h e  s t ress  p r e d i c t i o n  computer 
program. The loads were app l i ed  s e p a r a t e l y  a t  t h r e e  angular  l o c a t i o n s  
along t h e  blade t i p ;  nea r  t he  l ead ing  edge, a t  midchord, and nea r  t h e  
t r a i l i n g  edge. S t r a i n s  f o r  each load c o n f i g u r a t i o n  were measured wi th  
s t r a i n  gages,  and d e f l e c t i o n s  were measured w i t h  d i a l  i n d i c a t o r s  set  
normal t o  t h e  b l ade  s u r f a c e .  

The tes t  s e t u p  f o r  t h e  s t a t i c  load tests i s  shown i n  f i g u r e  6 0 .  
Loads were a p p l i e d  by a h y d r a u l i c  ram t o  t r i angu la r - shaped  pads loca ted  
on t h e  b l ade  s u r f a c e .  The t r i a n g u l a r  pads correspond t o  t h r e e  of t h e  
t r i a n g u l a r  elements ( 6 ,  4 8 ,  90) used i n  t h e  a n a l y t i c  program and shown 
i n  f i g u r e  6 1 .  A b a l l  j o i n t  w a s  used between t h e  ram and t h e  pads t o  
ensure normal loading.  Force a p p l i e d  t o  t h e  b l ade  w a s  c a l c u l a t e d  from 
ram h y d r a u l i c  p r e s s u r e  and t h e  known dimensions of t h e  l e v e r .  Blade 
in s t rumen ta t ion  c o n s i s t e d  of 6 4  s t r a i n  gage r o s e t t e s  on t h e  b l ade  suc- 
t i o n  s u r f a c e ,  one a t  each of t h e  a n a l y t i c  element nodes of f i g u r e  6 1 .  
The r o s e t t e s  were of t h e  t h r e e  element s tacked type  pe rmi t t i ng  c a l c u l a -  
t i o n  of s t r a i n  and s t r a i n  d i r e c t i o n  a t  each p o i n t .  The ou tpu t  of each 
gage was manually read from a "SR4" readout during tests 
f l e c t i o n s  were measured a t  16 p l a c e s  a long t h e  b l a d e  t i p  w i t h  d i a l  in -  
d i c a t o r s .  The i n d i c a t o r s  were l o c a t e d  t o  read a x i a l  d e f l e c t i o n  a t  each 
of t h e  a n a l y t i c  nodes on t h e  b l ade  t i p  (nodes 4 ,  8, 12, ... 6 4 ) .  

Blade de- 

P re l imina ry  s t r e s s c o a t  t e s t s  were conducted t o  determine the  l o c a t i o n  
of maximum s t r a i n  f o r  each of t h e  load c o n f i g u r a t i o n s .  A 200 l b  (890 N)  
p o i n t  load was app l i ed  i n  sequence t o  t h e  s u c t i o n  s u r f a c e  of a stress- 
coated b l ade  a t  t h e  c e n t r o i d  of a n a l y t i c  elements No. 6 a t  t h e  l ead ing  
edge, N o .  4 8  a t  midchord, and N o .  90 a t  t he  t r a i l i n g  edge. The r e s u l t i n g  
s t r e s s c o a t  p a t t e r n s  on t h e  s u c t i o n  s u r f a c e  are shown i n  f i g u r e  6 2 .  

S t r a i n  gage r o s e t t e s  were then  i n s t a l l e d  and loads up t o  300 l b  
(1335 N) i n  100 l b  (445 N) increments were app l i ed  i n  sequence a t  t he  
same po in t s  previously used f o r  t he  s t r e s s c o a t  t e s t s .  These loads were 
a p p l i e d  f i r s t  t o  the s u c t i o n ,  then t o  the  p re s su re  s u r f a c e  s o  t h a t  
blade membrane s t ra ins  could be c a l c u l a t e d .  S t r a i n  d a t a  from a l l  gages 
were recorded f o r  each f o r c e  increment.  

D i a l  i n d i c a t o r s  were placed normal t o  the  blade s u r f a c e  along the  
blade t i p  and loads were r e a p p l i e d  t o  t h e  blade s u c t i o n  s u r f a c e  i n  50 l b  
(222 N)  increments t o  a maximum of 200 l b  (890 N ) .  D e f l e c t i o n  r ead ings  
were taken a t  each incremental  l oad .  
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Figure  60 .  V i e w  o f  S t a t i c  Load T e s t  Setup FE 88150 
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Figure 61.  F i n i t e  Element Break-up 90 Element 

b.  T e s t  Resu l t s  

S t r a i n s  and d e f l e c t i o n s  inc reased  approximately l i n e a r l y  wi th  t h e  
a p p l i c a t i o n  of incremental  l oads  so  t h a t  r e s u l t s  a t  maximum load are 
s u f f i c i e n t  t o  d e f i n e  the  t e s t  d a t a .  

S t r a i n  and c a l c u l a t e d  e f f e c t i v e  s t r e s s  d a t a  f o r  t he  s i x  load a p p l i -  
c a t i o n s  ( l ead ing  edge, midchord, and t r a i l i n g  edge p res su re  and s u c t i o n  
s u r f a c e s )  are presented i n  t a b l e s  4 ,  5 ,  and 6. E f f e c t i v e  stress was 
c a l c u l a t e d  from t h e  s t r a i n  measurements u s ing  the  r e l a t i o n s  o f  t a b l e  7.  
Only d a t a  a t  t h e  16 a n a l y t i c  nodes n e a r e s t  t h e  app l i ed  load are p resen ted  
i n  t h e  i n t e r e s t  of conc i seness .  
removed from the  load were less than 8000 p s i  (5510 N/cm2) i n  a l l  c a s e s .  

E f f e c t i v e  stresses a t  nodes f u r t h e r  
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Figure 62.  Inducer  S t a t i c  Load S t r e s s c c a t  
P a t  t e r n s  

FD 31723 

D e f l e c t i o n s  f o r  t h e  maximum load o f  200 l b  (890 N )  app l i ed  t o  t h e  
s u c t i o n  s u r f a c e  a t  l ead ing  edge, midchord, and t r a i l i n g  edge are tabu- 
l a t e d  i n  t a b l e  8.  Data from a l l  d i a l  i n d i c a t o r s  t h a t  showed d e f l e c t i o n  
a r e  l i s t e d .  

2 .  V i b r a t i o n  Tes t ing  

a. Tes t  Procedure 

Vib ra t ion  tests were conducted t o  measure inducer  b l ade  r e sonan t  
f requencies  and a s s o c i a t e d  r e l a t i v e  s t r a i n  d i s t r i b u t i o n s  f o r  comparison 
wi th  computer program p r e d i c t i o n s .  

Shaker t a b l e  t e s t s  were conducted i n  which the  inducer  w a s  e x c i t e d  
a t  r e sonan t  f r equenc ie s  and: (1) nodes were l o c a t e d ,  (2) s t r e s s c o a t  
p a t t e r n s  were determined, and (3 )  s t r a i n s  were measured wi th  s t r a i n  
gages . 

The inducer  was f i r s t  e x c i t e d  over a range of f r equenc ie s  t o  4500 Hz. 
Resonant f r equenc ie s  w i t h i n  t h i s  range were noted by observing the i n -  
ducer w i th  a s t r o b e  l i g h t .  Node l o c a t i o n s  a t  each r e sonan t  frequency 
were determined wi th  t h e  a i d  of a capac i t ance  type d i s t a n c e  probe. D i s -  
placements a t  f r equenc ie s  h ighe r  than the  f o u r t h  mode were low, however, 
and only t h e  node t e rmina t ion  a t  the  b l ade  t i p  could be e s t a b l i s h e d .  
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Table 7. . C a l c u l a t i o n  of E f f e c t i v e  S t r e s s e s  

P r i n c i p a l  stresses were c a l c u l a t e d  from s t r a i n  gage d a t a  using t h e  
fol lowing r e l a t i o n s :  

amax 

‘min 

where : 

e =  1 
- 

€ 2  - 
€ 3  - 

- 

E =  

/ 1 =  

Radial  s t r a i n  gage s t r a i n  reading 

45 deg s t r a i n  gage s t r a i n  reading 

Tangen t i a l  s t r a i n  gage s t r a i n  r ead ing  

Modulus a t  e l a s t i c i t y  

Poisson’s  r a t i o  

The e f f e c t i v e  stress was c a l c u l a t e d  by the  fol lowing r e l a t i o n :  

- 2 
Oeff =$2 max + amin ‘max ‘min 

S t r e s s c o a t  r e p r e s e n t a t i o n s  of s t r a i n  d i s t r i b u t i o n  were obtained by 
applying s t r e s s c o a t ,  e x c i t i n g  the inducer  a t  a p a r t i c u l a r  v i b r a t i o n  
mode a t  s u f f i c i e n t  amplitude t o  b reak  t h e  s t r e s s c o a t ,  and photographing 
t h e  r e s u l t a n t  s t r e s s c o a t  p a t t e r n .  This  process  w a s  r epea ted  f o r  each of 
t h e  f i r s t  fou r  v i b r a t i o n  modes. 

Relative s t r a i n  magnitude and d i s t r i b u t i o n  were measured wi th  t h e  
same three-gagey s t acked ,  s t r a i n  gage r o s e t t e s  used i n  s t a t i c  load tes ts .  
The inducer  w a s  a g a i n  e x c i t e d  a t  each of i t s  f i r s t  fou r  v i b r a t i o n  modes 
and v i b r a t o r y  s t r a i n  w a s  manually recorded f o r  each mode. Observed s t r a i n  
r ead ings  w e r e  l i m i t e d  t o  1000 
c o n t r o l l i n g  i n p u t  v i b r a t i o n  amplitude t o  prevent  f a t i g u e  f a i l u r e  o f  t h e  
b l ades  during t h e  tes ts .  Even w i t h  t h i s  l i m i t ,  a f a t i g u e  c rack  d i d  
occur extending approximately one inch  from t h e  blade t r a i l i n g  edge a t  
t h e  r o o t  du r ing  measurement of 3/0 mode s t r a i n s .  The c rack  w a s  weld 
r e p a i r e d  p r i o r  t o  completion of 3/0 and 0/0 mode s t r a i n  measurement. 

b. Test Resu l t s  

i n . / i n .  ( 17,000 p s i ,  11,800 N/cm2) by 

Eleven r e sonan t  f r equenc ie s  were noted w i t h i n  t h e  0-4500 Hz range 
scanned. The f r equenc ie s  and node l o c a t i o n s  a t  t h e  b l ade  t i p  a r e  l i s t e d  
i n  t a b l e  9. 
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S t r e s s c o a t  p a t t e r n s  f o r  t h e  f i r s t  fou r  modes are shown i n  f i g u r e  63. 
V ib ra to ry  amplitude f o r  t h e s e  modes w a s  s u f f i c i e n t  t o  p e r m i t  de t e rmina t ion  
of t he  node l i n e  and these  are shown superimposed on t h e  s t r e s s c o a t  
p a t t e r n s .  

S t r a i n  and e f f e c t i v e  stress d a t a  f o r  t h e  f i r s t  fou r  modes are tabu- 
l a t e d  i n  t a b l e  10. Only e f f e c t i v e  stresses g r e a t e r  t han  10% of the  maxi- 
mum e f f e c t i v e  s t ress  a t  each mode are presented i n  t h e  i n t e r e s t  of 
conciseness .  Maximum stress always occurred a t  an element node along the 
inducer hub. 
f a t i g u e  c rack  t h a t  w a s  experienced i n  t h e  t e s t  program. 

The 3/0 mode had a h igh  s t r a i n  area a t  t h e  l o c a t i o n  of t h e  

I oo 

.- 

a. Umbrella Mode S t r e s s c o a t  P a t t e r n s  on AMS 4928 Inducer  
T2145887. (Enclosures I n d i c a t e  Areas of High S t r e s s . )  

F igu re  6 3 .  Inducer  V ib ra to ry  Load S t r e s s c o a t  
P a t t e r n s  

FAL 15020 

10 1 



b .  Second V i b r a t i o n  Mode S t r e s s c o a t  and Nodal P a t t e r n s  on 
AMS 4928 Induce r  T2145887. Enclosures  I n d i c a t e  Areas 
of High S t r e s s .  

F igu re  6 3 .  Inducer  V ib ra to ry  Load S t r e s s c o a t  FAL 17432 
P a t t e r n s  (Continued) 
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c. Third Vibration Mode Stresscoat and Nodal Patterns on 
AMs 4928 Inducer T2145887.  Enclosures Indicate Areas 
of High Stress. 

Figure 6 3 .  Inducer Vibratory Load Stresscoat FAL 17433 
Patterns (Continued) 
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d.  Fourth V i b r a t i o n  Mode S t r e s s c o a t  and Nodal P a t t e r n s  on 
AMs 4928 Inducer  T2145887. Enclosures  I n d i c a t e  Areas 
of High S t r e s s .  

F igu re  6 3 .  Inducer  Vibratory Load S t r e s s c o a t  FAL 17434 
P a t t e r n s  (Continued) 
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3. Operat ional  Tes t ing  

Opera t iona l  tests on t h e  inducer  included performance e v a l u a t i o n ,  
blade s t r a i n  measurements and b l ade  s u r f a c e  p r e s s u r e  measurements, a l l  
under both c a v i t a t i n g  and n o n c a v i t a t i n g  c o n d i t i o n s .  The two induce r s  
f a b r i c a t e d  i n  Task V were used a l t e r n a t e l y  t o  conduct t h e  t h r e e  opera- 
t i o n a l  test  series. The N o .  1 inducer  w a s  used f o r  performance e v a l u a t i o n  
while  inducer  N o .  2 w a s  being used f o r  t h e  s t a t i c  and v i b r a t i o n  t e s t i n g  
and subsequent ly  f o r  t h e  o p e r a t i o n a l  s t r a i n  gage t e s t s .  The No. 1 inducer ,  
a f t e r  performance t e s t i n g ,  w a s  reworked f o r  t h e  b l ade  s u r f a c e  p re s su re  
t e s t s .  

a. F a c i l i t y  

The inducer  test r i g  modified i n  Task I11 w a s  i n s t a l l e d  i n  the  e x i s t -  
i n g  water loop shown schemat i ca l ly  i n  f i g u r e  64 f o r  o p e r a t i o n a l  t e s t i n g .  
The loop i s  i d e n t i f i e d  as PWA FRDC tes t  s t and  D-34. The only f a c i l i t y  
mod i f i ca t ion  necessary f o r  t h i s  program was t h e  f a b r i c a t i o n  of a new 
8 i n .  (20.3 e m )  diameter l i n e  t o  f i t  between the  f a c i l i t y  h e a t  exchanger 
and the  r i g  i n l e t .  
duced the  i n l e t  l i n e  i n n e r  diameter  t o  t h e  7 i n .  (17.8 c m )  inducer  hous- 
i n g  diameter . 

A converging s e c t i o n  j u s t  upstream of t h e  inducer  re- 

The tes t  loop uses demineralized water and c o n t a i n s  a v o r t e x  genera- 
t o r  d e a e r a t i o n  system f o r  reducing a i r  con ten t .  
l e g s  i n  the  d i scha rge  s e c t i o n  of t h e  flow loop, each with i t s  own flow 
meter, providing a c c u r a t e  measurement over a wide range of flow r a t e s .  

There a r e  t h r e e  p a r a l l e l  

Vacuum Pump Motorized 

Manually Operated 

Figure  6 4 .  Schematic of Water Flow Loop FD 19703D 
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The loop i s  equipped wi th  a h e a t  exchanger f o r  c o n t r o l l i n g  f l u i d  
temperature and an i n l e t  accumulator f o r  r e g u l a t i o n  of i n l e t  p r e s s u r e .  
Discharge p res su re  i s  c o n t r o l l e d  with a motorized t h r o t t l i n g  valve.  
Drive is  by means of a 250 hp (186.5 kw) DC motor through a v a r i a b l e  
r a t i o  gearbox. 
point  speed i s  a u t o m a t i c a l l y  r e g u l a t e d  w i t h i n  0.03% by a s e r v o  speed 
c o n t r o l .  

Speeds t o  9000 rpm (941 r a d / s e c )  are p o s s i b l e  and tes t  

b .  In s t rumen ta t ion  

(1) General 

Instrumentat ion v a r i e d  wi th  t h e  type  of test  being conducted; i .e. ,  
performance, b l ade  p res su re ,  o r  s t r a i n .  Performance in s t rumen ta t ion  w a s  
common t o  a l l  t h r e e  t e s t  s e r i e s  except  t h a t  t h e  torquemeter was rep laced  
with a s l i p  r i n g  assembly f o r  t h e  p r e s s u r e  and s t r a i n  tests. A summary 
of the performance in s t rumen ta t ion  i s  g iven  i n  t a b l e  11. 

Pressure in s t rumen ta t ion  was l o c a t e d  as shown i n  f i g u r e  65. Wall 
s t a t i c  pressures were measured immediately upstream and downstream of 
the inducer  and a t  f i v e  e q u a l l y  spaced l o c a t i o n s  along t h e  l e n g t h  of t he  
inducer .  I n l e t  t o t a l  p re s su re  was measured u p s t r e a m  of t h e  inducer  with 
K i e l  probes s e t  on t h e  p i p e  c e n t e r l i n e  and i n l e t  and e x i t  f low d i s t r i b u -  
t i o n s  were measured with wedge type t o t a l - s t a t i c  probes i n s t a l l e d  i n  
manual t r a v e r s e  f i x t u r e s .  The f i x t u r e s  had v e r n i e r s  f o r  s e t t i n g  traverse 
depth and reading flow ang le .  The probes were n u l l e d  during t e s t i n g  
using a d i f f e r e n t i a l  p re s su re  gage. The wedge probes were a i r  c a l i b r a t e d  
p r i o r  t o  i n s t a l l a t i o n  f o r  de t e rmina t ion  o f  n u l l  p o s i t i o n  and s t a t i c  
p res su re  c o r r e c t i o n  f a c t o r .  S t a t i c  p re s su re  c o r r e c t i o n s  were: 

I n l e t  Probe S e r i a l  847 0.057 (PT - p) 

E x i t  Probe S e r i a l  851 0.048 (PT - p) 

A l l  pres su res  were read from p r e c i s i o n ,  +0.2% F.S., p re s su re  gages. 

T e s t  r i g  d r i v e  torque was measured wi th  a s t r a i n  gage type torque- 
meter. S h a f t  tare w a s  measured by running t h e  r i g  without  a n  inducer  
and t h e s e  torque va lues  were s u b t r a c t e d  from test  r ead ings  t o  o b t a i n  
inducer  d r i v e  torque. 

Flow was measured wi th  a t u r b i n e  type flowmeter downstream o f  t h e  
inducer discharge t h r o t t l i n g  valve.  

Temperature w a s  measured wi th  a chrornel-alumel thermocouple i n  the 
i n l e t  l i n e  downstream of t h e  loop h e a t  exchanger. 

Inducer speed was measured by e l e c t r o n i c a l l y  count ing the  ou tpu t  of 
a magnetic t r ansduce r  which sensed the  passing frequency of a 60 t o o t h  
gea r  on t h e  r i g  d r i v e  s h a f t .  

Estimated maximum ins t rumen ta t ion  e r r o r  i s  l i s t e d  i n  t a b l e  11. 
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( 2 )  Blade and Hub Pres su res  

The p res su re  scanning valve,  min ia tu re  t r ansduce r s  and p i e z o e l e c t r i c  
t r ansduce r s  which were designed i n t o  t h e  inducer  r i g  i n  Task I11 were 
i n s t a l l e d  f o r  t h e  p re s su re  d i s t r i b u t i o n  tests. I n  a d d i t i o n ,  inducer  
i n l e t  and d i scha rge  p r e s s u r e  t r ansduce r s  were added s o  t h a t  d a t a  from 
these two parameters were s u i t a b l e  f o r  tape recording and automatic  d a t a  
reduct ion.  A summary of i n s t rumen ta t ion  added f o r  t h e s e  tests i s  g iven  
i n  t a b l e  12. 

A s  shown i n  t h e  t a b l e ,  p r e s s u r e  scanning valve, min ia tu re  t r ansduce r  
p i e z o e l e c t r i c  t r ansduce r ,  and i n l e t  and d i scha rge  p res su re  t r ansduce r s  were 
recorded on a n  FM t a p e  r eco rde r .  
i n l e t  and d i scha rge  p r e s s u r e  da t a  w e r e  recorded t o  permit  automatic  d i g i t a l  
c a l c u l a t i o n  of ope ra t ing  cond i t ions  and b l ade  head c o e f f i c i e n t s  d i r e c t l y  
from t h e  t a p e  recording.  The min ia tu re  and p i e z o e l e c t r i c  t r ansduce r  d a t a  
w e r e  recorded t o  permit dynamic a n a l y s i s  of t h e i r  s i g n a l s .  

The p r e s s u r e  scanning va lve  d a t a  and 

The N o .  1 inducer  w a s  reworked t o  i n s t a l l  i n s t rumen ta t ion  f o r  the 
p res su re  tests as fol lows:  0.049 i n .  (0 .124 cm) deep by 0.049 i n .  wide 
r a d i a l  grooves w e r e  c u t  i n  t h e  p re s su re  and s u c t i o n  s u r f a c e s  of t h e  b l ades  
a t  each p res su re  t a p  l o c a t i o n  by e l e c t r o n  d i scha rge  machining (EDM), as 
shown i n  f i g u r e  66.  
hub a t  t h e  end of each groove. S t a i n l e s s  steel  tub ing ,  0.040 i n .  (0.102 cm)  
i n  diameter ,  w a s  layed i n  t h e  grooves and routed through t h e  hub and f o r -  
ward t o  t h e  f r o n t  f l a n g e  of t h e  inducer .  The tubes w e r e  he ld  i n  p l a c e  and 
the  blade s u r f a c e  f a i r e d  w i t h  epoxy cement. 
tubes a t  t h e  d e s i r e d  r a d i a l  l o c a t i o n s  by EDM. 

The same s i z e  ho le s  w e r e  d r i l l e d  by EDM through t h e  

P res su re  t a p s  w e r e  added t o  t h e  

Grooves were a l s o  machined i n  t h e  b l ade  s u r f a c e  for  i n s t a l l a t i o n  of 
t h e  min ia tu re  t r ansduce r s ,  as shown i n  f i g u r e  6 6 .  The t r ansduce r s  were 
cemented i n  t h e  grooves and t h e i r  l eads  routed through h o l e s  i n  t h e  
inducer  hub. The l eads  w e r e  connected t o  t h e  t r ansduce r  temperature 
compensation modules which w e r e  f a s t e n e d  t o  t h e  inducer  bo re .  The 
modules se rved  t o  prevent excess ive  t r ansduce r  d r i f t  w i th  temperature  
changes. Figure 67 shows t h e  modules mounted i n s i d e  the induce r .  Leads 
from t h e  modules were rou ted  down t h e  d r i v e  s h a f t  t o  t h e  s l i p  r i n g .  
Figure 68 shows an  exploded v i e w  of t h e  inducer ,  scanning valve and 
r e l a t e d  hardware. 
and t h e  b l ade  p res su re  t a p s  connected t o  t h e  scanning va lve  wi th  nylon 
tubing.  
i n  f i g u r e  70. 

Figure  6 9  shows t h e  inducer  i n s t a l l e d  i n  t h e  test r i g  

The test  r i g  w i t h  t h e  inducer  and s l i p  r i n g  i n s t a l l e d  is  shown 
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Pressure 
Tube 
Groove! 

Figure  66. V i e w  of Inducer Af t e r  Machining and FE 88107 
Before I n s t a l l a t i o n  of Pressure 
Tubing 

Figure 67 .  V i e w  of Temperature Compensation FE 89905 
Modules i n  Inducer  Hub 
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Figure 6 8 .  Exploded View of Inducer and 
Pressure Scanning Valve 

FE 94088 

Figure 6 9 .  View of Inducer Installed in Test FD 89238 
Rig 
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Figure  70. Overall V i e w  of Test Rig FE 89984 

(3 )  Blade S t r a i n s  

The three-element  s t r a i n  gage r o s e t t e s  i n s t a l l e d  on inducer  No. 2 
f o r  t h e  s t a t i c  load a n d v i b r a t i o n  tests were waterproofed and used f o r  
t h e  o p e r a t i o n a l  s t r a i n  tests.  Gages a t  modes 4 ,  6,  and 8 f a i l e d  during 
inducer  i n s t a l l a t i o n  and checkout and were replaced by t h e  spare gages 
a t  modes 1 and 13 b e f o r e  the tes ts  w e r e  s t a r t e d .  The s t r a i n  gaged in-  
ducer a f t e r  p r e p a r a t i o n  f o r  o p e r a t i o n a l  t e s t i n g  i s  shown i n  f i g u r e  7 1 .  

S t a t i c  s t r a i n s  w e r e  read from an SR4 readout  and v i b r a t o r y  s t r a i n s  
w e r e  recorded on an  o s c i l l o g r a p h .  
c. Test Procedure 

The fol lowing procedures w e r e  followed i n  performing t h e  o p e r a t i o n a l  
tes ts ,  
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Figure  71. V i e w  of S t r a i n  Gaged Inducer  P r i o r  FE 88475 
t o  Test 

(1) Performance 

Noncavi ta t ing performance tests were conducted by s e t t i n g  a speed, 
f low and i n l e t  p re s su re  and manually t r a v e r s i n g  t h e  flow a t  t h e  inducer  
i n l e t  and e x i t .  T o t a l  p r e s s u r e ,  s t a t i c  p re s su re  and flow a n g l e  were 
measured a t  each of seven r a d i a l  s t a t i o n s  (spaced a t  equa l  a r e a  increments) 
and a l l  o t h e r  i n s t rumen ta t ion  were recorded.  

A flow r e s t r i c t o r  s c reen  w a s  i n s t a l l e d  i n  t h e  inducer  i n l e t  l i n e  t o  
reduce i n l e t  p r e s s u r e  f o r  t h e  c a v i t a t i n g  tes ts ,  These tes ts  were con- 
ducted by s e t t i n g  a speed and flow and reducing i n l e t  p re s su re  i n  approxi- 
mately 10 s t e p s  u n t i l  inducer  p re s su re  rise dropped by approximately t e n  
pe rcen t .  A complete set of d a t a  were manually recorded a t  each i n l e t  
p r e s s u r e  s e t t i n g .  I n l e t  t o t a l  p re s su re  w a s  measured from t h e  upstream K i e l  
probe and t h e  i n l e t  t r a v e r s e  probe w a s  removed f o r  t h e  c a v i t a t i n g  tests.  

1 2 1  



The ex i t  traverse probe w a s  set a t  t he  r a d i a l  t r a v e r s e  s t a t i o n  which w a s  
most r e p r e s e n t a t i v e  of mass averaged e x i t  t o t a l  head. The s t a t i o n  a t  a 
r a d i u s  of 3.02 i n .  (7.66 cm)  w a s  found t o  meet t h e  c r i t e r i a  f o r  a l l  f low 
c o e f f i c i e n t s  t e s t e d .  This  s t a t i o n  w a s  j u s t  o u t s i d e  t h e  r o o t  mean square 
r a d i u s  measurement s t a t i o n .  

(2)  S t r a i n  

Noncavi ta t ing and c a v i t a t i n g  s t r a i n  tes ts  were conducted i n  t h e  same 
manner as performance tests except  t h a t  no t r a v e r s e  d a t a  were taken.  The 
i n l e t  t r a v e r s e  probe w a s  removed and t h e  e x i t  probe w a s  set a t  t h e  repre- 
s e n t a t i v e  r a d i u s  f o r  a l l  test p o i n t s .  Noncavi ta t ing d a t a  were taken a t  
t h r e e  f low c o e f f i c i e n t s  (0.096, 0.090, and 0.084) and c a v i t a t i n g  d a t a  w e r e  
taken a t  t h r e e  i n l e t  p r e s s u r e s .  A t  each t e s t  p o i n t ,  performance i n s t r u -  
mentation w a s  manually recorded,  s t eady  s t r a i n s  were read from an SR4 
r eadou t ,  and v i b r a t o r y  s t r a i n  s i g n a l s  were recorded on an  o s c i l l o g r a p h  
a t  a paper speed of 40 i n . / s e c  (1.02 m / s > .  

(3) P res su re  

P res su re  test d a t a  were a l s o  taken wi th  t h e  i n l e t  t r a v e r s e  probe re- 
moved and t h e  e x i t  probe s e t  a t  t h e  r e p r e s e n t a t i v e  s t a t i o n .  Two series 
of p r e s s u r e  tests w e r e  conducted; one wi th  each of t h e  two sets of p r e s s u r e  
t a p s  shown i n  f i g u r e  55. The f i r s t  tests were conducted w i t h  t h e  s e t  of 
p re s su re  t a p s  nea r  t h e  inducer  t i p .  A f t e r  completion of t h e s e  tes ts ,  t h e  
inducer  w a s  removed, t h e  t i p  p r e s s u r e  t a p s  were s e a l e d  wi th  epoxy cement, 
and new t a p s  w e r e  i n s t a l l e d  a t  t h e  i n n e r  r a d i u s .  The inducer  was then 
r e i n s t a l l e d  i n  t h e  tes t  loop and i t s  t a p s  w e r e  connected t o  t h e  p re s su re  
scanning va lve . 

C a v i t a t i n g  d a t a  w e r e  taken a t  t h e  same speed and flow a s  i n  t h e  p rev i -  
ous tes ts .  However, i t  w a s  d i f f i c u l t  t o  maintain t h e  same i n l e t  p r e s s u r e  
f o r  t h e  f u l l y  c a v i t a t i n g  cond i t ions  because of i nc reased  p r e s s u r e  drop 
a c r o s s  t h e  i n l e t  s c r e e n  caused by p a r t i a l  blockage w i t h  ipoxy p a r t i c l e s  
from t h e  inducer  and o t h e r  p a r t i c l e s  from t h e  loop loosened by c a v i t a t i o n .  

P res su re  tes ts  w e r e  conducted by s e t t i n g  t h e  t es t  p o i n t  cond i t ions  
(speed, f low, and i n l e t  p r e s s u r e ) ,  applying purge a i r  p re s su re  t o  t h e  
p r e s s u r e  scanning v a l v e ,  s t a r t i n g  t h e  t ape  r eco rde r  (7-1/2 i n . / s e c ;  
19 cm/s r eco rd  speedland then s t a r t i n g  t h e  p r e s s u r e  scanning valve. 
valve a u t o m a t i c a l l y  made one complete r e v o l u t i o n ,  a t  approximately 1 p o r t  
p e r  second, wh i l e  t h e  r e c o r d e r  cont inuously recorded va lve  s i g n a l s  and 
inducer  upstream and downstream p r e s s u r e s .  The v a l v e  w a s  s tepped and 
c o n t r o l l e d  du r ing  tests by a n  o f f - t h e - s h e l f  so l eno id  control ler .+:  The 
s t anda rd  valve had a cam ope ra t ed  swi t ch  on t h e  va lve  t o  i n t e r r u p t  
so l eno id  power. This switch w a s  thought u n r e l i a b l e  f o r  r o t a t i n g  opera- 
t i o n  and a vendor designed c i r c u i t  w a s  used t o  bypass t h e  cam switch and 
e l e c t r i c a l l y  i n t e r r u p t  so l eno id  power. An a d d i t i o n a l  company fu rn i shed  
c i r c u i t  w a s  used t o  t i m e  and count t h e  va lve  s t e p  p u l s e s  and t o  s t o p  
when t h e  valve reached p o r t  l o .  
s i g n a l  0.045 seconds b e f o r e  each valve s t e p .  

The 

This  c i r c u i t  a l s o  generated a d a t a  
Valve purge p r e s s u r e  was 

*Scanivalve Company - San Diego, C a l i f .  Model CLTR S2-S6 
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set a s  h igh  a s  p o s s i b l e ,  w i t h i n  va lve  l i m i t s ,  t o  ensure  t h a t  no b l ade  
p res su re  d a t a  were l o s t  because of water  e n t e r i n g  t h e  t a p  l i n e .  The 
va lve  ope ra t ing  l i m i t s  were 100 p s i a  (69 N/cm2) maximum case  p re s su re  and 
60 p s i d  (41  N/cm2) maximum case  t o  sens ing  p o r t  d i f f e r e n t i a l .  
s u r e  w a s  t h e r e f o r e  set a t  75-80 p s i g  (52-55 N/cm2) f o r  noncav i t a t ing  and 
45-50 p s i g  (31-35 N/cm2) f o r  c a v i t a t i n g  tests. 

d .  Data Reduction 

Purge pres -  

(1) Performance 

Performance d a t a  were c a l c u l a t e d  from manually recorded p res su re ,  
temperature,: f l o w ,  r o t a t i v e  speed, and flow angle  us ing  t h e  equat ions  
i n  t a b l e  13. 
probe s t a t i c  p re s su re  measurements were c o r r e c t e d  f o r  probe e r r o r  be fo re  
f l u i d  heads were c a l c u l a t e d .  

Measured p res su res  were c o r r e c t e d  f o r  gage he igh t  and t r a v e r s e  

Table 13. Performance Data Reduction Equations 

A. Blade Element Performance 

F lu id  Veloc i ty :  V = t /2g(Hi,j-hi , j)  

F lu id  Axial  Veloc i ty :  Vz = V s i n a  

F lu id  Tangent ia l  Veloc i ty :  V = V c o s a  
U 

I d e a l  Head R i s e :  H I  = g (Assumes Vuo -0) 

1 
P Actual  Head Rise:  H = - P  

Head Rise C o e f f i c i e n t :  

vz 

UT 
Flow Coef f i c i en t :  9 =-- 

Eff i c i ency :  rl= H 

Net P o s i t i v e  Suct ion  Head: NPSH = Ho - hv 

B. Overa l l  Performance 

P 

Average T o t a l  Head a t  an Axial S t a t i o n :  -- 
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Table 13. Performance Data Reduction Equations (Continued) 

Average Idea 1 Head a t  an 
- 

Axial S t a t i o n :  H I  = 
j 

- 
Average I n l e t  Ve loc i ty :  Vzo 

- 
- vzo 

urn 
Average Flow C o e f f i c i e n t :  d = - 

Average Head C o e f f i c i e n t :  4 = 4 
- 

- H  Average E f f i c i e n c y :  7 = - HI 

- 2  

Average I n l e t  S t a t i c  Head: i~ = 2 - - V Z  

0 2g 

g (h  - H 

2 S t a t i c  Head C o e f f i c i e n t :  lcls = 

An i n d i c a t i o n  of t h e  o v e r a l l  accuracy of t h e  d a t a  is  given by f i g -  
u r e  72 where t h e  r e l a t i v e  e r r o r  of i n t e g r a t e d  t o  measured flow a t  t h e  
e x i t  measurement s t a t i o n  is shown as a f u n c t i o n  of flow c o e f f i c i e n t .  
The agreement i s  good w i t h  e r r o r s  g e n e r a l l y  w i t h i n  10%. The f i n a l  per-  
formance d a t a  taken a t  c l ea rance /b l ade  he igh t  of 0.0052 shows agreement 
w i t h i n  1%. Data w a s  much less a c c u r a t e  a t  the  i n l e t ,  however, w i th  
e r r o r s  ranging t o  35%. This level w a s  no t  s u i t a b l e  f o r  i npu t  t o  t h e  
b l a d e  loading c a l c u l a t i o n s .  It w a s  found t h a t  i n c r e a s i n g  each i n l e t  
t o t a l  p r e s s u r e  r ead ing  by 0.5 t i m e s  t h e  ind ica t ed  dynamic p r e s s u r e  y i e lded  
i n t e g r a t e d  t o t a l  f low agreement w i t h i n  15% and t o t a l  head agreement w i t h i n  
4%. This  adjustment w a s  made t o  t h e  f i n a l  performance d a t a .  

(3)  P res su re  

Inducer p re s su re  d i s t r i b u t i o n  d a t a  were au tomat i ca l ly  reduced from 
t h e  FM d a t a  tapes .  P r e s s u r e  scanning valve,  i n l e t ,  and discharge p r e s -  
s u r e  s i g n a l s  were converted from FM t o  d i g i t a l  form and reduced on a 
d i g i t a l  computer u s i n g  t h e  equati,ons i n  t a b l e  13. Manually recorded 
values  of flow, temperature,  barometer,  and r o t a t i v e  speed were i n p u t  
t o  t h e  program f o r  c a l c u l a t i o n  of dimensionless parameters.  
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Figure  72. Comparison of I n t e g r a t e d  and Flow- DF 85011 
meter Measured Flow a t  Rotor E x i t  

An i n d i c a t i o n  of t h e  accuracy of t h e  o v e r a l l  d a t a  r educ t ion  process  
w a s  ob ta ined  by comparing manually recorded i n l e t  and d i scha rge  p res su res  
(from p r e c i s i o n  gages) w i th  t h e  processed values  from the  FM tape.  The 
da ta  were i n  agreement w i t h i n  2 p s i  (1.38 N/cm ) a t  t he  i n l e t  and 3 p s i  
(2.09 N/cm2) a t  t h e  d i s c h a r g e ,  o r  w i t h i n  3% of f u l l  s c a l e  recorded range 
f o r  each parameter. The p res su re  scanning valve sensed ambient and 
approximate purge p res su res  once each r e v o l u t i o n  and these  measurements 
were compared w i t h  independent ly  measured values  f o r  an i n d i c a t i o n  o f  
accuracy. This  comparison a l s o  gave agreement w i t h i n  3% of t r ansduce r  
f u l l  scale, i n d i c a t i n g  t h a t  t h e  accuracy of recorded parameter measure- 
ment w a s  w i t h i n  *3%. 

2 

Amplitude-frequency d a t a  from t h e  b l a d e  mounted t r ansduce r s  and t h e  
housing mounted p i e z o e l e c t r i c  t r ansduce r s  were reduced from t h e  FM tape 
w i t h  a narrow band spectrum ana lyze r .  
p re s su re  amplitude ve r sus  frequency f o r  each tes t  p o i n t .  

The ana lyze r  a u t o m a t i c a l l y  p l o t t e d  

(2) S t r a i n  

Steady and v i b r a t o r y  s t r a i n  r ead ings  f o r  t h e  t h r e e  gages i n  each 
r o s e t t e  were used t o  c a l c u l a t e  e f f e c t i v e  stress a t  each element u s ing  
equa t ions  i n  t a b l e  7 .  Steady s t r a i n s  were read d i r e c t l y  from an SR4 
readout .  V ib ra to ry  s t r a i n  amplitude and frequency were measured from 
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o s c i l l o g r a p h  t r a c e s  by measuring peak-to-peak amplitude of t h e  o s c i l l a -  
t i o n s  and count ing o s c i l l a t i o n  frequency. The s t r a i n s ,  c a l c u l a t e d  re- 
s u l t a n t  stresses, and f r equenc ie s  t h e r e f o r e  cannot be considered e x a c t  
bu t  g i v e  c l o s e  approximations of t h e  a c t u a l  v a l u e s .  

e .  T e s t  Resu l t s  

The r e s u l t s  of t h e  o p e r a t i o n a l  tests are  p resen ted  i n  t h e  fol lowing 
paragraphs.  

(1) Performance Tests 

(a)  Noncavi ta t ing 

The performance tests conducted on t h e  inducer  are summarized i n  
t a b l e  14. It w i l l  be  noted i n  t h e  t a b l e  t h a t  t h r e e  series of perform- 
ance tests were run,  each wi th  a d i f f e r e n t  inducer  b l a d e - t i p  t o  housing 
c l e a r a n c e .  Performance tests were conducted a t  t i p  speeds of 150 f t / s e c  
(45.6 m/s) and 120 f t / s e c  (36.6 m/s) and s i n c e  t h e  d a t a  a t  t h e  two speeds 
were i n  agreement, on ly  t h e  h ighe r  speed d a t a  a r e  d i s c u s s e d .  Only a l i m -  
i t e d  performance e v a l u a t i o n  had been planned i n  t h e  o r i g i n a l  t es t  pro- 
gram. However, d a t a  from t h e  f i r s t  test s e r i e s ,  taken wi th  t h e  t i p  c l e a r -  
ance of 0.061 i n .  (0.155 cm), showed a l a r g e  amount of i n l e t  p r e r o t a t i o n  
t o  t h e  p o i n t  o f  r e v e r s e  flow n e a r  t h e  induce r  t i p .  The i n l e t  f low a n g l e  
d i s t r i b u t i o n  f o r  t h e s e  tests i s  shown i n  f i g u r e  7 3 .  As shown, r e v e r s e  
flow w a s  noted f o r  t h e  8 0 ,  100, and 120% of design flow (80 = 0.056, 
0 .070 ,  0 .084 )  cond i t ions  and p r e r o t a t i o n  t o  t h e  p o i n t  of reverse flow 
was noted a t  t h e  maximum f a c i l i t y  flow (5, = 0 . 0 9 6 ) .  

The r e v e r s e  flow noted a t  t h e  inducer  i n l e t  imp l i e s  a s t a g n a t i o n  
po in t  w i t h i n  t h e  induce r .  
by t h e  two-dimensional, meridional  s t r e a m l i n e  a n a l y s i s  used i n  t h e  
hydrodynamic computer program, and t h e  program cannot a c c u r a t e l y  p r e d i c t  
b l ade  loadings when such a po in t  e x i s t s .  A three-dimensional  a n a l y s i s  
could p r e d i c t  s t a g n a t i o n  and r e v e r s e  f low b u t  t h i s  t ype  of a n a l y s i s  
was eva lua ted  and r e j e c t e d  du r ing  Task I because of excess ive  computing 
t i m e  requirements .  It w a s  decided t h a t  t h e  two-dimensional a n a l y s i s  
should be r e t a i n e d  and t h a t  t h e  t es t  inducer  o r  i n l e t  c o n f i g u r a t i o n  should 
be modified t o  e l i m i n a t e  t h e  r e v e r s e  flow be fo re  a d d i t i o n a l  tes ts  w e r e  
conducted. 

Such a s t a g n a t i o n  p o i n t  cannot be p r e d i c t e d  

A s tudy  was t h e r e f o r e  performed t o  i d e n t i f y  t h e  f e a t u r e  o r  f e a t u r e s  
of t h e  inducer  which w e r e  causing t h e  r e v e r s e  flow. The s tudy  c o n s i s t e d  
o f :  (1) an  e m p i r i c a l  c o r r e l a t i o n  of v a r i o u s  inducer  geometrys and i n l e t  
flow p r o f i l e s ,  and (2)  a p o t e n t i a l  f low a n a l y s i s  of t he  i n l e t .  This s tudy  
is desc r ibed  i n  t h e  fo l lowing  paragraphs.  
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Figure  73. Radial  D i s t r i b u t i o n  of I n l e t  Flow DF 72464 
Angle C = 0.061 i n .  (0.155 cm) 

- 1 Empir ical  Cor re l a t ions  

From t h e  recorded r e s u l t s  of i n l e t  t r a v e r s e  measurements, t h e  c r i t i c a l  
i n l e t  f low c o e f f i c i e n t s ,  @ c r i t  (below which s i g n i f i c a n t  backflow occur red ) ,  
w e r e  determined f o r  t h r e e  h e l i c a l  inducers  w i th  b l ade  t i p  ang le s  of 6 ,  9 . 4 ,  
and 12 deg (0.10, 0 . 1 6 ,  and 0.21 rad)  which had been t e s t e d  by NASA-LeRC 
(References 1 6 ,  2 1 ,  and 22) .  These v a l u e s  were p l o t t e d  a g a i n s t  b l ade  t i p  
angle  and a r e  shown i n  f i g u r e  7 4 .  An a d d i t i o n a l  va lue  f o r  a 1 2  deg 
(0.21 rad)  h e l i c a l  inducer  i s  a l s o  a v a i l a b l e  from t e s t s  performed by 
Acosta (Reference 23) .  The i n l e t  backflow was determined v i s u a l l y  by 
Acosta through t h e  use  of t u f t s .  The va lue  of r$crit was bracketed by 
observing a range of flow c o e f f i c i e n t s  i n  which t h e  t u f t s  r eve r sed  a x i a l  
o r i e n t a t i o n .  
i n  f i g u r e  7 4 .  

The v a l u e  o f  r$crit f o r  t h e  P&WA tes t  inducer  i s  a l s o  p l o t t e d  

Examination of t he  p l o t t e d  d a t a  shows t h a t  P&WA t e s t  r e s u l t s  i n d i -  
ca t ed  a more seve re  backflow problem ( i . e . ,  backflow occurs  a t  a higher  6) 
than t h a t  which occurred i n  the t e s t s  conducted by NASA-LeRC o r  Acosta. 
A comparison of s i g n i f i c a n t  v a r i a b l e s  f o r  t h e  inducers  i s  given i n  
t a b l e 1 5 .  The only parameter t h a t  showed a v a r i a t i o n  c o n s i s t e n t  w i t h  
the t rend i n  reduced 4crit was t i p  c l ea rance  leakage. This i s  i n d i c a t e d  
by the  l e v e l  of leakage area r a t i o ,  which was s m a l l e s t  f o r  t he  Acosta 
inducer  and l a r g e s t  f o r  the P&WA inducer .  A r educ t ion  i n  t i p  c l ea rance  
w a s  t h e r e f o r e  i n d i c a t e d  by the empi r i ca l  c o r r e l a t i o n  as a method of 
reducing r eve r se  flow. 

130 



Figure  74. C r i t i c a l  Flow C o e f f i c i e n t  vs T i p  DF 85010 
Blade Angle 

2 P o t e n t i a l  Flow Analysis  - 
A two-dimensional a n a l y s i s  of the p o t e n t i a l  flow a t  the  inducer  

i n l e t  was a l s o  made t o  f u r t h e r  d e f i n e  t h e  r e v e r s e  flow problem. The 
a n a l y s i s  involved so lv ing  f o r  the average i n l e t  flow c o e f f i c i e n t  a t  
which t h e  a x i a l  v e l o c i t y  a t  t h e  t i p  was equa l  t o  zero.  For flow coef-  
f i c i e n t s  below t h i s  value ( @ c r i t ) ,  backflow would be p red ic t ed  simply 
from p o t e n t i a l  flow c o n s i d e r a t i o n s .  Add i t iona l  r e a l  e f f e c t s ,  such as 
viscous f o r c e s ,  t i p  c l ea rance  leakage,  boundary l a y e r  s e p a r a t i o n ,  and 
three-dimensional e f f e c t s  could cause the ac tua l  c r i t i c a l  f low c o e f f i c i e n t  
t o  be h ighe r  o r  lower than the  va lue  p red ic t ed  by s i m p l i f i e d  a n a l y s i s .  
However, t h i s  a n a l y s i s  d i d  al low the  de t e rmina t ion  of the e f f e c t s  of 
h u b l t i p  r a t i o  on the p o t e n t i a l  flow. 
the e f f e c t  of poss ib l e  boundary l a y e r  s e p a r a t i o n  from the  b l ade  l ead ing  
edge due t o  a r e l a t i v e l y  b l u n t  l ead ing  edge shape. 

It  a l s o  gave some i n d i c a t i o n  of 

The a n a l y s i s  was based on the fol lowing assumptions: 

1. The flow cond i t ions  f a r  upstream a r e  uniform 

2.  No  p re swi r l  u p s t r e a m  of t h e  inducer  l ead ing  edge 

3 .  I n v i s c i d  flow 

4. No l o s s  i n  r e l a t i v e  t o t a l  p re s su re  
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5. The r e l a t i v e  f l u i d  a n g l e  i s  discont inuous i n t h e  
a x i a l  d i r e c t i o n  a t  the  inducer  l ead ing  edge and 
equa l s  the b l ade  ang le  j u s t  downstream of t h e  
l ead ing  edge 

The s t a t i c  pressure and a x i a l  v e l o c i t y  are con t in -  
uous everywhere. 

6 .  

The r e su l t s  of t h e  a n a l y s i s  i n d i c a t e d  t h a t  t he  value o f @ c r i t  f o r  
t h e  t e s t  inducer  varies wi th  b l ade  t i p  ang le  and h u b l t i p  r a t i o ,  as 
shown i n  f i g u r e  7 5 .  It can be seen  t h a t  the p red ic t ed  l e v e l  and v a r i a t i o n  
of d c r i t  with blade ang le  are c o n s i s t e n t  with t h e  t es t  da t a .  

F igu re  7 5 .  P r e d i c t e d  Cri t ical  Flow C o e f f i c i e n t  DF 72466 
Based on P o t e n t i a l  Flow Theory 

The a n a l y s i s  w a s  used t o  evaluate t h e  e f f e c t s  of h u b l t i p  r a t i o  ( A ) ,  
leading edge f a i r i n g ,  upstream i n l e t  c o n f i g u r a t i o n ,  and t i p  c l e a r a n c e  
on r eve r se  flow. Hub l t ip  r a t i o  was shown t o  have very l i t t l e  e f f e c t  
on the va lue  of @ c r i t  ( f i g u r e  7 5 ) .  I f  t he  flow a t  the  PWA inducer  lead-  . 

i n g  edge had s e p a r a t e d  from the  b l ade  s u c t i o n  s u r f a c e  because of t he  
r e l a t i v e l y  b l u n t  l ead ing  edge c o n f i g u r a t i o n ,  t h e  p re s su re  g r a d i e n t  
should b e  reduced due t o  inc reased  f l u i d  ang le  and h ighe r  a x i a l  v e l o c i t y .  
This  would al low t h e  inducer  t o  o p e r a t e  t o  a lower v a l u e  o f Q c r i t  r a t h e r  
than h i g h e r ,  i n d i c a t i n g  t h a t  l ead ing  edge f a i r i n g  was n o t  a f a c t o r .  
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The NASA and Acosta inducer  tes t  r i g s  both had a continuous s t a t i o n -  
a r y  hub l o c a t e d  i n  the i n l e t  s e c t i o n ,  whereas t h e  PWA inducer has a 
s h o r t  r o t a t i n g  nose cone.. 
h igher  va lue  o f  @ c r i t  ob ta ined  i n  our  t e s t i n g .  However, t h e  p o t e n t i a l  
flow a n a l y s i s  i n d i c a t e d  t h a t  t h e  s h o r t  hub s e c t i o n  on the  nose cone i s  
long enough t o  diminish any l ead ing  edge e f f e c t s  be fo re  they reach up- 
s t ream t o  a p o i n t  where t h e  flow a r e a  i s  inc reased  by the absence of a 
hub. Also,  s i n c e  both the  NASA and Acosta inducers  had t h e  s t a t i o n a r y  
hub upstream, t h i s  e f f e c t  could n o t  be r e s p o n s i b l e  f o r  t he  d i f f e r e n c e  
between t h e  backflow c h a r a c t e r i s t i c  of t hese  induce r s .  

It was p o s s i b l e  t h a t  t h i s  c o n t r i b u t e d  t o  t h e  

The s i n g l e  d i f f e r e n c e  i n  the  conf igu ra t ions  t h a t  was c o n s i s t e n t  w i th  
the  t e s t  r e s u l t s  was the  d i f f e r e n c e  i n  t h e  t i p  leakage a r e a  r a t i o .  The 
area (A ) a v a i l a b l e  f o r  t h e  backflow of t i p  leakage i s  given by 1 

A& = 2 r R T C  

where 

R T  = t i p  r a d i u s  

C = t i p  c l ea rance  

The a r e a  (A) a v a i l a b l e  f o r  t h e  d e l i v e r e d  flow i s  

2 2 
A = r R T  (1 - A  ) 

where 

A =  

Therefore ,  t he  a r e a  r a t i o  i s  

9= 2 r R T C  - - (‘IRT) 
A 2 1 - A  r R T  2 (1 - A 2 )  

9= 2 r R T C  - - (‘IRT) 
A 2 1 - A  Ti?, 2 (1 - A 2 )  

I - 
The average v e l o c i t y  (V,) of t h e  d e l i v e r e d  flow i s  

- - 
v, = 4 UT 

where 
- 
4 = average flow c o e f f i c i e n t  

UT = t i p  speed 
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I f  i t  i s  assumed t h a t  t h e  a x i a l  v e l o c i t y  ( V I )  o f  t h e  t i p  leakage back- 
flow i s  due t o  a s t a t i c  head d i f f e r e n t i a l ,  a h s )  

ve =Jm 
and t h a t  t h i s  head d i f f e r e n t i a l  i s  given by 

2 

where 

$ = l o c a l  s t a t i c  head c o e f f i c i e n t  
S 

then t h e  leakage v e l o c i t y  i s  given by 

It i s  probable t h a t  t he  r a t i o  of leakage backflow volumetr ic  flow- 
r a t e  t o  d e l i v e r e d  f l o w r a t e  ( Q / / Q )  i s  a s i g n i f i c a n t  leakage parameter i n  
i t s  e f f e c t  on the  o n s e t  of the mainstream backflow. Since t h e  leakage 
backflow has obtained a t a n g e n t i a l  v e l o c i t y ,  i t  i n c r e a s e s  t h e  pressure  
g r a d i e n t  a t  t h e  t i p  caus ing  the  a x i a l  v e l o c i t y  of  t h e  i n l e t  flow a t  t h e  
t i p  t o  equal  zero a t  a h ighe r  va lue  of 5. 

o r  

- -  
and, s i n c e  Vz/UT 

For a given blade ang le  $s i s  assumed t o  be a c o n s t a n t .  
f o r  t he  same c r i t i c a l  va lue  of Q / 

I n  t h a t  c a s e ,  

e Q y  
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This indicates that the volumetric leakage ratio will be the same 
at a flow coefficient that is proportional to the leakage area ratio. 
However, this analysis does not define the actual effect of leakage 
backflow on the potential flow. Therefore, the relative values of the 
Aj/A should be used only for trends rather than for absolute levels. 
Thus, the values indicate that the Acosta inducer should have a value 
of &it lower than that obtained in the NASA inducer tests, 
it indicates that the P&WA inducer would have a higher value of 3crit 
than that obtained for the NASA series of inducers. 
of trends, based on Aj/A, were consistent with the test results and in- 
dicated that the P&MA inducer tip clearance should be reduced to reduce 
prerotation and reverse flow. 

Similarly, 

These predictions 

Based on these study results, the inducer tip clearance was reduced 
to 0.021 in. (0.054 cm) to eliminate reverse flow. The value of 0.021 
was selected as a safe minimum consistent with test rig mechanical con- 
siderations. The reduction was accomplished by applying epoxy cement to 
the bore of the acrylic inducer housing and remachining to a smaller 
diameter. The radial distribution of inlet flow angle for this clearance 
is shown in figure 76. Reverse flow was essentially eliminated above a 
flow coefficient of 0.070 and prerotation was eliminated at the 0.096 
flow coefficient. Prerotation was still significant at the 0.070 and 
0.084 flow coefficients. These data were considered suitable for analy- 
sis by the hydrodynamic computer program but it was decided to conduct 
the remainder of the test program at flow coefficients of 0.084, 0.090, 
and 0.096 to provide data at three reasonably incremented flow coefficients 
in the area of least prerotation. 

During these performance tests the bore of the inducer housing was 
damaged by cavitation and a new housing was fabricated for subsequent 
testing. The lack of mechanical problems with the 0.021 in. clearance 
housing encouraged a further reduction in tip clearance to further reduce 
prerotation. A new acrylic housing which provided a tip clearance of 
0,011 in. (0.028 cm) was fabricated and used in all subsequent tests. 
The measured inlet flow angle, axial velocity, and total head profiles 
for this tip clearance are also shown in figure 76. As expected, the 
smaller tip clearance did result in a reduction in prerotation. 

Overall noncavitating performance for the 0.011 in. tip clearance 
tests is shown in figure 77. These results were obtained from a series 
of three traverse tests at the flow coefficients to be used for blade 
pressure and strain distribution tests. The measured radial distribution 
of discharge flow parameters is shown in figure 78. The performance data 
were calculated between the discharge station and an upstream inlet 
measure vent station where there was no tangential velocity component 
because of the difficulty experienced in obtaining accurate inlet traverse 
measurement. (An interesting side benefit of the three tip clearance 
tests was the determination of the effects of clearance on performance. 
These effects are shown in figure 79 as plots of head coefficient and 
efficiency vs clearance ratio. The maximum efficiency and head rise are 
shown to occur, not for the minimum tip clearance of 0.011 in., but for 
the 0.021 in. clearance. However, the minimum tip clearance test was 
conducted with pressure instrumentation on the inducer blades that may 
have affected the results reducing both efficiency and head rise.) 
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Figure 77. Noncavitating Performance - C = 0.011 
in. (0.028 cm) 

DF 85020 
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L LL 

Figure  79.  E f f e c t  of T i p  Clearance on DF 85019 
Performance [UT = 150 f t / s e c  
(45.6 m / s ) ,  NPSH = 106 f t  
( 3 2 . 3  m)] 
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(b) Cavitating 

A complete investigation of cavitating performance was made only for 
the 0.061 in. tip clearance configuration. These data are shown in 
figure 80 as a fraction of noncavitating head vs cavitation number, E. 
A minimum K of 0.035 was achieved. This corresponds to a suction speci- 
fic speed of 22,100 at the original design flow coefficient of 0.070. 

Figure 80. Cavitating Performance F33537-7 
[C = 0.061 in. (0.155 cm), DF 85018 
UT = 150 ft/sec (45.6 m/sec)] 

(2) Strain Tests 

Operating conditions (speed, flow and inlet pressure) for each of 
the strain tests are summarized in table 16. The static strain gage 
data recorded in each test are listed in tables 17 and 18. Also included 
in these tables are the corresponding calculated effective stresses for 
each gage location. A s  the tables show, the maximum static strain of 
2330pin./in. occurred at gage location 14 during test 3.03-2. This 
gage was located at node 1 of figure 61. A number of gages failed during 
the strain gage testing. The rate of failure increased during the cavi- 
tating tests, eventually resulting in an early termination o f  the strain 
gage testing. 
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The v i b r a t o r y  stress d a t a  from t h e  t es t s  are presented  i n  t a b l e s  19 
and 20. The v i b r a t o r y  d a t a  are shown as p lus  and minus d e v i a t i o n s  from 
t h e  e x i s t i n g  s t a t i c  stress va lues  and are computed wi th  t h e  assumption 
of a u n i a x i a l  stress cond i t ion  w i t h i n  t h e  p ropor t iona l  l i m i t  of t h e  
material (modulus of e l a s t i c i t y  equal  t o  16.2 x 106 p s i  (11.03 x 106 N/cm2). 
A l s o  shown i n  the  t a b l e s  are t h e  f requencies  a t  which the  l i s t e d  stresses 
occur red.  

Table 19.  Noncavi ta t ing Vibra tory  S t r a i n  and Stress 
NPSH = 106 f t ,  32.3 m 

Node S t r a i n ,  E x 106 Frequency E f f e c t i v e  Stress 
Radia l  45 deg Tangent ia l  Hz l b / i n .  2 N/cm2 

(0.78 r ad )  

UT = 120 f t / s e c , ( 3 6 . 6  rn/s)Tl = 0.090 T e s t  3.02 

1 
1 
1 
2 
3 
5 
7 
9 
10 
11 
12 
13 

69 
0 

64 
31  
33 

0 
58 

0 
43 
31 

0 
0 

33 
0 

55 
25 

0 
0 

33 
0 

41 
33 
0 
0 

0 
25 
33 
0 
0 
0 

o u t  
0 
0 

32 
0 
0 

1000 

1000 
1000 - 

- 
700 

1000 
1000 

- 

UT = 150 f t / s e c , ( 4 5 . 6  rn/s)F= 0.096 T e s t  3.03-1 

1 
1 
1 
2 
3 
5 
7 
9 
10 
11 
12  
13 

0 
0 

80 
0 
0 

Out 

0 
35 
31 

0 
0 

a u t  

0 
0 

37 
0 
0 

o u t  
O u t  
0 

49 
41  

0 
0 

0 
0 
0 
0 
0 

o u t  
Out  

0 
0 
0 
0 
0 

- 
1150 - 

1110 7650 

1220 8411 
540 3 70 

0 

0 
0 

0 
930 640 

810 5 60 
760 520 

0 
0 

0 
0 

129 0 
0 
0 

- 
0 

880 
740 

0 
0 

890 

6 10 
510 

14 7 



Table 19. Noncavi ta t ing Vib ra to ry  S t r a i n  and S t r e s s  
NPSH = 106 f t ,  32.3 m (Continued) 

2 
Node S t r a i n ,  E x 106 Frequency E f f e c t i v e  Stress 

Radial  45 deg Tangen t i a l  H.2 l b /  in? N/cm 
(0.78 r a d )  

UT = 150 f t / s ec , (45 .6  m/s) ;61 = 0.090 T e s t  3.03-2 

1 
1 
1 
2 
3 
5 
7 
9 
10 
11 
12 
13 

139 
82 

0 
Out 
32 
o u t  
ou t  
0 

12 1 
0 

40 
0 

82 
49 

0 
49 
0 

O u t  
Out 

0 
66 
49 

0 
0 

0 
0 
0 

32 
0 

o u t  
O u t  

0 
0 

40 
0 
0 

1050 
1000 

1100 
1000 

- 

- - 
- 

1000 
1000 
1000 - 

- 
UT = 150 f t / s e c , ( 4 5 . 6  m/s) 41 = 0.084 T e s t  3.03-3 

1 
1 
1 
2 
3 
5 
7 
9 
10 
11 
12 
13  

70 
0 

128 
Out 

0 
Out  
ou t  

128 
52 
78 

0 
0 

82 
0 

74 
82 

0 
o u t  
Out 
83 
66 
82 

0 
0 

0 
0 .  

41  
80 

0 
o u t  
Out 
49 

0 
80 

0 
0 

1000 

1100 
1500 

- 

- 
- - 

1100 

22 00 
- 
- - 

2240 
1330 

0 

6 10 
- 
- 
- 

0 
1940 

890 
7 70 

0 

1500 
0 

2240 

0 
- 
- 
- 

2290 
1185 
1900 

0 
0 

1540 
920 

420 

1340 
610 
530 

1030 

1540 

1580 
82 0 

1310 

(3)  P res su re  T e s t s  

Table 21 p r e s e n t s  a summary of t h e  ope ra t ing  p o i n t s  a t  which t h e  
inducer  b l a d e  s u r f a c e  p r e s s u r e s  were recorded. Attempts were made t o  
set  e x a c t l y  t h e  same test  cond i t ions  f o r  both series of p r e s s u r e  tests,  
i.e. f o r  tes ts  wi th  t h e  t i p  s t r eaml ine  p r e s s u r e  t a p  l o c a t i o n  ( r a d i u s  No. 1) 
and the  mean s t r e a m l i n e  t a p  l o c a t i o n  ( r a d i u s  No. 2 ) .  A s  t a b l e  2 1  shows, 
t h e  noncav i t a t ing  test  cond i t ions  were repeated ve ry  c l o s e l y ;  t h i s  w a s  
n o t  t he  c a s e ,  however, i n  t h e  c a v i t a t i n g  tes ts .  It became d i f f i c u l t  t o  
maintain a cons t an t  i n l e t  p re s su re  due t o  the  p a r t i a l  blockage of t h e  
f i n e  s c r e e n s ,  i n s t a l l e d  ahead of t h e  inducer  t o  provide the  low p res su res  
r e q u i r e d ,  by gaske t  m a t e r i a l  and s c a l e  loosened by t h e  c a v i t a t i o n .  A s  a 
r e s u l t  t h e  NPSH va lues  f o r  t h e  c a v i t a t i n g  tes ts  v a r i e d  from -9 p s i g  
(-6.2 N/cm2) f o r  t h e  r a d i u s  1 tes ts  t o  2.4 p s i g  (1.7 N/cm2) f o r  t h e  r a d i u s  
2 t es t s .  This  d e v i a t i o n  r equ i r ed  some i n t e r p o l a t i o n  and e x t r a p o l a t i o n  of 
t h e  d a t a  f o r  c o r r e l a t i o n  wi th  p red ic t ed  v a l u e s .  
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Table 20. C a v i t a t i n g  Vib ra to ry  S t r a i n  and S t r e s s  
UT = 150 f t / s e c ,  45.6 M/s 

Node S t r a i n ,  x lo6 Frequency E f f e c t i v e  Stress 
Radia l  45 deg Tangent ia l  Hz l b /  in? N/cm2 

(0.78 r a d )  - 
NPSH = 50 f t , (15 .2  m) $j = 0.088 T e s t  3.05-1 

1 
1 
1 
2 
3 
5 
7 
9 
10 
11 
12  
13 

1560 
0 
0 

o u t  
O u t  
Out  
O u t  
0 
0 
47 

o u t  
0 

990 
0 
0 
66 

o u t  
ou t  
O u t  

0 
0 

ou t  
O u t  

0 

0 
0 

O u t  
40 

ou t  
o u t  
O u t  

0 
0 

o u t  
ou t  

0 

NPSH = 43 ft,(13.1 m> zl = 0.087 Tes t  3.05-2 

1 
1 
1 
2 
3 
5 
7 
9 
10 
11 
12  
13 

O u t  
164 

0 
Out  
o u t  
ou t  
O u t  

0 
0 

Out  
ou t  
39 

ou t  
82 

0 
49 

ou t  
ou t  
ou t  

0 
0 

O u t  
o u t  
41 

0 
42 

O u t  
48 

ou t  
ou t  
ou t  

0 
0 

O u t  
Ou t  
41 

- 
1000 

1000 
- 
- 
- 

- 
NPSH = 17 ft,(5.2 m >  G1 = 0.079 Test  3.05-3 

1 
1 
1 
2 
3 
5 
7 
9 
10 
11 
12  
13 

O u t  
0 
0 

O u t  
O u t  
ou t  
O u t  

0 
0 

O u t  
O u t  

0 

o u t  
0 
0 
99 

O u t  
Out 
ou t  

0 
0 

ou t  
Out  

0 

0 
0 

O u t  
64 

O u t  
ou t  
Out 

0 
0 

out  
O u t  

0 

2540 1750 
0 

- 
0 
0 

1360 

0 
- 940 

- 
2830 1950 - 

- 
0 

660 
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The b lade  p res su re  d a t a  recorded a t  t h e  major tes t  p o i n t s  are pre- 
sented i n  t a b l e s  22 and 23. The v a l u e s  shown are a b s o l u t e  levels a t  
each l o c a t i o n  and it should b e  noted t h a t  t h e  i n l e t  p r e s s u r e  w a s  n o t  
e x a c t l y  the  same f o r  each test .  The d i f f e r e n c e s  i n  i n l e t  p r e s s u r e  must 
b e  considered i n  any t e s t - t o - t e s t  comparison, i n  p a r t i c u l a r  w i th  t h e  
c a v i t a t i n g  tes t  d a t a .  

The d a t a  are presented by ax ia l  s t a t i o n  f o r  t h e  s u c t i o n  and p r e s s u r e  
s u r f a c e s  f o r  each test. The ve ry  low p r e s s u r e s  on t h e  s u c t i o n  s u r f a c e  
of t h e  b l ade  i n d i c a t e  t h e  presence of a vapor c a v i t y  even though t h e  
p r e s s u r e s  are no t  a t  t h e  vapor p r e s s u r e  of water [0.5 l b / i n ?  (0.34 N/cm2)] .  
The reason f o r  t h i s  d e v i a t i o n  i n  p r e s s u r e  i s  p r i m a r i l y  t h e  normal inac- 
curacy a s s o c i a t e d  with measuring such low p r e s s u r e  wi th  the  100 p s i  
(69 N / c m  ) t r ansduce r  r equ i r ed  t o  measure p r e s s u r e s  i n  t h e  rear por- 
t i o n  of t h e  inducer .  

2 

A f e w  of t h e  d a t a  p o i n t s  i n  t a b l e s  22 and 23 have been l e f t  b l ank  
where t h e  r ead ings  were obviously i n  e r r o r .  The v a l i d i t y  of the p r e s s u r e  
d a t a  w a s  judged by p l a y i n g  back t h e  FM tapes  and o b t a i n i n g  an o s c i l l o g r a p h  
t r a c e  of t h e  t r ansduce r  o u t p u t ,  l i k e  t h a t  shown i n  f i g u r e  81. Obviously 
erroneous p o i n t s ,  such as those i n d i c a t e d  by a g radua l  decrease o r  i n c r e a s e  
i n  p r e s s u r e  as opposed t o  a s t e p  change, w e r e  r e a d i l y  apparent .  A varying 
p r e s s u r e  s i g n i f i e s  a l eak ing  o r  p a r t i a l l y  plugged p r e s s u r e  t a p  tube ,  A 
p r e s s u r e  t a p  reading of t h e  same l e v e l  as purge p r e s s u r e  i n d i c a t e s  a 
plugged tube  o r  a s u r f a c e  p r e s s u r e  h ighe r  t han  purge p res su re .  
p r e s s u r e s  a long t h e  inducer  hub (Ref f i g u r e  55) w e r e  recorded during each 
tes t  using t h e  p r e s s u r e  scanning valve. These d a t a  from t h e  f i r s t  test: 
series are p resen ted  i n  t a b l e  24. 

S t a t i c  

Most of t h e  d a t a  accumulated from t h e  scanning valve appears  t o  be 
v a l i d  and r e p e a t a b l e .  This  a p p l i c a t i o n  of t h e  scanning va lve  and t h e  
techniques employed t o  o b t a i n  a c c u r a t e  s u r f a c e  p r e s s u r e s  were h i g h l y  
s u c c e s s f u l .  

A t  each tes t  p o i n t  l i s t e d  i n  t a b l e 2 1  d a t a  w a s  recorded from t h e  
blade-mounted min ia tu re  t r ansduce r s  and t h e  housing-mounted p i ezoe lec -  
t r i c  t r ansduce r s .  Data from two of t h e  blade-mounted t r ansduce r s  f o r  
a t y p i c a l  noncav i t a t ing  tes t ,  are p resen ted  i n  f i g u r e  82 as p r e s s u r e  
amplitude v s  frequency. These two t r ansduce r s  were i n  l o c a t i o n s  2 (PVB-2) 
and 3 (PVB-3) as shown i n  f i g u r e  57. The t r a n s d u c e r s  were i n s t a l l e d  
p r i m a r i l y  t o  o b t a i n  information on v i b r a t o r y  p r e s s u r e s  du r ing  c a v i t a -  
t i o n .  However, b e f o r e  t h e  f i r s t  f u l l y  c a v i t a t i n g  p o i n t  could be set, 
a l l  of t h e  s u r f a c e  mounted t r ansduce r s  had f a i l e d .  The noncav i t a t ing  
d a t a  show r e l a t i v e l y  h igh  v i b r a t o r y  p r e s s u r e s  i n  t h e  low frequency 
range (0-200 Hz) b u t  ve ry  l i t t l e  amplitude i n  t h e  range of t he  resonant  
f r equenc ie s  of t h e  blade (900-1200 Hz). 
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Figure  81. Osc i l l og raph  Trace of P res su re  
Scanning Valve Transducer Output 

Data from t h e  housing-mounted t r ansduce r s  are shown as p r e s s u r e  amp- 
l i t u d e  vs frequency i n  f i g u r e  83. One t r ansduce r ,  PVW-11, w a s  l o c a t e d  
0.250 in .  (0.62 cm) behind t h e  p l ane  of t h e  inducer l ead ing  edge and the  
o t h e r ,  PW-12, 1.00 i n .  (2.54 cm) behind the  l ead ing  edge. The amplitude- 
frequency d a t a  show p r e s s u r e  peaks a t  i n t e g r a l s  of r o t o r  speed, ( lE, 2E 
e t c . )  and a t  i n t e g r a l s  of b l a d e  pass ing  frequency (3E, 6E, 9E). The 
housing-mounted t r ansduce r s  were i n s t a l l e d  t o  provide a comparison of 
blade-to-blade p r e s s u r e  v a r i a t i o n s  with t h e  blade s u r f a c e  p r e s s u r e  
measurements. To make t h i s  comparison, t h e  t ape  recorded t r ansduce r  
output  w a s  t r a n s f e r r e d  t o  an o s c i l l o g r a p h  trace such as t h a t  shown i n  
f i g u r e  84. This  trace r e p r e s e n t s  t h e  p r e s s u r e  v a r i a t i o n ,  i n  t h e  tan- 
g e n t i a l  d i r e c t i o n ,  w i t h i n  t h e  b l ade  passage and the  d i f f e r e n t i a l  
between t h e  peaks and the  v a l l e y s  should correspond t o  t h e  d i f f e r e n c e  
between t h e  measured p r e s s u r e s  on t h e  b l ade  p r e s s u r e  and s u c t i o n  s u r f a c e s .  

The p r e s s u r e  traces i n  f i g u r e  84 do n o t  a g r e e  wi th  t h e  c a l c u l a t e d  
b l a d e  p r e s s u r e  d i f f e r e n t i a l  u s i n g  the  scanning va lve  d a t a .  The r eason  
f o r  t h e  disagreement i s  t h e  leakage flow a c r o s s  t h e  b l ade  t i p  t h a t  pre-  
v e n t s  t h e  housing mounted t r ansduce r  from "seeing" t h e  low p res su re  on 
t h e  s u c t i o n  s u r f a c e  o f  t h e  b l ade .  This  e f f e c t  i s  i n d i c a t e d  i n  the  pres-  
s u r e  trace by t h e  g radua l  drop i n  p r e s s u r e  on t h e  s u c t i o n  s i d e  of  t h e  
b l ade ,  i n s t e a d  o f  t h e  sha rp  drop t h a t  should occur .  

The a c t u a l  d i s t r i b u t i o n  of p re s su re  a c r o s s  t h e  passage can be approx- 
imated by i n d i c a t i n g ,  on t h e  plane of t h e  s u c t i o n  s u r f a c e ,  i n  f i g u r e  8 4 ,  
t h e  blade p res su re  d i f f e r e n t i a l  taken from t h e  scan iva lve  r ead ings  a t  
s t a t i o n  2 .  The p r e s s u r e  trace between b l ades  can be e x t r a p o l a t e d  t o  t h e  
p re s su re  level t h u s  i n d i c a t e d  on t h e  s u c t i o n  s u r f a c e  as shown by t h e  
dashed l i n e  i n  f i g u r e  84. 

The p r e s s u r e  d i f f e r e n t i a l  a c r o s s  t h e  blade a t  t h e  l o c a t i o n  of t h e  
second t r ansduce r  w a s  too low t o  make an  a c c u r a t e  comparison. 

During Task V I  t h e  s t a t i c  load t e s t i n g ,  v i b r a t i o n  t e s t i n g  and opera- 
t i o n a l  t e s t i n g  d a t a  w e r e  used t o  v a l i d a t e  and/or  develop t h e  computer pro- 
grams. The comparisons of p r e d i c t e d  and measured parameters obtained 
during Task V I  are d i scussed  i n  t h e  fol lowing paragraphs.  The modifica- 
t i o n s  made i n  t h e  hydrodynamic loading program are included i n  t h i s  d i s -  
cuss ion .  The o r i g i n a l  programs f o r  b l ade  stress and v i b r a t i o n  cha rac t e r -  
i s t i c s  have been v a l i d a t e d ,  and t h e  agreement between p r e d i c t i o n s  and 
t e s t  d a t a  are i l l u s t r a t e d .  
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Figure 82a. Blade Transducer Spectrum Analysis  - 
Gage Location No .  2 

F igu re  82b. Blade Transducer Spectrum Analysis  - 
Gage Locat ion No. 3 
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Figure 83a. Housing Transducer Spectrum Analysis - 
Location PVW-12 

Figure 83b. Housing Transducer Spectrum Analysis - 
Location PVW-11 
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Figure 84. Oscillograph Trace of Housing 
Transducer Output, PVW-11 
Test 4.02-1 

Figure 85. Summary of Performance Data for DF 85017 
Operational Tests (Noncavitating) 

160 



Figure 86.  Summary of Performance Data for 
Operational Tests (Cavitating) 

DF 85016 

Table 25 summarizes the pressure and strain data taken during water 
loop testing for which predicted and experimental data comparisons have 
been made. Data points obtained were discussed in the preceding section 
and include pressure and strain data at numerous iocations (radial and 
axial) within the inducer for two rotor speeds, three flow coefficients, 
and several inlet total pressures. The operating points used in the vali- 
dation or development of the computer pfograms have been assigned numbers 
as indicated in table 25. The relationship of these operating points to 
the noncavitating and cavitating performance of  the inducer is indicated 
on the curves in figures 85 and 86. 

Table 25. Operating Points used in Computer 
Program Development 

Run Conditions 
Speed NPSH Loading Strain 

Point (%) 6 lCls (ft) (m) Run No. Radius Run No. 

1 100 0.096 0.132 106 32.3 4.02-1 1 
5.02-1 2 3.03-1 

2 100 0.090 0.162 106 32.3 4.02-2 1 
5.02-2 2 3.03-2 
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Table 25. Operating Points used in Computer 
Program Development (Continued) 

Run Conditions 
Loading Strain NPSH Speed 

(ft) (m) Run No. Radius Run No. 9 $S 
Point (%) 

3 100 0.084 0.176 106 32.3 4.02-3 1 
5.02-3 2 3.03-3 

4 80 0.096 0.134 106 32.3 4.01-1 
5.01-1 

5 80 0.090 0.160 106 32.3 4.01-2 
5.01-2 

6 80 0.084 0.180 106 32.6 4.01-3 
5.01-3 

7 100 0.090 0.166 49 14.9 5.03-1 

8 100 0.089 0.160 51  15.2 4.03-1 

9 100 0.088 0.162 43 13.1 5.03-2 

10 100 0.078 0.139 16 4.9 4.03-2 

1 
2 --- 

1 
2 3.02 

1 
2 - - -  

1 3.05-1 

2 3.05-2 

1 3.05-3 

a. Hydrodynamic Program 

(1) Comparison of Predicted and Measured Blade Hydrodynamic Loadings 

Predicted blade pressures were generated from the computer program 
for comparison with the test data. 
to a nondimensional static head coefficient ( d s )  to facilitate compari- 
sons at different tip speeds and inlet pressures. 
ficient is defined as: 

A l l  blade pressure data were reduced 

The static head coef- 

where 

P is local static pressure 

is inlet total pressure 
pTO 
p is fluid density 

UT is rotor tip speed. 
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The variation of predicted and measured blade static head coefficient 
with radius, rotor speed, and flow coefficient for noncavitating and 
cavitating operation were examined and are discussed in the following 
paragraphs. 

(a) Noncavitating 

Noncavitating operation is defined as operation in an area where 
inlet pressure has no effect on performance. In actuality, the test 
measurements do show a cavity on the blade suction surface for all test 
points including those points for which no degradation of performance 
was noted. Blade pressure measurements for the 100% and 80% speed points 
are compared with predictions in figures 87 and 88, respectively. Each 
figure shows data at both test radii for a single tip speed. The exact 
location of the streamline radii along which the pressures were measured 
is defined in figure 55. 

The predicted and measured pressure surface pressures for all cases 
(noncavitating) are shown to agree quite well over the region for which 
experimental data were available. The predicted blade pressure surface 
head coefficient at the blade leading edge is based on the local inlet 
total relative pressure. Although the available test data does not show 
this, there will be a stagnation point close to the leading edge at which 
the static pressure will be equal to the relative total pressure. Pre- 
dicted suction surface pressure at the blade leading edge is shown to be 
at fluid vaporization pressure, the same as observed for the experimental 
data. The region over which vapor pressure is predicted to exist is 
somewhat larger than the region indicated by the experimental data. The 
predicted recovery from vapor pressure along the suction surface also 
occurs slightly more rapidly than experimentally observed. 

Except for a small region on the suction surface near the blade 
leading edge, the test data and predictions both show a slightly higher 
static pressure along both the suction and pressure surfaces for the tip 
radius as compared to the midspan radius. 
surface pressures at the outer radius indicate a higher mean or mid- 
channel pressure. This is consistent with what would be expected since 
rotation of the flow would cause an increase in static pressure with 
radius because of centrifugal effects. 

The generally higher blade 

A comparison of the 100% and 80% rotor speed data illustrates a 
variation of blade pressures with speed. It should be noted that fluid 
vapor pressure corresponds to a static head coefficient of approximately 
-0.150 for the 100% speed and -0.230 for the 80% speed points since both 
sets of data were run at the same inlet pressure. Pressure data that is 
in the area of a vapor cavity is therefore not properly normalized by the 
static head coefficient. 
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DF 85046 

Figure 8 7 .  Noncavitating Blade Pressure Distribution DF 85047 

(UT = 150 ft/sec (45 .6  m/sec), NPSH = 106 ft (32 .3  m)) 
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DF 85053 

DF 85052 
Figure 88. Noncavitating Blade Pressure  D i s t r i b u t i o n  

(UT = 120 f t / s e c  (37.5 m/sec),  NPSH = 106 f t  (32.3 m)) 
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This  s m a l l  e f f e c t  of r o t o r  speed i s  observed t o  be  small. Head 
c o e f f i c i e n t s ,  away from t h e  c a v i t y  reg ion ,  are h ighe r  f o r  t h e  low speed 
tests than f o r  the  h igh  speed. I n  the  c a v i t y  reg ion ,  the h igh  speed 
po in t s  show a longer  vapor c a v i t y  than t h e  low. Again, i t  i s  noted t h a t  
s ince  both speeds were run  wi th  t h e  same i n l e t  p re s su re  the  h igher  speed 
p o i n t s  would be the  more severe from a c a v i t a t i o n  viewpoint ,  and the  
vapor c a v i t i e s  would be expected t o  be l a r g e r .  Pred ic ted  blade pressures  
away from the  vapor c a v i t y  do no t  show t h e  e f f e c t  of speed ind ica t ed  by 
the  t es t  d a t a .  I n  t h e  area of t h e  vapor c a v i t y ,  however, p red ic t ed  and 
tes t  d a t a  both show t h e  same t rend  of i nc reas ing  c a v i t y  s i z e  wi th  speed. 

The e f f e c t  of f low c o e f f i c i e n t  on blade p res su re  d i s t r i b u t i o n  can be 
Both test and pre- seen by comparing h o r i z o n t a l l y  i n  f i g u r e s  87 and 88. 

d i c t e d  d a t a  show a gradual  i n c r e a s e  i n  c a v i t y  l eng th  and b l ade  loading 
as flow c o e f f i c i e n t  i s  reduced from 0.96 t o  0.084. Blade head c o e f f i -  
c i e n t s  a l s o  inc rease  g radua l ly  as flow c o e f f i c i e n t s  are lowered i n  
regions away from t h e  vapor cav i ty .  These t r ends  are reasonable  s i n c e  
flow inc idence  inc reases  as flow c o e f f i c i e n t  decreases  and a d d i t i o n a l  
b lade  f o r c e  i s  requi red  t o  t u r n  t h e  flow. 

(b) Cav i t a t ing  

Data a t  reduced i n l e t  p re s su res  are shown i n  f i g u r e  89. A s  discussed 
under " T e s t  Resul ts" ,  i t  was impossible t o  s e t  e x a c t l y  the  same NPSH f o r  
c a v i t a t i n g  tests a t  t h e  two t e s t  r a d i i .  Therefore ,  d a t a  a t  each r a d i u s  
must be compared s e l e c t i v e l y .  

The e f f e c t  of reduced NPSH on b l ade  p res su re  d i s t r i b u t i o n  a t  a given 
r ad ius  can be  seen by comparing d a t a  f o r  t h e  same flow c o e f f i c i e n t  bu t  a t  
d i f f e r e n t  NPSH. Thus, f o r  t h e  t i p  r ad ius ,  t h e  d = 0.090, NPSH = 51 f t  
(15.2 m) p l o t  i n  f i g u r e  89 can be compared wi th  d a t a  a t  t h e  s a m e  f low 
c o e f f i c i e n t  bu t  a t  an  NPSH of 106 f t  (32.3 m) i n  f i g u r e  87. For t h e  
midspan r a d i u s ,  t h e  4 = 0.088 and 0.090 a t  NPSH of 43 f t  (13.1 m) and 
49 f t  (14.9 m) p l o t s  of f i g u r e  89 can be compared wi th  t h e  d = 0.090 
p l o t  i n  f i g u r e  87. 
decreasing NPSH i s  evident  f o r  both comparisons. 

The expected t r end  of  i nc reas ing  c a v i t y  l eng th  wi th  

Cavi ty  length  i n c r e a s e s  as NPSH i s  lowered because t h e  lower i n l e t  
p ressure  r e s u l t s  i n  a lower mean p res su re  w i t h i n  the  inducer .  A l l  p r e s -  
sures  tend t o  be reduced i n  d i r e c t  p ropor t ion  t o  the  i n l e t  p ressure  wi th  
f l u i d  vapor i za t ion  pressure  as a lower l i m i t .  The r e s u l t  of decreas ing  
NPSH i s  t h e r e f o r e  a longer  c a v i t y  and a r e l a t i v e l y  cons tan t  blade pres-  
sure  loading over t h e  reg ion  covered by the  c a v i t y .  The blade loading i s  
r e d i s t r i b u t e d  so t h a t  l ead ing  edge load i s  reduced but  r e l a t i v e l y  high 
loadings extend f u r t h e r  i n t o  the  inducer .  

Pred ic ted  and measured pressures  a long the blade su r face  agree wel l ,  
but  inaccurac ies  i n  the  p r e d i c t i o n  of c a v i t y  l eng th  are ev iden t .  Some 
inc rease  i n  pred ic ted  c a v i t y  length  wi th  decreas ing  NPSH can be seen,  
but t he  pred ic ted  length  inc rease  i s  smaller than  experimental ly  observed. 
This  inaccuracy i n  the  p r e d i c t i o n  of c a v i t y  l eng th  i s  respons ib le  f o r  t he  
discrepancy between p red ic t ed  and measured suc t ion  su r face  pressures  i n  
the  reg ion  of t he  blade leading  edge. 
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Figure 89. Cavitating Blade Pressure Distribution 
(U = 150 ft/sec(45.6 m/sec)) T 
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(c) Summary 

In all cakes, the maximum blade pressure loadings are seen to occur 
at the blade leading edge. In this region, saturation pressure was shown 
to occur over some small region, indicating the existence of a finite 
vapor cavity even at relatively high values of inlet total pressure. The 
loading in the region where the vapor cavity collapsed was shown to 
decrease as a pressure recovery from saturation pressure was made along 
the blade suction surface. Although blade loadings occurred at the exit 
of the inducer resulting from blade camber and exit flow deviation, the 
magnitudes of these were insignificant compared to the loadings which 
occur on and in the region of the blade leading edge as a result of inlet 
flow incidence. 

Overall comparison between predicted and experimental blade pressure 
data (both suction and pressure surfaces) indicates good agreement for 
all regions within the inducer with the exception of the region immedi- 
ately downstream of the inducer leading edge. In this region, differences 
between predicted and experimental data along the suction surface result 
from inaccuracies in prediction of the correct vapor cavity length. 
Leading edge loadings are accurately predicted, showing vapor pressure to 
exist on the blade suction surface and total relative pressure existing 
on the blade pressure surface. The predicted pressure surface pressure 
was shown to damp out rapidly, as can be surmised from the experimental 
data. The trends of increased loading with decreased flow coefficient 
and the redistribution of loading under cavitating conditions, as 
observed in the experimental data, was also evident in the predicted data. 

(2) Modifications to Hydrodynamic Computer Program 

During Task VI it was necessary to modify the computer program for 
the prediction of blade hydrodynamic loading. The modifications were 
made to the boundary layer and loss  system models, the vapor cavity 
model, the blade pressure loading model, the deviation model and inlet 
and exit station calculations. These changes were required to improve 
the accuracy of the computer program predictions for various possible 
inducer configurations and to improve the agreement between predictions 
and test data. The present models have been discussed in Section B. 
The following paragraphs include comments on the reasons for replacing 
the old models (discussed in Reference 15) and the approach used in the 
new models. 

(a) Boundary Layer and Loss  System Models 

The boundary layer and l o s s  system models discussed in Section B 
were added to the computer program during Task VI. The original version 
of the program (Reference 15) did not directly relate the two models. 
Instead, a flat plate boundary layer equation was used to calculate dis- 
placement thickness, and the l o s s  system was based on pipe flow friction 
and empirical diffuser l o s s  data. The boundary layer model was in error 
because it ignored the effect of pressure gradients on displacement 
thickness. The l o s s  system model was incorrect because: (1) the wall 
friction loss should vary with the amount and distribution of pressure 
gradient, (2) the empirical diffuser data is based on consta.nt diffuser 

17 3 



angle, whereas the inducer flow has varying equivalent diffuser angle, 
and (3) the l o s s  in flow momentum should be related to the boundary layer 
displacement thickness. 

The present boundary layer model is analyzed by a finite difference 
solution of the Von Karman momentum integral equation, which includes the 
effect of pressure gradient. The boundary layer shape factor, which 
relates displacement thickness to momentum defect thickness, is based on 
Garner's method, which includes the effect of pressure gradients. Thus, 
the effects of both wall friction and pressure gradient can be accounted 
for without resorting to inadequate empirical diffuser data. The momen- 
tum defect thickness can then be used to calculate the mass average total 
pressure and pressure l o s s  resulting in improved accuracy and simplifica- 
tion of the calculations. 

(b) Vapor Cavity Model 

The cavity model originally used in the hydrodynamic loading program 
assumed that the cavity formed a circular arc. The maximum cavity height 
and the location along the blade suction surface at which it occurred 
were solved for, using the results of Stripling and Acosta (Reference 2). 
A circular arc was fit from the blade leading edge tangent to the point 
of maximum cavity height. The assumption of symmetric cavity shape was 
made, thus collapsing the cavity in the same circular arc shape in which 
it was formed. 

A basic weakness in the use of the solutions in Reference 2 is that 
the two-dimensional model does not include real fluid viscous and three- 
dimensional flow effects, such as boundary layer blockage, streamline 
divergence and centrifugal forces for non-axial flow conditions. There- 
fore, during Task VI, this cavity model was replaced with the model dis- 
cussed in Section B 1 .  The basic approach of the new model is to satisfy 
conservation of momentum parallel to the blade at all points in the flow- 
path. Solution by finite differences allows viscous and three-dimensional 
effects to be included. 

The new model gives essentially the same cavity shape to the point of 
maximum cavity height as the idealized model of Stripling and Acosta for 
the special case of two-dimensional, inviscid flow in flat plate cascades 
(see Section Bl). The circular arc cavity collapse assumed in Refer- 
ence 15 has been replaced by a model which assumes a free jet mixing 
process when the cavity has reached its maximum height. A comparison of 
predicted and measured blade suction surface pressures (taken during 
Task VI testing) shows that the agreement based on this cavity model, 
although displaying the proper trends with inlet conditions, can be 
improved. 

(c) Blade Hydrodynamic Loading Model 

The hydrodynamic computer program employs a two-dimensional hub-to- 
shroud meridional flow analysis. Blade surface pressures are calculated 
based on blade-to-blade mid-channel normal pressure gradients, with 
pressure linearly extrapolated to the blade surfaces. 
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The o r i g i n a l  loading model (Reference 15) w a s  based on a t a n g e n t i a l  
p re s su re  g r a d i e n t .  The mid-channel p re s su re  g r a d i e n t  c a l c u l a t e d  included 
the  flow f o r c e s  r e s u l t i n g  from C o r i o l i s  e f f e c t s ,  s t r eaml ine  cu rva tu re ,  and 
through-flow d i f f u s i o n .  Comparison of magnitudes of t h e s e  e f f e c t s  i n d i -  
cated t h a t  t h e  d i f f u s i o n  dominated t h e  c a l c u l a t e d  blade loading.  The 
s e n s i t i v i t y  of t h e  loading t o  t h i s  t e r m ,  p lus  t h e  requirement t h a t  t he  
through-flow p res su re  g r a d i e n t  be l i n e a r l y  e x t r a p o l a t e d  over t h e  tangen- 
t i a l  blade spacing,  which i s  l a r g e  f o r  low blade ang le  r o t o r s ,  l e d  t o  
i n a c c u r a t e  p red ic t ed  blade s u r f a c e  p r e s s u r e s .  

The c a l c u l a t i o n  of cross-channel  p re s su re  g r a d i e n t s  normal t o  the  
flow d i r e c t i o n  (discussed i n  S e c t i o n  B l )  i nc ludes  t h e  same e f f e c t s  as 
the  t a n g e n t i a l  loading c a l c u l a t i o n ,  w i th  the  excep t ion  of t he  d i f f u s i o n  
e f f e c t .  The r e s u l t i n g  normal cross-channel  l oad ings  are s m a l l  compared 
t o  the  t a n g e n t i a l  cross-channel  loading.  The normal d i s t a n c e  between 
blades f o r  t y p i c a l  i nduce r s  i s  s m a l l ,  t hus  r e s u l t i n g  i n  much less e r r o r  
i n  l i n e a r  e x t r a p o l a t i o n  of t he  normal blade t o  blade mid-channel p re s su re  
g r a d i e n t .  

U s e  of normal channel l oad ings  r e q u i r e s  t h a t  blade loadings be cal- 
cu la t ed  a f t e r  a l l  t he  mid-channel s t a t i c  p r e s s u r e s  and p res su re  g r a d i e n t s  
are c a l c u l a t e d  so t h a t  it i s  n o t  necessa ry  t o  e x t r a p o l a t e  mid-channel 
p r e s s u r e s .  The success  of t h i s  model i s  i l l u s t r a t e d  i n  t h e  p r e d i c t e d  vs 
experimental  d a t a  blade s u r f a c e  p re s su re  comparisons p rev ious ly  d i scussed .  

(d) Deviat ion Model 

A s  i n  t he  o r i g i n a l  model (Reference 15) ,  d e v i a t i o n  i s  d iv ided  i n t o  
t h r e e  p a r t s ;  d e v i a t i o n  due t o  f l u i d  i n e r t i a ,  t h e  c a v i t y  shape, and the  
dumping of t he  flow downstream of the  inducer  b l ades .  The d e s c r i p t i o n  
of d e v i a t i o n  r e s u l t i n g  from t h e  vapor c a v i t y  shape i s  unchanged, and i s  
no t  discussed h e r e .  

The p r e s e n t  f l u i d  i n e r t i a  model discussed i n  s e c t i o n  B 1  employs a 
s i m p l i f i e d  exponen t i a l  damping func t ion .  The previous model d i scussed  
i n  Reference 15 u t i l i z e d  a model de r ived  from unstaggered f l a t  p l a t e  
cascade theo ry .  The new model d i f f e r s  from t h e  previous one i n  t h a t  t h e  
d i s t r i b u t i o n  func t ion  i s  a maximum a t  t h e  inducer i n l e t  p l ane ,  and t h e  
e f f e c t  of s taggered blades i s  taken i n t o  account.  Comparisons between 
p red ic t ed  and measured d a t a  i n d i c a t e  t h a t  t h e  p re sen t  model provides  
more a c c u r a t e  p red ic t ed  blade p res su re  loadings.  

The exi t  d e v i a t i o n  model as i t  appeared i n  the  i n t e r i m  r e p o r t  w a s  a 
func t ion  of passage meridional  v e l o c i t y .  I n  improving the method of 
boundary l a y e r  c a l c u l a t i o n  s u f f i c i e n t  changes i n  p red ic t ed  flow blockage 
occurred t o  cause apprec i ab le  e r r o r s  i n  p r e d i c t i o n  of exi t  d e v i a t i o n .  
The e r r o r s  i n  d e v i a t i o n  i n  t u r n  r e s u l t e d  i n  s i g n i f i c a n t  e r r o r s  i n  pre- 
d i c t e d  inducer performance. Review of blade p r e s s u r e  loading d a t a  taken 
during Task V I  i n d i c a t e d  t h a t  t h e  major blade loading does indeed occur 
near  t h e  blade l ead ing  edge i n  a r eg ion  over which a vapor c a v i t y  e x i s t s .  
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This  f a c t  minimizes t h e  importance of a c c u r a t e  p r e d i c t i o n  of inducer  e x i t  
d e v i a t i o n  re la t ive t o  a c c u r a t e  p r e d i c t i o n  of inducer  blade loading i n  t h e  
e x i t  r e g i o n  of t h e  induce r .  The previous e x i t  d e v i a t i o n  model as i t  
appeared i n  Reference 15 w a s  r ep laced  by a model similar t o  t h a t  of 
Carter (Reference 1 7 ) .  That i s ,  d e v i a t i o n  i s  determined by knowing t h e  
ex i t  b l ade  a n g l e ,  t h e  i n l e t  f l u i d  a n g l e ,  and t h e  r o t o r  s o l i d i t y .  I f  i t  
i s  d e s i r e d  t o  r e f i n e  t h e  b l ade  p res su re  loadings i n  t h e  ex i t  r eg ion  of 
t h e  induce r ,  an improved d e v i a t i o n  model i s  r e q u i r e d .  

The p r e s e n t  method u t i l i z e d  f o r  a n t i c i p a t i o n  of t h e  d e v i a t i o n  occur r ing  
a t  t h e  inducer  e x i t  i s  of t h e  same form as t h a t  used f o r  t h e  i n l e t  f l u i d  
i n e r t i a  e f f e c t .  Again, t h i s  d i s t r i b u t i n g  func t ion  i s  unimportant i n  t h i s  
r eg ion  as t h e  b l ade  p res su re  load ings  are s m a l l  compared t o  those which 
occur nea r  t h e  blade l ead ing  edge. 

(e) I n l e t  S t a t i o n  C a l c u l a t i o n s  

Inducer i n l e t  traverse d a t a  i n d i c a t e s  r a d i a l  d i s t r i b u t i o n  of i n l e t  
f low parameters f o r  most o p e r a t i n g  cond i t ions .  The previous i n l e t  model 
d i scussed  i n  Reference 15 d i d  no t  make p rov i s ions  f o r  varying these  
parameters .  Mod i f i ca t ions  were made t o  t h e  program t o  remove these  
r e s t r i c t i o n s  and make i t  p o s s i b l e  t o  i n p u t  r a d i a l  d i s t r i b u t i o n s  of i n l e t  
t o t a l  p r e s s u r e ,  a x i a l  v e l o c i t y  and a b s o l u t e  flow ang le .  

( f )  E x i t  S t a t i o n  C a l c u l a t i o n s  

The p r e s s u r e  l o s s e s  and d i f f u s i o n  t h a t  occur due t o  mixing of t h e  
blade wake downstream of t h e  inducer cause s t r eaml ine  l o c a t i o n s  t o  
change from t h e  p o s i t i o n s  they  assumed a t  t he  blade t r a i l i n g  edge. The 
e x i t  s t a t i o n  c a l c u l a t i o n s  a s  d i scussed  i n  Reference 15 included t h e  
dump l o s s  e f f e c t s  but  made no p rov i s ions  f o r  s t r eaml ine  r e l o c a t i o n .  The 
ex i t  s t a t i o n  c a l c u l a t i o n s  have been modified such t h a t  r a d i a l  momentum 
i s  preserved by r e l o c a t i o n  of t h e  s t r e a m l i n e s .  The method of r e l o c a t i o n  
i s  based on s a t i s f y i n g  simple r a d i a l  equ i l ib r ium.  

b .  S t r e s s  Program 

The computer program f o r  p r e d i c t i o n  of inducer  blade stresses, which 
w a s  formulated du r ing  Task 11, w a s  v a l i d a t e d  du r ing  Task V I .  Both s t a t i c  
loading tes t s  and o p e r a t i o n a l  tes ts  w e r e  conducted w i t h  s t r a i n  gages 
mounted on t h e  inducer  b l a d e s .  The loading cond i t ions  were inpu t  t o  the  
computer program, and p r e d i c t e d  stresses w e r e  compared with t h e  t e s t  
d a t a .  I n  g e n e r a l ,  t h e  agreement between p r e d i c t e d  and measured va lues  
w a s  good. The maximum stress was p r e d i c t e d  ve ry  a c c u r a t e l y  f o r  a l l  con- 
d i t i o n s  where comparisons w e r e  made wi th  t h e  excep t ion  of t h e  c a v i t a t i n g  
case, as shown i n  t a b l e  26. 
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Table 26. Comparison of Values of Maximum Stress 

Maximum S t r e s s  (Thousands) 

P red ic t ed  T e s t  

Type T e s t  l b l i n .  2 N/  cm2 l b / i n . 2  N / c m 2  

S t a t i c  Load - Leading Edge 70 48 68 47 

S t a t i c  Load - Midchord 30 2 1  29 20 

S t a t i c  Load - T r a i l i n g  Edge 80 55 83.5 58 

Opera t iona l  (Noncavitating) - 22.5 15.5 24 1 7  
T e s t  3.02 

Operat ional  (Noncavitating) - 36.5 25.2 38 26 
T e s t  3.03-1 

Opera t i ana l  (Noncavitating) - 39 26.9 41  28 
Tes t  3.03-2 

Opera t iona l  (Noncavi ta t ing)  - 45.5 31.3 46 32 
Tes t  3.03-3 

Operat ional  (Cav i t a t ing )  - 34 23.4 25 17 
T e s t  3.05-1 

(1) S t a t i c  Loading Tes t s  

The o r i g i n a l  90-element breakup of t h e  inducer  blade which w a s  used 
f o r  t h e  design a n a l y s i s  of t he  inducer  i s  shown i n  f i g u r e  61. This  
breakup was used t o  s e l e c t  t he  load p o i n t s  f o r  concentrated loads on t h e  
blade t i p  nea r  t h e  l ead ing  edge (LE),  nea r  t h e  midchord r eg ion ,  and nea r  
t he  t r a i l i n g  edge (TE). Elements 6 ,  48,  and 90, r e s p e c t i v e l y ,  were 
s e l e c t e d  f o r  t h e  s t a t i c  load areas.  A s  d i scussed  i n  S e c t i o n  F1, a known 
load w a s  app l i ed  t o  each of t h e s e  a r e a s  so t h a t  a va lue  of loading pres-  
su re  could be inpu t  t o  t h e  computer program. 

(a) Leading Edge Loading 

To achieve a high degree of accuracy t h e  p r e d i c t i o n  o f  blade s t ress  
r e s u l t i n g  from a load app l i ed  t o  element 6 of t h e  breakup shown i n  f i g -  
u r e  61,  a f i n e r  element breakup w a s  s e l e c t e d  f o r  i n p u t  t o  t h e  computer 
program as shown i n  f i g u r e  90. The t o t a l  number o f  elements w a s  he ld  t o  
102 by using a c o a r s e r  breakup i n  the blade t r a i l i n g  edge r e g i o n ,  s i n c e  
t h e  stresses were expected t o  be low i n  t h i s  r eg ion .  However, t he  new 
breakup r equ i r ed  t h a t  t h e  p re s su re  load be app l i ed  over several of t he  
new elements t o  d u p l i c a t e  t h e  load cond i t ion  on t h e  previous element 6 .  
This  was accomplished by applying the  load t o  elements 11-14, 25-27, and 
36, as shown i n  f i g u r e  90. 
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Figure 90. 102 Element Break-Up of Inducer  
Blade f o r  Stress Analysis  
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Both t h e  p r e d i c t e d  and tes t  v a l u e s  of blade stresses r e s u l t i n g  from 
the  LE load are shown i n  f i g u r e  91. The t e s t  d a t a  can be compared wi th  
p r e d i c t i o n s  by i n t e r p o l a t i n g  between t h e  cons t an t  s t ress  contours  p l o t t e d  
i n  t h e  f i g u r e .  With a few excep t ions ,  t h e  t es t  d a t a  ag rees  wi th  t h e  pre- 
d i c t e d  d i s t r i b u t i o n  of stress.  Note t h a t  t he  maximum measured s t ress  
(near t h e  LE a t  t h e  hub) o f  67,880 p s i  (46,700 N/cm2) f a l l s  between t h e  
p r e d i c t e d  60,000 p s i  (41,400 N/cm2) and 70,000 p s i  (48,300 N/cm2) l o c i i .  
I n  s p i t e  of t he  r e l a t i v e l y  high g r a d i e n t s  of stress i n  t h e  LE r eg ion  t h e  
t es t  d a t a  g e n e r a l l y  f e l l  ve ry  c l o s e  t o  t h e  l o c a t i o n s  where t h e  p r e d i c t e d  
d i s t r i b u t i o n  would p l a c e  t h e  measured v a l u e s .  

DEX 
'N 

i77 

PREDICTED EFF 
STRESS CONTOURS 

10,000 
I 20,000 

30,000 
40,000 
w000 

70,000 

Figure 91. Measured and P r e d i c t e d  E f f e c t i v e  FD 39066B 
Stresses f o r  Leading Edge S t a t i c  
Loading 

(b) Midchord Loading 

The 90-element breakup was used f o r  p r e d i c t i o n  of t h e  blade s t r e s s e s  
r e s u l t i n g  from a load app l i ed  a t  t h e  t i p  i n  t h e  midchord r eg ion .  A uni-  
form p r e s s u r e  loading on element 48 w a s  i n p u t  t o  the  computer program. 
P red ic t ed  and measured v a l u e s  of t h e  b l ade  s t ress  are shown i n  f i g u r e  92. 
Again, t he  agreement i s  good f o r  maximum stresses and reasonably good f o r  
values  away from the  maximum stress area. The maximum measured s t ress  
occurred on t h e  hub and was 29,050 p s i  (20,000 N / c m 2 ) .  The maximum va lue  
p r e d i c t e d  w a s  approximately 30,000 p s i  (20,700 N/cm2), i n  t h e  same loca- 
t i o n  as t h e  tes t  p o i n t .  

(c) T r a i l i n g  Edge Loading 

A new 116 element breakup was used f o r  t he  case  of a t r a i l i n g  edge 
load ( f i g u r e  93 ) .  The breakup i n  t h e  t r a i l i n g  edge r eg ion  w a s  made 
f i n e r  t han  t h e  l ead ing  edge t o  improve t h e  accuracy i n  t h e  area where 
stresses would be h ighe r  and changing r a p i d l y .  The load element 90, 
from f i g u r e  61,  was r ep laced  by t h e  new elements 100-102 and 116 ( f i g -  
u re  94).  
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Figure  92. Measured and P red ic t ed  E f f e c t i v e  FD 48212 
S t r e s s e s  f o r  Midchord S t a t i c  Loading 

Figure 94  shows once aga in  t h a t  t h e  computer program p r e d i c t i o n s  
agree w i t h  t e s t  d a t a .  
(57,500 N/cm2) f a l l s  on top  of t h e  p r e d i c t e d  80,000 p s i  (55,100 N/cm2) 
l i n e .  The g r a d i e n t s  i n  t h e  t r a i l i n g  edge r eg ion  were ve ry  high f o r  t h i s  
loading c o n d i t i o n .  
s t r e s s  p o i n t  could p o s s i b l y  be ob ta ined  us ing  a f i n e r  breakup f o r  t h e  
computer program. 

The maximum measured s t ress  of 83,521 p s i  

Even b e t t e r  agreement a t  p o i n t s  away from t h e  maximum 

(d) Blade D e f l e c t i o n s  

A s  a f i n a l  check on t h e  computer program r e s u l t s ,  a 200-lb (890 N) 
load w a s  app l i ed  s e p a r a t e l y  a t  each o f  t h e  t h r e e  load elements and d e f l e c -  
t i o n s  of t he  blade along t h e  LE and t i p  normal t o  the  s u r f a c e  w e r e  m e a -  
sured and p r e d i c t e d  as shown i n  f i g u r e  95. The f i r s t  p r e d i c t i o n s  were 
made wi thou t  account ing f o r  t h e  e f f e c t  of t h e  f i l l e t  between t h e  b l ade  
and t h e  hub. To improve t h e  agreement, a second p r e d i c t i o n  w a s  made by 
i n c r e a s i n g  the  e f f e c t i v e  hub diameter t o  the  p o i n t  of  tangency between 
t h e  f i l l e t  and t h e  b l ade .  The curves show good agreement between pre- 
d i c t e d  and measured d e f l e c t i o n s  f o r  a l l  t h r e e  load conf igu ra t ions .  
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Figure  94. Measured and P red ic t ed  E f f e c t i v e  FD 48211 
Stresses f o r  T r a i l i n g  Edge S t a t i c  
Loading 
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(2) Operational Tests 

(a) Finite Element Breakup 

A new breakup consisting of 127 elements (figure 96) and a tapered 
leading edge was used for the prediction of blade stress under cavitating 
and noncavitating operating conditions. Results from the hydrodynamic 
loading computer program had indicated the extent of the blade pressure 
load under extreme conditions. For noncavitating operation, the blade 
loading should decrease rapidly from the LE. Under cavitating conditions, 
the high loading would extend further back. The flow deviation and 
unloading at the blade trailing edge was expected to cause a slight rise 
in stress in that area. Accordingly, the breakup shown in figure 96 was 
selected for analyzing blade stresses under above expected operating 
conditions. 

(b) Blade Hydrodynamic Loading 

Measured blade hydrodynamic pressure loads were available for only 
two radii. Therefore, some interpolation and extrapolation, based on the 
theoretical radial distribution of blade loading, was required to provide 
sufficient information for input to the computer program for prediction 
of blade stresses. Measured pressure data were linearly extrapolated 
and interpolated to obtain the blade loading distribution away from the 
leading edge area. Pressure taps were necessarily slightly removed from 
the leading edge so that the use of predicted loadings was necessary in 
this area. An example of a loading distribution derived,in this manner 
is shown in figure 97. The difficulty experienced in setting repeatable 
NPSH points for cavitating tests resulted, in some cases, in obtaining 
pressure data along only one radius. 
stant loading was assumed at locations away from the leading edge, and 
predicted loading was again used for the leading edge. A loading dis- 
tribution calculated in this manner is shown in figure 98. 

For these points, a radially con- 

( c )  Noncavitating Operation 

Figure 99 shows the predicted and measured stresses for noncavltating 
operation (NPSH = 106 ft, 32.3 m) at 100% speed and at inlet flow coef- 
ficients of 0.096, 0.090, and 0.084 (points 1, 2, and 3). Note the 
agreement between maximum measured stress and predicted stress distribu- 
tion. The value of predicted stress at the hub was found by extrapolat- 
ing from the predicted distribution along the dashed line shown in fig- 
ure 99a. One such curve is shown in figure 100. A maximum stress on the 
hub equal to 36,500 psi (25,200 N/cm2) , compared to the test value of 
37,600 psi (25,800 N/cm2) is shown. Note also in figure 99a that the 
other two test values on the dashed line also are close to the predicted 
values. 
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Figure  96. 127 Element Break-up of  Inducer FD 38863 
Blade f o r  S t r e s s  Analys is  
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Figure  98. P res su re  Load D i s t r i b u t i o n  Used f o r  FD 48215 
Input  t o  Inducer  S t r e s s  Program - 
Poin t  8 
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S t r e s s e s  - Opera t iona l  T e s t  
Point  1 

Predicted Effective Index .. 
A 2,500 1,725 
B 5,000 3,450 
C 10,000 6,890 
D 15,000 10,340 
E 20,000 13.780 
F 25,000 17.250 
G 30,000 20,670 
H 35,000 24,100 

FD 38863A. 

Figure  99b. Measured and Predic ted  E f f e c t i v e  
S t r e s s e s  - Opera t iona l  T e s t  
Po in t  2 

FD 48216 
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Figure 99 shows that the maximum stress decreases as the flow coeffi- 
cient increases. This is caused by the reduction of hydrodynamic loading 
resulting from the decrease in incidence as flow rate is increased. Zero 
incidence would occur at a value of flow coefficient approximately equal 
to the tangent of the tip blade angle, i.e., a flow coefficient of 
approximately 0.14. 
flow coefficient (a decrease of 8160 psi (5630 N/cm2) for an increase of 
0.012 in flow coefficient) indicates that the stress would approach zero 
at approximately 0.15 flow coefficient . 

The rate of change in measured maximum stress with 

For a given flow coefficient and noncavitating operation, the hydro- 
dynamic loading and resulting stresses and centrifugal stress at all 
given points theoretically are proportional to the square of the rotor 
speed. Table 27 is a tabulation of the measured stresses for 3 = 0.09, 
at 80% and 100% speed as shown in figures 99b and 101, and the stress 
obtained by scaling the 100% speed stress to 80% speed. Although close 
agreement is not obtained everywhere, the general trends are reasonable. 
Some of the differences at the lower stress levels may be due to inability 
to set the exact same flow coefficient in the two tests and the sensitivity 
of stresses to changes in flow coefficient, as discussed above. There- 
fore, the scaling of stresses by the square of speed (at constant flow 
coefficient), under noncavitating conditions, is acceptable. However, 
under cavitating conditions, the cavitation parameter, which varies 
inversely with speed squared, must also be held constant to allow speed 
scaling. 

Table 27. Effect of Speed on Blade Stress 
Distribution (6 = 0.09) 

Measured 100% Measured 80% 100% Values Scaled 
(4900 rpm) (3920 rpm) to 80% (3920 rpm) 

lb/in. 2 N / cm2 lb/in.2 N/cm2 lb/in.2 N/ cm2 

5 , 200 

--- 

41 , 180 

23,610 

7 , 680 

6 , 560 

4,240 

16 , 220 

6 , 910 

3,590 

28 , 400 

16 , 300 

5 , 290 

4,530 

2,910 

11 , 100 

4,760 

2 , 590 

9 , 040 

24 , 000 

14,310 

4,960 

3,270 

4 , 660 

7 , 010 

5 , 820 

1,780 

6 , 210 

16 , 500 

9,880 

3,420 

2,250 

3,220 

4 , 830 

4,010 

3 , 330 

- - -  

26 , 360 

15 , 110 

4,920 

4 , 200 

2,710 

10 , 380 

4 , 420 

2 , 320 
--- 

18,200 

10 , 400 

3 , 380 

2,880 

1,870 

7 , 160 

3,060 
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(d) Cavitating Operation 

Predicted and measured stresses for cavitating operation at point 8 
are shown in figure 102. Test conditions were 100% speed, 4 = 0.089, 
and NPSH = 50 ft (15.2 m). Most of the twelve strain gages installed for 
the operational tests were lost during the cavitating runs. Hence, only 
a limited amount of data was available for correlation with predictions. 
The agreement between predicted and measured stress was good with the 
exception of two points on the hub. 
34,000 psi (24,100 N/cm2) at the hub, compared to the measured value of 
25,000 psi (17,200 N/cm2) was obtained by extrapolation along the desired 
straight line in figure 102. 

The maximum predicted value of 

The pressure distribution input into the stress program is shown in 
figure 98. Note that the pressure loading at the LE is lower than that 
of the noncavitating run at the same condition, as shown in figure 97, 
but the load extends further back. Since the total blade loading for 
cavitating conditions is the same as for noncavitating conditions, (i.e., 
no l o s s  in head rise) the lower LE loading and the distribution of the 
load over a larger area will result in lower stresses as demonstrated. 

c. Vibration Program 

The computer program formulated in Task I1 for the prediction of 
inducer blade natural frequencies, mode shapes, and relative stress dis- 
tribution was validated in Task VI using laboratory test data. The test 
data and the methods by which it was obtained are discusse,d in Sec- 
tions F1 and F2. 
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P red ic t ed  d a t a  were ob ta ined  using t h e  90-element a n a l y t i c  breakup of 
t he  inducer blade shown i n  f i g u r e  61. Na tu ra l  f r equenc ie s  and node shapes 
f o r  t h e  f i r s t  t h i r t e e n  v i b r a t i o n  modes and r e l a t i v e  e f f e c t i v e  s t ress  d i s -  
t r i b u t i o n  f o r  t h e  f i r s t  fou r  modes were computed and compared wi th  t h e  
t e s t  d a t a .  The tes t  d a t a  were converted t o  r e l a t i v e  s t ress  by comparing 
the  r e l a t i o n s h i p  of a l l  s t r e s s  d a t a  t o  t h e  h i g h e s t  s t ress  d a t a .  P red ic t ed  
r e l a t i v e  s t r e s s  d i s t r i b u t i o n s  were obtained by e x t r a p o l a t i n g  f i n i t e  ele- 
ment stresses t o  l o c a t e  t h e  h i g h e s t  s t ress  and normalizing a l l  o t h e r  
va lues  t o  t h i s  h i g h e s t  s t ress .  

A comparison of p r e d i c t e d  wi th  measured n a t u r a l  frequency and t i p  
nodal p o s i t i o n  i s  shown i n  t a b l e  28. Gene ra l ly ,  t h e  agreement between 
p red ic t ed  and measured frequency was good. For the  f i r s t  f o u r  modes pre- 
d i c t e d  f r equenc ie s  agreed wi th  measured v a l u e s  w i t h i n  4%; however, t h e  
e r r o r  i n  frequency p r e d i c t i o n  w a s  as much as 27% f o r  t h e  o t h e r  modes. 
Node shapes could no t  be measured a c c u r a t e l y  because of t h e  small d i s -  
placements away from t h e  t i p ,  b u t  t h e  node - t ip  i n t e r s e c t i o n  f o r  t h e  f i r s t  
fou r  modes i s  shown i n  t h e  t a b l e .  A c o n s i s t e n t  e r r o r  i n  t h e  p red ic t ed  
l o c a t i o n  of t h e  nodes i s  apparent  but  t h e  p r e d i c t e d  node l o c a t i o n s  a r e  
spaced approximately t h e  same as t h e  measured nodes. 

E r r o r s  i n  p r e d i c t i n g  t i p  nodal p o s i t i o n s  and high mode r e sonan t  f r e -  
quencies a r e  probably due t o  the  choice of t h e  displacement f u n c t i o n  
(Sec t ion  B2) and t h e  use o f  a r e l a t i v e l y  coa r se  f i n i t e  element breakup i n  
the a n a l y s i s .  A f i n e r  breakup would more a c c u r a t e l y  account f o r  t h e  
inc reased  bending which occurs  a t  t he  h i g h e r  modes. 
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Table 28. P r e d i c t e d  and Experimental  Na tu ra l  Frequencies 

Mode P r e d i c t e d  P red ic t ed  Experimental E r r o r  Experimental 
Frequency, Tip Mode Frequency, T i p  Node 

(HZ) P o s i t i o n  (HZ) Pos i t  i o n  

o/o* 1105 

110 1262 

210 1438 

3 10 15 83 

410 1782 

5 I O  

6 I O  

7 10 

810 

9 10 

10 10 

1110 

1 2  10 

2019 

2294 

2709 

3127 

36 33 

4167 

4751 

5 345 

LE 

Nodes 8 
0 

106 7 

12 45 

1408 

1522 

1640 

1740 

1947 

2158 

2858 

3284 

(3 3.5% 

1.3% 

2.1% 0 
4.0% 

7.4% 

16 % 

18% 

26% 

27% 

2 7% 

4315 24% 

* F i r s t  number is  number of r a d i a l  nodes and second number i s  number of 
c i r c u m f e r e n t i a l  nodes. 

P red ic t ed  and measured re la t ive stress d i s t r i b u t i o n  f o r  t h e  f i r s t  
fou r  modes are compared and d i scussed  s e p a r a t e l y  i n  t h e  fol lowing para- 
graphs.  Gene ra l ly ,  i t  i s  shown t h a t  the computer program a c c u r a t e l y  
p r e d i c t s  t h e  f i n i t e  element a t  which maximum stress  occurs  a t  each of t he  
f i r s t  fou r  modes. 
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(1) First Mode (O/O, Umbrella) 

The measured first natural frequency was 1067 Hz compared with a pre- 
dicted frequency of 1105 Hz. 
shown in figure 103. 
are consistent. 
predicted and measured stresses are shown to occur at the same point 
(node 5 ) .  

Predicted and measured stress contours are 

More important from a design point of view, the highest 
In general, the predicted and measured contours 

Figure 103. Measured and Predicted Relative 
Vibratory Stress Contours - 
First Mode 

FD 38862C 
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(2)  Second Mode (11'0) 

The measured second n a t u r a l  frequency was 1245 H z  as compared t o  a 
p r e d i c t e d  frequency of 1262 Hz.  Again, stress contours  a s  shown i n  f i g -  
u r e  104, show t h a t  test d a t a  are c o n s i s t e n t  w i t h  p r e d i c t e d  data .  
h i g h e s t  stresses w e r e  p r e d i c t e d  t o  occur  a t  node 1 which w a s  aga in  veri- 
f i e d  by tests. 

The 

(3) Third Mode (2/0) 

The measured va lue  of t h e  t h i r d  n a t u r a l  frequency was 1408 H z  a s  
compared t o  a p r e d i c t e d  frequency o f  1438 H z .  
i n  f i g u r e  105, do n o t  a g r e e  a s  c l o s e l y  a s  t hey  d i d  f o r  t h e  f i r s t  and 
second modes. 
of element 56 wi th  s l i g h t l y  lower stresses occur r ing  a t  t h e  LE r o o t  and a t  
r o o t  p o s i t i o n s  around the rest of t h e  hub. 
t h a t  t he  maximum s'tress occurs  a t  t h e  LE r o o t  and decays t o  much lower 
va lues  a t  r o o t  p o s i t i o n s  around t h e  hub. 
t h e r e  were i n d i c a t i o n s  of r e a r  s t r a i n  gages s l i p p i n g  du r ing  t h e  h ighe r  
mode tests. When t h i s  happens the  recorded stress w i l l  be too low and 
r e l a t i v e  stresses would b e  based on a r ead ing  a t  some o t h e r  p o i n t ,  d i s -  
t o r t i n g  t h e  contour  p l o t s .  Because o f  t h e  suspected gage s l i p p a g e ,  t he  
measured relative stresses n e a r  t h e  LE hub were a d j u s t e d  t o  agree wi th  pre- 
d i c t e d  va lues  as shown i n  f i g u r e  106. Note t h a t  t h e  p r e d i c t e d  and measured 
relative stress contours are c o n s i s t e n t  over  t h e  f r o n t  h a l f  of t h e  blade.  
Also,  t h e  measured relative stresses i n  t h e  rear h a l f  tend t o  much lower va lues  
than p r e d i c t e d ,  which i s  c o n s i s t e n t  w i th  t h e  conclusion t h a t  t h e  rear s t r a i n  
gages were i n d i c a t i n g  low s t r a i n s  due t o  s t r a i n  gage s l i p p i n g .  

S t r e s s  con tour s ,  a s  shown 

The h i g h e s t  stress was p red ic t ed  t o  occur a t  t h e  c e n t r o i d  

The test d a t a ,  however, i n d i c a t e s  

A s  d i scussed  i n  Sec t ion  F2,  

When t h e  p r e d i c t e d  d a t a  i s  compared wi th  the a d j u s t e d  measured d a t a  
a good c o r r e l a t i o n  of t h e  p red ic t ed  and measured maximum stress p o i n t  
and stress contours  i s  shown f o r  t h i s  mode. 

(4) Fourth Mode ( 3 1 0 )  

The measured f o u r t h  n a t u r a l  frequency was 1522 Hz a s  compared t o  a 
p red ic t ed  frequency of 1583 H z .  The p r e d i c t e d  and measured r e l a t i v e  
stress contours  are c o n s i s t e n t ,  as shown i n  f i g u r e  107. The maximum 
stress w a s  p r e d i c t e d  t o  occur  a t  t h e  c e n t r o i d  of element 80, whereas 
tests i n d i c a t e d  t h a t  i t  occurred a t  node 57. 
i t  w a s  suspected t h a t  gages had s l i p p e d  i n  t h e  r eg ion  of element 80 and 
t h a t  t h e  stress w a s  a c t u a l l y  h ighe r  t han  t h a t  measured. 
stress at  t h e  LE hub w a s  t h e r e f o r e  aga in  a d j u s t e d  t o  ag ree  w i t h  t h e  pre- 
d i c t e d  v a l u e  a t  t h i s  p o i n t  as shown i n  f i g u r e  108. 
relative stress contour aga in  shows c l o s e  agreement between p r e d i c t e d  and 
measured maximum stress l o c a t i o n s .  

A s  i n  t h e  case of t h e  t h i r d  mode, 

The measured relative 

The r e s u l t i n g  measured 

I n  g e n e r a l ,  t he  agreement of p r e d i c t e d  v i b r a t o r y  c h a r a c t e r i s t i c s  of 
t h e  inducer  w i th  test d a t a  ob ta ined  i n  Task V I  i n d i c a t e s  t h a t  t h e  induce r  
v i b r a t i o n  program is  a u s e f u l  t o o l  f o r  design purposes and no changes are 
required.  This  accuracy is f u r t h e r  s u b s t a n t i a t e d  by t h e  agreement between 
p r e d i c t e d  d a t a  and t h e o r e t i c a l  p l u s  experimental  d a t a  f o r  geometric shapes 
as d i scussed  i n  S e c t i o n  B2. 
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Figure 104a. Measured and P r e d i c t e d  R e l a t i v e  
Vib ra to ry  S t r e s s  Contours - 
Second Mode, P r e d i c t e d  

FD 48220 
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0.2 

FD 48223. Figure  104b. Measured and P red ic t ed  Relative 
Vibra tory  S t r e s s  Contours - 
Second Mode, Measured 
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Figure 105a. Measured and Predic ted  Relative 
Vibra tory  S t r e s s  Contours - 
Third Mode, Predic ted  

FD 48222 
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0.1 0.2 

Figure 105b. Measured and Predicted Re la t ive FD 48223 
Vibratory Stress Contours - 
Third Mode, Measured 
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Figure  106. Adjusted Measured Re la t ive  Vibra tory  FD 48224 
S t r e s s  Contours - Third Mode 
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Figure  107a. Measured and P red ic t ed  Vibra tory  FD 48225 
S t r e s s  Contours - Fourth Mode, 
Predic ted  
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Figure  107b. Measured and Predic ted  Vibra tory  FD 48226 
S t r e s s  Contours - Fourth Mode, 
M e  as u re d 
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Figure  108. Adjusted Measured Relative Vibra tory  FD 48227 
S t r e s s  Contours - Four th  Mode 
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SECTION 111 
CONCLUDING REMARKS 

Based on t h e  r e s u l t s  o f  t h e  a n a l y t i c a l  and experimental  program 
desc r ibed  h e r e i n ,  t h e  fol lowing conclusions can be drawn i n  regard t o  
the computer programs developed t o  p r e d i c t  inducer  blade p r e s s u r e s ,  
stresses, and v i b r a t i o n  characterist ics.  

1. Hydrodynamic Program 

The hydrodynamic computer program i s  capable  o f  a c c u r a t e l y  p r e d i c t i n g  
blade s u r f a c e  p re s su res  under noncav i t a t ing  cond i t ions .  However, t h e  
p re sen t  c a v i t a t i o n  model, while  s a t i s f a c t o r y  a t  some NPSH l e v e l s ,  does not  
a c c u r a t e l y  p r e d i c t  c a v i t y  l e n g t h  over  the complete NPSH range from c a v i -  
t a t i o n  i n c e p t i o n  t o  head f a l l - o f f .  The p red ic t ed  c a v i t y  l e n g t h  i s  too 
long a t  h igh  NPSH l e v e l s  and too  s h o r t  a t  low NPSH values .  

The approach taken i n  t h e  c a v i t a t i o n  model appears t o  be sound and 
the  d i sc repancy  i n  c a v i t y  l e n g t h  i s  a t t r i b u t e d  t o  t h e  i n f l u e n c e  o f  some 
v a r i a b l e  not  considered i n  t h e  model. Add i t iona l  ref inements  may be 
r equ i r ed  t o  improve t h e  accuracy o f  t h e  p r e d i c t i o n  system. 

The hydrodynamic program can analyze var ious b l a d e  l ead ing  edge con- 
f i g u r a t i o n s ,  i nc lud ing  r a d i a l  edges and varying degrees of sweepback. 
However, a l l  of t h e  t e s t i n g  was performed on an inducer  w i th  a r a d i a l  
l ead ing  edge, and t h e  accuracy o f  the model w i th  sweepback has no t  been 
v a l i d a t e d .  

A s  f a l l - o u t  from t h e  development o f  a b l ade  load ing  p r e d i c t i o n  system, 
the hydrodynamic program a l s o  provides a unique performance p r e d i c t i o n  t o o l .  
With only minor mod i f i ca t ions  t h e  program can p r e d i c t  t h e  e f f e c t  on per-  
formance of geometric changes inc lud ing  blade t i p  c l ea rance .  

2. S t r e s s  and Vib ra t ion  Programs 

The c a p a b i l i t y  o f  t h e  computer programs, developed f o r  t he  p r e d i c t i o n  
o f  stress and v i b r a t i o n  c h a r a c t e r i s t i c s  o f  i nduce r s ,  has been demonstrated 
by comparing p red ic t ed  r e s u l t s  w i t h  t h e  r e s u l t s  o f  t h e o r e t i c a l  a n a l y s i s  
and measured r e s u l t s .  This c o r r e l a t i o n  has proven t h a t  a complex shape 
such as an inducer can be analyzed by t h e  f i n i t e  element technique. I n  
gene ra l ,  p red ic t ed  va lues  us ing  both programs show good agreement wi th  
t h e o r e t i c a l  and measured r e su l t s .  The level and l o c a t i o n  o f  t h e  maximum 
b lade  stress under both s t a t i c  and o p e r a t i o n a l  loads can be p red ic t ed  ve ry  
accu ra t e ly .  The p red ic t ed  n a t u r a l  f requencies  o f  t h e  b l ades  f a l l  w i t h i n  
4% o f  measured va lues  i n  t h e  f i r s t  four  modes. The l o c a t i o n  o f  nodal 
p o i n t s  a t  a l l  modes and n a t u r a l  f r equenc ie s  a t  t h e  h ighe r  modes 
(modes f o u r t h )  cannot be p r e d i c t e d  as a c c u r a t e l y .  

This discrepancy seems t o  p o i n t  t o  t h e  n e c e s s i t y  o f  u s ing  so -ca l l ed  
"compatible" t r i a n g l e s  which are no t  used i n  t h e s e  programs. S t i f f n e s s  
matrices for  such t r i a n g l e s  a r e  de r ived  s o  t h a t  t h e  normal s l o p e s  between 
common edges o f  t r i a n g l e s  are equal .  This technique guarantees  t h a t  t h e  
s o l u t i o n  w i l l  approach an asymptotic va lue  monotonically and w i l l  no t  
o s c i l l a t e  as  t he  element i s  made sma l l e r .  
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The v i b r a t i o n  program can a l s o  be improved by no t  only u s i n g  
"compatible" t r i a n g l e s ,  b u t  by a l s o  using a f i n e r  breakup. Since t h e  
eigenvalue program l i m i t s  t h e  breakup t o  only 50 f r e e  nodes, a f i n e r  
breakup can be achieved only by i n c r e a s i n g  t h e  al lowable number o f  
nodes t o  more than 50. This can be accomplished e i t h e r  by u s i n g  an 
i t e r a t i o n  technique,  by u s i n g  an eigenvalue sub rou t ine  which r e q u i r e s  
more computer s t o r a g e ,  o r  by us ing  subsystem a n a l y s i s  i n  a manner s imi l a r  
t o  t h a t  used i n  t h e  stress program. 

It would a l s o  be advantageous t o  combine t h e  two (stress and v i b r a t i o n )  
programs by s o l v i n g  t h e  eigenvalue problem i n  t h e  common system, s o  t h a t  
no approximations t o  t h e  d i r e c t i o n  o f  b l ade  motion would have t o  be made. 

P o t e n t i a l i t i e s  o f  t h e s e  programs can be inc reased  by providing o t h e r  
op t ions  as follows: 

1. Var i ab le  th i ckness  b l ade  i n  p l ace  o f  tapered b l ade  

2. P re sc r ibed  displacements o f  a l l  boundaries.  This could 
be used f o r  f l e x i b l e  hubs 

3. Var iab le  o f f s e t  r ad ius .  This would al low more f l e x i b i l i t y  
i n  d e s c r i b i n g  s u r f a c e s  

4 ,  Thermal stresses 

5. Shear deformation 

6 .  Forced v i b r a t i o n s  

7 .  Equate l ead ing  and t r a i l i n g  edge d e f l e c t i o n s  f o r  a n a l y s i s  of 
complete s h e l l s .  

3 .  General 

I n  t h e  course o f  providing experimental  d a t a  f o r  c o r r e l a t i o n  w i t h  
computer program p r e d i c t i o n s ,  a h igh ly  r e f i n e d  and a c c u r a t e  technique 
has been developed f o r  measuring blade s u r f a c e  p re s su res  on a r o t a t i n g  
inducer.  
v i o u s l y ,  they had n o t  been operated a t  such h igh  r o t a t i v e  speeds o r  i n  
water. The p r e s s u r e  t a p  purge system employed, overcame t h e  i n h e r e n t  
problem o f  account ing f o r  c e n t r i f u g a l  e f f e c t s  o f  water i n  t h e  p r e s s u r e  
t a p  tubing.  This  purge procedure makes p r a c t i c a l  t h e  measurement of 
p re s su res  w i t h i n  almost any type o f  pump impe l l e r .  

Although v a r i a t i o n s  o f  t h e  scanning va lve  have been used pre-  
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APPENDIX A 
LITERATURE SURVEY 

1. VANE HYDRODYNAMIC LOADING UNDER CAVITATING AND NONCAVITATING CONDITIONS 

a. Velocity and Pressure  Distribution 

1. 

2. 

3 .  

4.  

5. 

Acost, ,  A. J., "An Experimental  and Theoretical I n v e s t l -  
g a t i o n  01 Two-Dimensional Centrlfug?l-Pomp Impel le rs , "  Trans. 
ASME 76, 5 ,  749-763, J u l y  1954. An enpcrimental  and theu- 
r e t i c a l  m v e s t t g a t i a n  on a ~ e r ~ e s  o f  two-dimensional c e n t r t l -  
ugal-pmp rmpel le rs  has  been made in an e f f o r t  t o  de tc rmme 
the u s e f u l n t s s  of p o t e n t l a 1  theory  f u r  the  d e s c r l ( , t w n  o r  
the flow. Computed va lues  of th' developed head and prLssurr 
d i s t r i b u t i o n  on t h e  vane s u r f a c e s  are compared wl th  measure- 
ments on two-. four - ,  and six-vaned logar i thmic  s p ~ r a l  
Impel le rs .  The agreement between the  observed and predxcted 
q u a n t i t i e s  1s reasonably  good f o r  o p e r a t i n g  p o i n t s  where the  
inf luence  o f  the  i n l e t  tu rn  on the I n t e r n a l  flow i s  l e a s t .  
The d i s c r e p a n c i e s  which occur a t  o t h e r  flow r a t e s  are a t t n -  
buted t o  real f l u i d  e f f e c t s  which are  observed I" the  ~ m -  
pe11er passages.  

Betz ,  A . ,  "On the  C a l c u l a t i o n  of Cascade Flow a t  F a ~ r l y  
Great Dis tances  Between the  Blades," ( m  German), ZAMM 33, 
4 ,  113-116, A p r i l  1953. The s i n g u l a r i t y  m t h o d  f o r  c a l -  
c u l a t i n g  the  flow around a i r f o i l s  m cascade was developed 
by the  au thor  in 1931. The fundamental Ldea of t h i s  method 
Consists 10 r e p l a c i n g  the a i r f o i l s  ~n cascade  e i t h e r  by 
single v o r t e x e s  or by continuous distributions of vor texes .  
l h e  flow around each a r r f o i l  w l l l  then be found by t h e  
s u p e r p o s i t i o n  of t h r e e  flows: (1) The flow w h x h  1s not 
being d i s t u r b e d  by the  a i r f o i l  i n  cascade ("mean flow"), 
(2)  the  flow which IS induced by thc a i r f o i l  zn ques t ion ,  
(3) the  flow which IS induced by t h e  remaining a i r f o r l s .  
By a p p l i c a t i o n  o f  sources and s i n k s  one c a n  a l s o  take m t o  
c o n s i d e r a t i o n  t h e  shape ( t h i c k n e s s )  of the airfoils. 

executed only  by a g r a p h i c a l  i n t e g r a t i o n .  I n  t h i s  case both 
p r i n c i p a l  t a s k s  - (a)  c a l c u l a t i o n  of the  shape of the  a z r -  
f o i l s ,  and (b) s tudy  of the  e f f e c t  o f  any e x i s t i n g  a i r f o i l s  
i n  cascade - can be solved wi th  any s u f f i c i e n t  exac tness .  
(See, e .g . ,  APM 462, 1952.) 

I n  t h i s  paper,  t h e  au thor  c o n s i d e r s  m f i n i t e l y  t h l n  a i r -  
f o i l s  I" cascade. The t h i r d  of the  above-mentioned flows 
IS represented  by a series development. Only the  f i r s t  t e r m  
need be used when t h e r e  are s u f f i c i e n t l y  g r e a t  d i s t a n c e s  
between the a i r f o r l s  Cn cascade .  The c o n s i d e r a t i o n  o f  a 
c e r t a i n  d i s t r i b u t i o n  o f  v o r t i c i t y  ~ ( 1 )  a long  the  a l r f o l l ' s  
l e n g t h  k? i s  reduced t o  turn ing  moments and mments  o f  I n e r t l a  
o f  the  d i s t r i b u t i o n  o f  vor tLcI ty .  This  means a cons iderable  
abridgment of the  c a l c u l a t i o n a l  work, end s u f f i c i e n t  e x a c t n e s s  
w i l l  be obta ined  f o r  la rge  d i s t a n c e s  between the  a r r f o x l s  i n  
cascade. 

The c a l c u l a t i o n s  following t h i s  method can g e n e r a l l y  be 

Brown, R. L.,  and 8. G. Trout .  "Axrally-Symmetric Flow 
Between Prescr ibed  Surfaces  and Pump I n l e t  Design," ASME- 
Paper 63-AHGT-32 f o r  Meeting 3 t o  7 March 1963, 5 p. Study 
t o  determine a c t u a l  v e l o c i t y  d i s t r i b u t i o n s  between s u r f a c e s  
o f  r e v o l u t i o n  from experimental  d a t a ,  and des ign  of impel le r  
an t h i s  b a s i s  t o  see t o  what e x t e n t  performance could be 
improved, t e s t  d a t a  were run on water  a t  530,000 Re, and 
on air a t  180,000 Re r e s u l t s  compared wzth p o t e n t i a l  
p a t t e r n  pred ic ted  on baais of omviscous f l u i d  flow. 

C a r t e r ,  A D S , "Blade P r o f i l e s  for  Axial-Flow Fans,  
Pumps, Compressors, e te . , "  Proc.  I n s t n .  Mech. Engrs (Appl. 
Mech.) 175, 15, 775-806, 1961. In t h i s  paper the bas lc  
f a c t o r s  c o n t r o l l i n g  b lade-sec t ion  performance are  f l r s t  
examined. I t  is shown t h a t  s u b s t a n t i a l  d i f f e r e n c e s  i n  
performance may be expected from p r o f l l e s  having d i f f e r e n t  
f l u i d  s u r f a c e  v e l o c i t y  d i s t r i b u t i o n s .  Thus some d i s t r i b u t i o n s  
favor a wide working range while another  may be more s u i t a b l e  
f o r  v e r y  high-speed opera t ion ,  and so on. A des i red  v e l o c i t y  
d i s t r i b u t i o n  may be achieved by a p p r o p r m t e l y  s e l e c t l o g  
the  v a r i o u s  phys ica l  parameters ,  such as maximum th ickness ,  
p o s i t i o n  of maximum t h i c k n e s s ,  p o s i t i o n  o f  maximum camber, 
e t c .  which d e f i n e  t h e  b lade  p r o f i l e .  Thus i f  a particular 
performance i n  t e r m s  of i n l e t  angle ,  d e f l e c t m n ,  Mach number, 
and inc idence  and Mach number range LS specified, t h e r e  will 
be a p a r t i c u l a r  b lade  p r o f i l e  t o  do the  Job. These c o n d l t l a n s  
w i l l  have been determined by t h e  o v e r a l l  des ign  cons ider -  
a t i o n s ,  and the  V B ~ L O U S  f e a t u r e s  whlch t h e  p r o f l l e  des lgner  
can then choose Lo meet them are f u l l y  d iscussed  i n  the 
second p a r t  o f  t h e  paper 

a p p l i c a t i o n s  are discussed .  I t  is shown t h a t ,  on the  b a s l s  
of the  e a r l i e r  p a r t s  o f  t h i s  paper,  c e r t a i n  a p p l i c a t i o n s  
demand s i g n i f i c a n t l y  d i f f e r e n t  b lade  p r o f i l e s .  Evidence is 
given t h a t  s u b s t a n t i a l  g a i n s  have been achieved by using t h e  
a p p r o p r i a t e  b lade  p r o f i l e  f o r  some d u t i e s ,  from which It is 
concluded cha t  proper  a t t e n t i o n  t o  the  s e l e c t i o n  o f  p r o f l l e s  
f o r  a l l  d u t r e s  must lead t o  an a l l - round improvement i n  the  
performance of  these  machines. 

C o s t e l l o ,  G. R . ,  R. L.  Cuam~ngs, and J .  T. S l n n e t t e .  Jr., 
"Detailed Gomputational Procedure f o r  Design of Cascade 
Blades wi th  Prescr ibed  Veloc i ty  D i s t r i b u t i o n s  in Compressible 
P o t e n t i a l  Flows," NACA - Report 1060, 1952, 14 p. d i a g r s .  
c h a r t s ,  t a b l e s .  Supersedes NACA - Tech Note 2281 indexed 
I n  Engineering Index 1951 p 486. 

f o r  t h e  des ign  o f  two-dhens iona l  cascade  b lades  having a 
prescr ibed  v e l o c i t y  d i s t r i b u t i o n  on the  b lade  in a p o t e n t i a l  
flow of t h e  usua l  compress ib le  fluLd. T h i s  o u t l m e  IS based 
on the  assumption t h a t  the  magnitude of t h e  v e l o c i t y  in the  
flow of t h e  usual compressible nonviscous f l u i d  is propor- 
t i o n a l  t o  the  magnitude of t h e  v e l o c i t y  in the  flow o f  a 
comppressrble nonviscous f l u i d  wi th  l i n e a r  pressure-volume 
r e l a t i o n .  The computational procedure i n c l u d e s  s e v e r a l  ways 

In the  f i n a l  s e c t i o n  the  requrrements of some i l l u s t r a t i v e  

. A d e t a i l e d  step-by-step eomputa tmnal  o u t l i n e  IS presented  
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of a d J u s t i n g  the  prescr ibed  ve locxty  t o  s a t i s f y  r e s t r i c t i o n s  
imposed by t h e  method. Tables  of c o e f f i c i e n t s  a r e  given for  
e v a l u a t i n g  t h e  necessary  m t e g r a l s ,  m c l u d i n g  the  determina- 
t i o n  of the  harmonw conjugate  func t ion .  Numerical examples 
a t e  included. 

6 .  Durand, W.F., "Flow Through B L a t t i c e  Cmposed o f  A i r  
Fo i l s , "  p 91-96. Aerodynwic Theory, Volume I1 (General 
Aerodynwice l  Theory - P e r f e c t  F l u i d s  by T. von Karman 
and J. M. Burgers. F i r s t  E d i t i o n ,  1963.) An e x a c t  s o l u t i o n  
i s  presented  f o r  t h e  two-dimensional flow f i e l d  thraugh 
a l a t t i c e  of f l a t ,  s t r s i g h t  a i r f o i l s  us ing  conformal mapping 
techniques  wi th  use of e g e n e r a l i z a t i o n  o f  t h e  Joukowski 
t rensformat ian .  Treatment f a r  bo th  Staggered and nonstaggered 
f l a t  (uncsmbered) a i r f o i l s  is given. Extens ion  o f  t h e  theory 
t o  inc lude  a i r f o i l s  of var ious  camber and th ickness  can he 
made. (See United A i r c r a f t  Research Department Report 
R-23010-12, Feb 23, 1953.) 

J. Math. Phys. 32. 1. 34-42, Apr 1953. The paper p r e s e n t s  
B t h e o r e t i c a l  s o l u t i o n  and comparison w i t h  experiment for 
t h e  secondsry flow w i t h i n  a bend of a tube  wi th  rec tangular  
cross s e c t i o n .  The theory  n e g l e c t s  v i s c o s i t y  and campressi-  
b i l i t y  and u t i l i z e s  l i n e a r i z e d  equat ions  of motion f o r  t h e  
secondary flow. The e q u a t i o n s  are so lved  f o r  t h e  i n i t i a l  
c o n d i t i o n s  of cons tan t  s t a g n a t i o n  p r e s s u r e  i n  t h e  r e d i a l  
d i r e c t i o n  and l i n e a r  decrease  from t h e  c e n t e r  t o  the  upper 
end lover wel ls .  The t h e o r e t i c a l  r e s u l t s  agree w e l l  wi th  
experiments a t  the  30" s t a t i o n  of an 84". x 84". square  
tube  w i t h  a 90" bend o f  mean r a d i u s  28 in. The agreement 
i s ,  however, on ly  s l i g h t l y  b e t t e r  t h a n  i t  is f o r  t h e  
s i m p l i f i e d  theory of Squi re  and Winter,  which wsumes two- 
dimensional flow end n e g l e c t s  changes in t h e  d i r e c t i o n  o f  
i n c r e a s i n g  bend angle.  It i s  concluded t h a t ,  f o r  cases the 
same a8 or l e s s  mvere than  t h a t  i n v e s t i g a t e d ,  the  s i m p l i f i e d  
theory  is adequate f o r  c o r r e c t i o n s  t o  t h e  flow in t h e  b lade  
passages  of B compressor. 

p r e e s i b l e  Flow in C e n t r i f u g a l  Compressor With Logarithmic- 
S p i r a l  Blades," NACA TN 2255, 46 pp.. Jan. 1951. Authors 
epply methods previous ly  developed by t h e  second au thor  
t o  i n v e s t i g a t e  flow in a compressor where t h e  c e n t e r  line 
o f  the  flow pessagee l i e s  i n  a r i g h t  c i r c u l a r  cone. t h e  
a x i s  of which 1s c o i n c i d e n t  w i t h  the  a x i s  of t h e  compressor. 

t echniques ,  i n d i c a t e  t h a t  a r e d u c t i o n  i n  eddy flow may be 
a t t a i n e d  w i t h  backward o r  f o w e r d  curved b lades  as c m -  
pared t o  r a d i a l  b l s d e s .  The sugges t ion  o f  improved a d i s b e t i c  
e f f i c i e n c y  fo l lows  i m e d i a t e l y .  I n d i c a t e d  constancy o f  
s t a t i c  p r e s s u r e  r a t i o  between s t r a i g h t  end curved b lades  
sugges t  t h a t  t h e  d i f f u s e r  problem is l e s s  c r i t i c a l  w i t h  
backward curved blades .  

7. Eichenberger,  H.P., "Secondary Flow Within a Bend," 

8. E l l i s ,  G.O., and J .D.  S t a n i t z ,  "Two-Dimensional C m -  

The q u m t i t s t i v e  r e s u l t s ,  ob ta ined  by relaxation-method 

Not intended f o r  e s t a b l i s h i n g  des ign  c r i t e r i a ,  the  
computed r e s u l t s  c l e a r l y  i n d i c a t e  t h e  d e s i r a b i l i t y  o f  
exper imenta l  i n v e s t i g e t i o n s  upon which des ign  c r i t e r i a  
may be based. 

9 .  F s n t i ,  R..  "Elementary Incompress ib le  Solu t ion  f o r  the  
Performance of A i r f o i l s  of A r b i t r a r y  Shape i n  en A r b i t r a r y  
Cascade," United A i r c r a f t  Corpora t ion  Research Department, 
Report  R-23010-12, Feb 23, 1953. A s o l u t l o n  f o r  the  
incompress ib le ,  two-dimensional p r e s s u r e  d i s t r i b u t i o n  on  
an a r b i t r a r y  a i r f o i l  in cascade is der ived  us ing  a combina- 
t i o n  of t h e  conformal t ransformst ion  and s i n g u l a r i t y  methods. 
The conformal mopping technique  is used t o  transform t h e  
flow about a c i r c l e  i n  one plane  i n t o  a l a t t i c e  o f  s taggered  
f l a t - p l a t e  a i r f o i l s  i n  another  plane.  
p o t e n t i a l s  are  then d i s t r i b u t e d  a long  the  s u r f a c e s  of t h e  
f l a t - p l a t e  a i r f o i l s  t o  produce the  c o n t r i b u t i o n  of v e l o c i t y  
p o t e n t i a l  r e s u l t i n g  from a i r f o i l  th ickness  end shape. The 
s o l u t i o n  i s  presented  i n  t h e  form of nn i n t e g r a l  equat ion ,  
which is e a s i l y  so lved  by i t e r a t i v e  procedure,  and 16 
r s p i d l y  convergent ,  

10. Gruber, J., "Design of  Blade P r o f i l e s  f o r  Axial-Flow 
Turbanachines," ( i n  German), Maschinenbeu-Technik 2 ,  5 ,  
209-217, May 1953. A s i m p l i f i c a t i o n  o f  Theodorsen's 
'Theory of  Wing Sec t ions  o f  A r b i t r a r y  Shape" (NACA TR 411) 
has  been presented  by Thweites (Acre. Res. Counc. Rep. 
Mem. nos. 2166, 2167). P r e s e n t  paper s i m p l i f i e s  Thwaites '  
method, p a r t i c u l a r l y  as t o  c a l c u l a t i o n  of e f f e c t  of b lade  
c u r v a t u r e .  S impl i f ied  method can be used f o r  c a l c u l a t i o n  
o f  v e l o c i t y  and p r e s s u r e  d i s t r i b u t i o n  around r e l a t i v e l y  
t h i n ,  s l i g h t l y  curved b l a d e s  of a r b i t r a r y  w c t i o n .  and 
f o r  converse  problem. Paper inc ludes  u s e f u l  review o f  
fundamental theory .  

Around Some Conventional Turbine Bledes in Cascade," 
Aero. Res. Counc. Lond. Rep. Mem. 2765, 10 pp., Mar. 1950, 
publ i shed  1953. T h i s  r e p o r t  p r e a e n t s  c m p a r a t i v e  r e s u l t s  
b e w e e n  t h e o r e t i c a l  p r e s s u r e  d i s t r i b u t i o n s  around a s p e c i f i c  
series o f  t u r b i n e  b lades  i n  cascade arrangement and t h e  
observed e e r o d y n m i c  performance of  b lades  o f  t h e  =me 
shape as t e s t e d  i n  t h e  No. 3 high-speed cascade  t u n n e l  of 
t h e  Nat iona l  Gas Turbine Establishment.  

The t h e o r e t i c a l  p r e s s o r e  d i s t r i b u t i o n s  around t h e  
b l a d e s  were d e t e m i n e d  over t h e  range o f  inc idence  covered 
in t h e  a e r o d y n m i c  t e s t s  by mesnscof R e l f ' s  analogy between 
aerodynamic s t r e a m l i n e  flow and e l e c t r i c  p o t e n t i a l  flow. 
It is shown t h s t  t h e s e  t h e o r e t i c a l  p r e s s u r e  d i s t r i b u t i o n s  
end t h e i r  v a r i e t i o n  wi th  inc idence  can e x p l a i n  the  corres- 
ponding cascade t e a t  r e s u l t s  and can form a b a s i s  o f  
g e n e r a l  comparison of t h e  t u r b i n e  cascades.  

Source and s i n k  

11. Hargest ,  T.J., "The T h e o r e t i c a l  Pressure D i s t r i b u t i o n  
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12. Johnsen, I.A., and A. Ginaburg, "Some NACA Research 
On C e n t r i f u g a l  Compressors." Trans.  ASME 75, 5, 805-814. 
J u l y  1953. 
"a r t "  of  c e n t r i f u g a l  compressor des ign  wi th  a b e t t e r  under-  
s t and ing  o f  t h e  flow p rocesses  t ak ing  place.  I t  summarizes 
some o f  t he  r e s u l t s  ob ta ined  i n  t h e  NACA t h e o r e t i c a l  and 
experimental  r e sea rch  progran on  c e n t r i f u g a l  compressors. 
F i r s t  s e c t i o n  d e e l s  w i th  impe l l e r  r e sea rch ,  d i s c u s s i n g  t h e  
inducer  func t ion  and t h e  impe l l e r  funct ion.  These were 
inves t iga t ed  and analyzed s e p a r a t e l y  8s much 8s poss ib l e ,  
and t h e  e f f e c t  o f  c o n f i g u r a t i o n  on performance noted. 
Second s e c t i o n  d e e l s  w i t h  vane le s s  d i f f u s e r  r e sea rch .  
Purpose of  paper is t o  e s t e b l i s h  gene ra l  t r e n d s  o f  good 
des ign  p r a c t i c e  r a t h e r  than t o  e s t a b l i s h  s p e c i f i c  r u l e s .  

13. Kraaer, J.J. ,  N.O. Stockman, and R.J. Bean, 'Tncm- 
p r e s s i b l e  Nonviscous Blade-to-Blade F l a r  Through a Pump 
Rotor With S p l i t t e r  Vanes," NASA TN D-1186, 31 pp., 
Apr. 1962. Report d e s c r i b e s  en s p p l i c a t i o n  o f  an e s t a b -  
l i s h e d  method of  s n e l y a i s  (Kramer, Trans. ASME 80, 1, 
236-275, Jan. 1958)  t o  t h e  s tudy o f  t h e  i n v i s c i d  flow in 
a mixed flow pump impe l l e r  i n  which s p l i t t e r  vanes are 
placed between t h e  main vanes. D i f f e r e n t i a l  equa t ion  f o r  
t h e  '%lede-to-blade" s t ream func t ion  is solved numerical ly .  

Paper r e p r e s e n t s  e f f o r t  t o  r ep lace  some of  the  

Ca lcu la t ions  i n d i c a t e :  
(1 )  flow ups t r eao  o f  l e a d i n g  edge of e p l i t t e r  vanes 

i s  l i t t l e  a f f e c t e d  by t h e i r  presence,  

8 e r t i n g  s p l i t t e r  vanes. 
(ii) s l i p  f a c t o r  end head rise are increased by i n -  

Authors r e p o r t  t h a t  c a l c u l a t i o n s  are very s e n s i t i v e  t o  
assumed p o s i t i o n  f o r  rear s t agna t ion  p o i n t ,  and sugges t  
t h a t  t h i s  might be determined f r m  experiment. Reviewer 
sugges t s  t r a i l i n g  edges of  b l ades  might have been made 
much th inne r ,  bo th  f o r  purposes  o f  c a l c u l a t i o n  and in 
prac t i ce .  

14. Lakshminarsysne, 8. and J .H.  Horloek, "Review: Second- 
a ry  Flows and Losses  i n  Cascades and Axial-Flar  Turbo- 
machines,'' I n t e rna t .  J. Mech. Se i .  5, 3, 287-307. J u l y  1963. 
Very use fu l  review of  secondary flow and l o s s e s ,  w i th  
ex tens ive  b ib l iog raphy  (126 items). Comparisons a r e  given 
o f  v a r i o u s  t h e o r e t i c a l  r e l a t i o n s h i p s  and o f  experimental  
d a t a  where p o s s i b l e ,  t oge the r  w i th  rec-ended expres s ions  
i n  l i g h t  of  e x i s t i n g  knowledge. Nearly a l l  approaches are 
v a l i d  only f o r  incompressible ,  i n v i s c i d  flar; au thor s  
recarmend s t t e n t i o n  t o  compress ib i l i t y ,  r o t a t i o n a l  e f f e c t s ,  
r a d i a l  flow snd i n t e r a c t i o n  o f  leakage wi th  cascade 
secondary flow. 

15. L e i s t .  K., "Experimental Arrangement f o r  Measurement 
o f  P res su re  D i s t r i b u t i o n  on High-speed Ro ta t ing  Blade 
ROWS," h Sac Meeh Engrs - Trans v 79 n 3 Apr 1957 p 617-26. 
Har r e sea rch  s t a f f  of  I n s t i t u t e  f o r  Turbomachines o f  
Aschen Technical  Un ive r s i ty ,  Germany, c a r r i e d  ou t  measure- 
menta on r o t a t i n g  tu rb ine  blading:  program i o  p a r t  Of 
comprehensive e f f o r t  d i r e c t e d  toward i n v e s t i g a t i o n  o f  3-  
dimensional  flow through a x i a l  flow turbanschines .  
Paper 56-GTP-13. 

o f  Cascade Theory t o  Design o f  Axial-Flow Pumps," ASME- 
Paper  62-WA-222 f o r  meet ing Nov 25-30 1962 4 p. 
and experimental  r e s u l t s  are presen ted  which reassure use- 
f u l n e s s  of 2-dimensional cascade t h e o r i e s  t o  design o f  
a x i a l  flow pumps; it is necessary t o  inc lude  e f f e c t  o f  
b l ade  th i ckness  upon impe l l e r  flow, found t o  be r e spons ib l e  
f o r  r epor t ed  d i s e r e p s n c i e s  between p red ic t ions  o f  t h i n  
a i r f o i l  t h e o r i e s  and performence of e x i e l  flow pumps 
cha rac t e r i zed  by high s t a g g e r  angle  and low aspec t  r a t i o .  

Blades," J Aeronaut ical  Sciences,  v 1 9  n 6 June 1952 
p 404-8. 
cascade tunnel  were ran  a t  varying angles  o f  a t t a c k ,  
s t agge r  angle ,  s o l i d i t y ,  and downstream survey s t a t i o n s  a t  
Mach Number o f  about  0.4 and Reynolds Number o f  6.5 x lo5: 
s t a t i c  p re s su re  d i s t r i b u t i o n  ebout  blade was measured by 
27 s t a t i c  p re s su re  reps:  wake behind b l ade  row was surveyed 
and l o s s  determined. 

o f  Some Three-Dimensional Flow Problems i n  Turbamechines," 
NACA TN 2614, 109 pp., Mar. 1952. 
u s e f u l  c o n t r i b u t i o n s  t o  l i n e a r  theory of  a x i a l l y  symmetr ical  
flow o f  incompressible ,  i n v i s c i d  f l u i d  in ax ia l - f low turbo-  
machines (see e l s o ,  Marble, AMB 1, Rev. 1400). L inea r i za -  
t i o n  means t h a t  r e d i a l  v e l o c i t y  and d e v i a t i o n  o f  a x i a l  
v e l o c i t y  from mean through-flow v e l o c i t y  e r e  considered 
s m e l l ,  snd are c a l c u l a t e d  to f i r s t - o r d e r  approximation. 
Ax ia l ly  symmetricel s o l u t i o n  ( i n f i n i t e  number of  b l ades )  
provides  c o r r e c t i o n s  account ing f o r  mast o f  three-dimen- 
s i o n a l  e f f e c t s  neg lec t ed  by cascade theory.  e s p e c i a l l y  f o r  
low pi tch-chord r a t i o s .  

Theory d i s t i n g u i s h e s  t h r e e  ( edd i t ive )  canponents  o f  
f law,  v i z . ,  (1) uniform through-flow, (2) r a d i a l  equ i l ib r ium 
s o l u t i o n ,  c o r r e c t  f o r  upstream and downstream of  t h e  b l ade  
row, (3) f i n e - s t r u c t u r e  account ing f a r  r a d i a l  a c c e l e r a t i o n .  
Tab le s  of  an i n f luence  func t ion ,  f o r  hub r a t i o  0.6, permit  
r ap id  eva lua t ion  o f  f i n e  s t r u c t u r e  by punch-card method; 
two numericel examples are given. 

16. L inha rd t ,  H.D. end A . J .  Acoste, "Note on Appl i ca t ion  

Theore t i ca l  

17. MecGregor, C.A., "Two Dimensional Losses  i n  Turbine 

T e s t s  on t h r e e  t y p i c a l  b l ades  i n  2-dimensional 

18. Marble, F.E. and I. Miehelson, "Analyt ical  I n v e s t i g a t i o n  

Paper c o l l e c t s  f u r t h e r  

A s imple,  ac tus to r -d i sk  spproximetion t o  f i n e - s t r u c t u r e  
s o l u t i o n  is app l i ed ,  w i th  B numerical example in  each c a ~ e ,  
t o  t h e  d i s c u s s i o n  o f  (1) t r a n s i e n t s  i n  t h e  f i r s t  few s t s g e s  
of B mul t i s t age  machine, (2 )  f l u c t u a t i o n s  o f  t h e  a x i a l  
ve loc i ty  d i s t r i b u t i o n  w i t h i n  t h e  deeply embedded s t a g e s  
(see a l s o  Wu and Wolfenstein,  AMB 4, Rev. 1316) ,  (3)  per -  
formance, i n  i t s  dependence on t h e  r ad ius  and on t h e  a spec t  
r e t i o ,  o f  a s ing le -b lade  row wi th  p resc r ibed  d i s t r i b u t i o n  
o f  flow angle  a t  t r a i l i n g  edge; (4) o f f -des ign  performance 
o f  B b lade  row. In a d d i t i o n  t o  t h e i r  inmediate i n t e r e s t ,  
t h e  examples provide B use fu l  i n t roduc t ion  t o  how t h e o r e t i c a l  
knowledge of  t h e  f i n e - s t r u c t u r e  s o l u t i o n  can be employed t o  
ob ta in  s imple,  approximate answers t o  p r a c t i c a l  quest ions.  

A modif ied l i n e a r  theory is proposed f o r  t h e  case of  a 
through-flow v e l o c i t y  va ry ing  wi th  t h e  r ed ie s .  The l i n e a r i z e d  
s o l u t i o n  is a l s o  given f o r  a machine such t h a t  hub and cas ing  
are coax ia l  cones wi th  c-an ver t ex .  

19. More l l i ,  D.A. end R.D. Bouermsn, "Pressure D i s t r i b u t i o n s  
on t h e  Blade o f  Axial-Flow Prope l l e r  Pump," Trans. ASME-75, 
6, 1007-1012, Aug. 1953. I n  t h e  des ign  o f  screw p r o p e l l e r s ,  
t he  demand f o r  uniform energy inpu t  a t  a l l  r a d i i  is s a t i s -  
f i ed  by a b lade  c i r c u l a t i o n  cons t an t  over t h e  radius .  
With t h e  au tho r s '  add i t iona l  assumption o f  l i n e a r  increase 
of  c i r c u l a t i o n  s t r e n g t h  i n  a x i a l  d i r e c t i o n ,  en approximative 
formula is given f o r  t h e  d i s tu rbance  v e l o c i t i e s  i n  the  blade 
space dependent on r a d i u s  and d i s t a n c e  from t h e  b l ade ' s  
l ead ing  edge;  they e f f e c t  a curva tu re  of t h e  f r e e  stream- 
l i n e s  which r e q u i r e  a curva tu re  o f  t h e  b l ade  p r o f i l e  =om- 
puted according t o  a i r f o i l  theory.  

i t s  p res su re  d i s t r i b u t i o n  hes  been inves t iga t ed  by means 
o f  B r o t a t i n g  manometer under va r ious  working condi tzons.  
The measurements approximately agree w i t h  p o t e n t i a l -  
t h e o r e t i c a l  p re s su re  d i s t r i b u t i o n s .  In des ign  cond i t ion ,  
t h e  energy supply proves t o  be  r e a l l y  uniform over  the  
r ad ius ;  hereby,  t h e  p r a c t i c a l  use of t h i s  des ign  method 
i s  shown. 

Through an Arb i t r a ry  Form Hydrofoi l ,"  ( i n  E n g l i s h ) ,  
ZAMH 41, 9, 354-363, Sept .  1961. F a s t e r  and more power- 
f u l  hydrau l i c  machines r e s u l t  i n  c a v i t a t i o n  problems such 
as drop  i n  e f f i c i e n c y ,  damage due t o  e ros ion  and v ib ra -  
t i o n  and noise. Author sugges t s  t h a t  supe rcav i t a t ing  
hydro fo i l  such as Tul in  hydro fo i l  be  used. Problem is 
t r e s t e d  i n  two dimensions. A l i n e a r i z e d  theory i s  presented 
inc lud ing  (e) method t o  e s t i m a t e  hydro fo i l  form f o r  given 
p res su re  d i s t r i b u t i o n  and (b) method t o  e s t i m a t e  cha rac t e r -  
ist ics of  hydro fo i l  form. Numerical examples of  hydro fo i l  
c m p u t a t i o n  are a l s o  presented.  

Using t h i s  formula a p r o p e l l e r  pump has been designed; 

20. Oba, R.,"L.inearized Theory of  Supe rcsv i t a t ing  Flow 

21. S e i d e l ,  B.S., "Asymet r i c  I n l e t  Flow i n  Axial Turbo- 
machines," Trans.  ASME 86 A (J. Engng. Power) 1, 18-28, 
Jan. 1964. Paper improves on t h e  p r e d i c t i o n  o f  t h e  
a t t e n u a t i o n  o f  a d i s t o r t e d  flow approaching b l ade  r m s  
i n  a x i a l  turbomachinery. The p rev ious  a n a l y s i s  o f  Rannie 
and Marble (AMR 12 (1959), Rev. 5708) end Ehrieh (J. Aero. 
S e i .  24, 6 ,  413-417, June 1957)  u t i l i z e d  t h e  ac tua to r -  
d i sk  approach toge the r  w i th  a blade force-f low angle  r e l e -  
t i o n s h i p  which was assumed t o  be  t h e  sane as t h e  uniform 
flow case. The e s s e n t i a l ,  new f e a t u r e  of  S e i d e l ' s  paper 
is an improved b l ade  force de te rmina t ion  which m e a n t s  
f o r  t h e  d i r e c t  e f f e c t  of  t h e  flow d i s t o r t i o n .  

Th i s  paper  a l s o  inc ludes  a r a t h e r  nice comperison of  
theory and da ta .  

Smith, L.H., Jr., S.C. T raugo t t ,  and G.F. Wisl ieenus,  
"A P r a c t i c a l  S o l u t i o n  of  a Three-Dimensional Flow Problem 
of  Axial-Flaw Turbanachinery," Trans. ASME 75, 5,  789-799, 
Ju ly  1953. 
meridional  flow p a t t e r n  through turbomechines when the re  
are s t r o n g  depa r tu re s  from f r e e  vo r t ex  flow, a r i s i n g  from 
endeavor t o  des ign  compressors and tu rb ines  f o r  maximum 
heed and f low,  s u b j e c t  t o  Mach number l i m i t a t i o n s .  

F r i c t i o n l e s s  f low,  an i n f i n i t e  number o f  vanes, and 
a x i a l  synnnetry ere assumed, though au tho r s  themselves 
admit " tha t  t h e r e  i s  no known phys ica l  reason why t h i s  
assumption should be considered as s u f f i c i e n t l y  accu ra t e  
t o  d e s c r i b e  t h e  flow through a c t u a l  vane systems of  f i n i t e  
vane spacing."  

Methods of  computation ere desc r ibed  and r e s u l t s  given 
of  two worked examples, r e f e rence  be ing  made t o  M.S. t heses  
by two of  t h e  au tho r s  f o r  f u l l  d e t a i l s .  

23. S t a n i t z ,  J.D.. "Sane Theore t i ca l  Aerodynamic Inves t iga -  
t i o n s  o f  Impe l l e r s  in Redial-  and Mixed-Flow c e n t r i f u g a l  
Compressors," ASME Gas Turb. Power F a l l  Meeting, 
Minneapol is ,  Sep t .  1951. Paper 51-F-13, 25  pp. - - T r a n s .  
ASME 74, 4 ,  473-497, May 1952. 
r e s u l t s  o f  r e l a x a t i o n  s o l u t i o n s  of  flow of  i d e a l  f l u i d  
through a c e n t r i f u g a l  impel ler .  Theory and r e s u l t s  are 
given i n  dimensionless  form. Two types of  problems are 
t r e a t e d :  (1) Axial symmetry s o l u t i o n s  in which blade fo rces  
are r ep laced  by d i s t r i b u t e d  body fo rces ;  (2) blade-to-  
b l ade  s o l u t i o n s  g i v i n g  c i r cumfe ren t i a l  v a r i a t i o n  o f  p re s -  
sure and v e l o c i t y  between blades.  

Equat ions f o r  flow wi th  a x i a l  symmetry are given for 
cmtp res s ib l e  f luids ,  bu t  t h e  two s o l u t i o n s  presented are 
f o r  incompressible  flow through an a r b i t r a r y  impe l l e r  
p r o f i l e  w i th  r e d i a l  vanes, wi th  and without  inducer  vanes. 
Resu l t s  show t h a t  t h e  form of  s t r eaml ines  in meridian 
s e c t i o n  is l i t t l e  a f f e c t e d  by presence of  inducer  vanes. 

22. 

Paper p re sen t s  methods of  determining the  

Paper p r e s e n t s  numerical 
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Blade-to-blade s o l u t i o n s  are given f o r  rad ia l - f low 
impel le rs  w i t h  cons tan t  f l a r  area and w i t h  r a d i a l  or l o g  
s p i r a l  b lades ,  f o r  compress ib le  f l u d s  in seven cases, and 
f o r  i n c a n p r e i s i b l e  f l u i d s  in one case ,  so t h a t  i n f l u e n c e  o f  
change of i m p e l l e r - t i p  Mach number, flow c o e f f i c i e n t ,  
angular  b lade  spac ing ,  b lade  angle and c o m p r e s s i b i l i t y  may 
be s t u d i e d .  P l o t s  o f  s t r e a m l i n e s ,  r e l a t i v e  Mach numbers, 
and s t a t i c  p r e s s u r e  r a t i o s  a l low easy  q u a l i t a t i v e  COB- 
par i son  o f  d i f f e r e n t  cases. 

e s t i m a t i n g  v e l o c i t y  d i s t r i b u t i o n s  along d r i v i n g  and t r a i l i n g  
faces  o f  b lades  end compares t h e l r  accuracy wl th  the  relaxa- 
t i o n  s o l u t i o n s .  
o f  v i s c o s i t y  and boundary-layer development as a f f e c t e d  by 
t h e  f r i c t i o n l e s s  flow p a t t e r n .  and concludes  t h a t  f u t u r e  
c e n t r i f u g a l  canpressor  development may lead  t o  mixed-flow 
impel le rs  wi th  backward curved b lades .  
however, how t h e  mechanical d i f f i c u l t i e s  involved ~n pro- 
ducing a high-speed impel le r  o f  t h i s  type may be overccme. 

The paper must be regarded as B valuable  c o n t r l b u t i m  
t o  t h e  l i t e r a t u r e  on t h i s  d i f f i c u l t  s u b j e c t .  

Pump I m p e l l e r s  Using B High Speed D i g i t a l  C m p u t e r , "  NASA 
TN D-1562, 1963. C e n t r i f u g a l  pumps are being  cons idered  
f o r  space a p p l i c a t i o n s  in chemical and nuclear - rocket  engines 
us ing  cryogenic f l u i d s  and i n  parer-conversion systems us ing  
l i q u i d  meta ls .  For  these  a p p l i c a t i o n s ,  the  pumps should b e  
o f  minlmum size and weight ,  should have h igh  e f f i c i e n c y ,  
and should o p e r a t e  c a v i t a t i o n - f r e e  or w i t h  c o n t r o l l e d  
c a v i t a t i o n  a t  high r o t a t i v e  speeds.  A knmledge  and c o n t r o l  
o f  t h e  i n t e r n a l  f l a r  are necessary  t o  m e e t  these  requmements.  

b lade-sur face  e m p u t a t i o n s )  IS a rap id  and easy-to-use method. 
I t  enables  t h e  d e s i g n e r  t o  proceed from a known s t r e a m l i n e  and 
i t s  v e l o c i t y  d i s t r i b u t i o n  t o  an adjacent  s t r e a m l i n e  and i t 8  
v e l o c i t y  d i s t r i b u t i o n .  Thus, given t h e  c o n d i t i o n s  a long  the  
hub, the  e n t i r e  hub-shroud p r o f i l e  1s b u i l t  up by proceeding 
f r a n  the  hub s t r e a m l i n e  t o  the  next  e t r e a n l i n e ,  and so on, 
u n t i l  the  shroud 1 s  reached. 

Author a l s o  @ r e s e n t s  s i m p l i f i e d  approximate methods o f  

He d i s c u s s e s  q u a l i t a t i v e l y  t h e  I n f l u e n c e  

He does n o t  sugges t ,  

24. Stockman, N.O., and J.L. Kramer. 'Method f o r  Design o f  

The huh-shroud des ign  method presented  h e r e i n  (with o p t i o n a l  

25. 

26. 

Woods, L.C., D. P h i l ,  and A.  T h m ,  "A New R e l a x s t i o n a l  
Treatment of t h e  Comprecsible Ztro-Dimensional Flow About 
an Aerofo i l  With C i r c u l a t i o n , "  Aero. Res. Counc. Lcnd. 
Rep. Men. 2727, 17 pp.. Mar. 1950, publ i shed  1953. The 
two-dimensional incompressible and compressible flow over 
a p r o f i l e  IS computed by re laxa txon  I n  a g r i d  wi th  p o t e n t l a 1  
and stream funct ions  as independent v a r i a b l e s .  Thus t h e  
p r o f i l e  appears as B s t r a i g h t  l i n e .  C i r c u l a t i o n  1s chosen 
in advance; angle  o f  a t t a c k  18 found a t  t h e  end of t h e  
computations.  Boundary c o n d i t i o n s  a t  t h e  p r o f i l e  a r e  taken  
i n t o  account by success~ve  approximations.  Known circule-  
t i o n  IS used t o  formulate an approximate boundary c o n d i t i o n  
a t  the  outer edge of t h e  r e l a x a t i o n  f i e l d .  Treatment of 
s t a g n a t i o n  reg ion  IS discussed  in AMR 6, Rev. 1310. 
Comparison o f  t h e o r e t i c a l  and exper imenta l  r e s u l t s  1 s  
c a r r i e d  out  f o r  p r o f i l e  NACA 16. 

Method o f  Determining the  Subsonic Flow ~n an A r b i t r a r y  
Stream Fi lament  o f  Revolution Cut by Arbitrary Turbo- 
machine Blades," NACA TN 2702, 46 pp., June 1952. A 
method is presented  t o  o b t a i n  a r e l a t i v e l y  quick approximate 
de te rmina t ion  o f  t h e  d e t a i l e d  subsonic flow o f  a nonv~scous 
f l u i d  p a s t  a r b i t r a r y  turbomachine b lades .  The method is 
i l l u s t r a t e d  wi th  examples of compressible flow in a t u r b i n e  
cascade  and in a c e n t r i f u g a l  compressor. For these  h igh-  
s o l i d i t y  b lades ,  t h r e e  terms of t h e  Taylor  s e r x s  a r e  found 

obta ined  in t h e  t u r b i n e  cascade  a f t e r  two c y c l e s  o f  camputa- 
t i e n  and IB the  c e n t r i f u g a l  canpressor  a f t e r  four  c y c l e s  of 
computation. The d e t a i l e d  flaw variation obta ined  compares 
very w e l l  wi th  an a v a i l a b l e  numerical  s o l u t i o n  and e x p e r i -  
mental  d s t s  f o r  t h e  t u r b i n e  cascade, and w i t h  d e t a i l e d  
experimental  meesurements f o r  t h e  c e n t r i f u g a l  compressor. 

Wu, C.H.,  C.A. Brown, and V.D. Prlan ,  "An Approximate 

t o  gzve sufficient accuracy. S u f f l c l e n t  convergence 1s 

b. C a v i t a t i o n  (Two-Phase Plow) - T h e o r e t x a l  

1. Cooper, P.. "Application o f  Pressure and Veloc i ty  
C r i t e r i a  t o  Design of Centrifugal-Pump Impel le r  and I n l e t . "  
ASME - Paper 63-AHGT-58 f o r  meeting Mar 3-7 1963 12 p. 
C e n t r i f u g a l  pump impel le r  and i n l e t  designed by use o f  
c r i t e r i a  f o r  d i s t r i b u t i o n s  of pressure  and v e l o c i t y  t h a t  
lead t o  s a t i s f a c t o r y  performance a t  low n e t  p o s l t i v e  s u c t m o  
heads; c a l c u l a t i o n s  made f o r  nonviscous, single-phase ( l i q u i d )  
flow wi th  view toward rmnimining bubble formation, t e s t s  
run under c a v i t a t i n g  and single-phase flow e o n d i t l o n s ,  
r e s u l t s  show t h a t  des ign  method l e a d s  t o  good s u c t i o n  
performance. 

Inducer F lu id  Flow," NASA CR-54836, Feb 11, 1966. A n a l y t i c a l  
s t u d i e s  were conducted t o  provide means f o r  improving t h e  
des ign  of inducers f o r  high-speed, hrgh-flow rocket  engine pumps. 
Exac t  and approxmmte methods are presented  for  o b t a i n i n g  three-  
dimensional s o l u t i o n s  t o  turbomachine flows wi th  losses and 
vapor iza t ion ,  and r e s u l t s  are presented f o r  two sample inducers .  
The exac t  method s o l v e s  f o u r  nonl inear  d i f f e r e n t i a l  equat ions  
of.motion s imul taneous ly  by f i n i t e - d i f f e r e n c e  and r e l a x a t i o n  
techniques t h a t  employ a " t o t a l  res idua l"  concept.  '%e approxi- 
mate method employs a f i n i t e  d l f f e r e n c e  s o l u t i o n  o f  t h e  baszc 
flow equat ions  i n  two dimensions and then superimposes an assumed 
s o l u t i o n  i n  t h e  t h i r d  dimension, r e s u l t i n g  zn a n  approximate 
three-dimensional s o l u t i o n .  Conclusions on inducer  performance 
and des ign  are made on t h e  b a s i s  of s e v e r a l  approximate s o l u t i o n s  
of both incompressible and two-phase f lows ,  toge ther  wzth a n a l y s t s  
of f l u i d  t h e r m 1  and scale e f f e c t s .  F o r t r a n  I V  l i s t r n g s  o f  the  
a n a l y s i s  computer programs are presented .  

2. Cooper. P. and H. B. Hosch, "Three-Dimensional Analys is  o f  

3. Goldman, K., R. Ha(anke1, and R. P. S t e i n ,  "Equation for  
C r i t i c a l  Mass Veloc i ty  of Homogeneous Vapor Liquid Mixtures 
a t  Low Pressures ,"  ASME - Paper 64-Am-12 f o r  meeting June 
9-11 1964 3 p. see a l s o  ASME - Trans J Applied Mechanics v 31 
n 3 Sept  1964 p 380-2. 
c r i t i c a l  mass v e l o c i t y  and i s e n t r o p i c  expansion c o e f f i c i e n t  
o f  single-component,  homogeneous vapor- l iqu id  mixtures  a t  
low pressures  i n  t e r n  of tabula ted  thermodynamic p r o p e r t i e s ;  
two-phase f law r e l a t i o n s  are analogous t o  r e l a t i o n s  governing 
flow of single-phase compressible f l u i d s ,  most r e a d i l y  
formulated i n  terms of Mach numbers. 

US Bur Standards  - J Research - Eng 6. Ins t rumenta t ion  v 65C 
n 3 Ju ly-Sept  1961 p 147-56. 
i n  c a v i t a t i o n  and which may p e r m i t  p r e d i c t i o n  of c a v i t a t i o n  
c h a r a c t e r i s t i c s  o f  hydraul ic  equipment,  a p p l i c a t i o n  t o  
pumps, p r a c t i c a l  r e s u l t s  compared wi th  theory,  I C  IS concluded 
t h a t  a n a l y s i s  may be a p p l i c a b l e  t o  p r e d i c t i o n  of symptoms o f  
c a v i t a t i o n  b u t  t h a t  more in format ion  r e l a t e d  t o  m e t a s t a b i l i t y ,  
n u c l e a t i o n ,  and vapor phase dynamics is requi red .  

Equations have been developed express ing  

4.  Jacobs ,  R. B., "Predzction o f  Symptoms of Cavi ta t ion ,"  

Analys is  of some b a s i c  problems 

5. Jakobsen, 3. K., "On Mechanism of Head Breakdown m 
C a v i t a t i n g  Inducers," ASME - Paper 63-AHGT-29 f o r  meetrng 
Mar 3-7 1963 15  p. Mechanism, as a f f e c t e d  by thermodynamic 
p r o p e r t i e s  o f  turbopump f l u i d  and scale e f f e c t s ,  i s  d iscussed ,  
approach taken by o t h e r  i n v e s t i g a t o r s  and l i m i t a t i o n s  t o  
c a v i t a t i o n  s c a l i n g  i n  r e l a t i o n  t o  experimental  d a t a ,  
hypothes is  in t roduced  r e l a t e s  head breakdown process  t o  
a c o u s t i c  shock phenomenon a t  p o i n t  of leading-edge blade 
c a v i t y  c o l l a p s e ,  i n t e g r a t e d  model f o r  c a v i t a t m g  cascade 
blade IS developed t o  c o r r e l a t e  p o t e n t i a l  flow c a v i t y  
cascade model wi th  inf luence  of thermodynamic p r o p e r t i e s ,  
thermosta t ic  approach, and a p p l i c a t i o n  of bubble dynamic 
s t u d i e s  t o  understand how s u c t i o n  performance i s  l imi ted  by 
i n l e t  p r e s s u r e ,  per t inence  t o  p r o p e l l a n t  pumps. 

Trans ASME, J1 of Basic E n g m e e r m g ,  Dec, 1964, p. 805-814. 
An exac t  mathematical  theory of s u p e r c a v i t a t i n g  flow in 
cascades  wi th  a r b i t r a r y  b lade  shapes is developed. Apply- 
ing  conformal mapping methods t o  the  p o t e n t i a l  flow problem 
involved ,  a genera l  mapp'ng procedure 18 e s t a b l i s h e d .  The 
geometric I n t e r p r e t a t i o n  o f  t h e  obta ined  mappings IS discussed  
in genera l  and completed in the  case of the  f l a t - p l a t e  cascade. 
A l l  r e s u l t s  assume i n f i n i t e l y  long c a v i t i e s .  The a p p l i c a t i o n  
of t h e  e s t a b l i s h e d  mapping procedure t o  t h e  case of a cascade 
wi th  a r b i t r a r y  b lade  shape r e q u i r e s  the s o l u t i o n  o f  a non- 
linear i n t e g r a l  equat ion  f o r  one of the mapping fune t ions ,  or 
the  approximation of t h i s  mapping func t ion  by a Fourier 
series whose c o e f f i c i e n t s  must be determined from i m p l i e i t  
c o n d i t i o n s  imposed by t h e  b lade  shape. 

6. Jakobsen, J. K . .  "Supercavi ta t ing  Cascade Flow Analysis," 

7. Lewis, W. P., "Design o f  C e n t r i f u g a l  Pump Impel le rs  f o r  
Optimln C a v i t a t i o n  Performance," I n s t n  Engrs. A u s t r a l i a  - 
Elec  6. Mech Eng Trans v EM6 n 2 Nov 1964 p 67-74. Examination 
of in f luence  of v e l o c i t y  d i s t r i b u t i o n s  zn flow e n t e r i n g  
impel le r  t o  e s t a b l i s h  des ign  procedure f o r  flows wLth and 
wi thout  p r e r o t a t i o n .  29 r e f s .  

Associated With C a v i t a t i n g  Inducers , "  ASME-Paper 65-BE-14 
f o r  meeting June 7-9 1965 8 p. Nature and incept ion  of 
p r e s s u r e  and flow-rate o s c i l l a t i o n s  a s s o c i a t e d  wi th  high- 
speed c a v i t a t i n g  inducer  employed t o  extend s u c t i o n  performance 
c a p a b i l i t i e s  of high-speed, high-flow pumps were i n v e s t i g a t e d  
by nonl inear  analog computer s imula t ion ,  favorable  accord 
between sm.ula t ion  f m d m g s  and t y p i c a l  a c t u a l  dynamic 
o s c i l l a t i o n  c h a r a c t e r i s t i c s  v a l i d a t e s  general technique 
f o r  ex tens ion  i n t o  inducer des ign  ana lyses ,  IC was found 
t h a t  m t u r e  and behavior of c a v i t a t i o n  vapor volume and 
dynamic response c h a r a c t e r i s t i c s  o f  complete f l u i d  c i r c u i t  
p l a y  key r o l e s  In  inc idence  and suppress ion  of o s c i l l a t i o n s .  

8 .  Sack, L.  E., and H. B. Nottage,  "System O s c i l l a t i o n s  

9. Spraker ,  W. A . ,  "Effec ts  of F lu id  Properties on C a n -  
t a t i o n  In C e n t r i f u g a l  Pumps," ASME - Paper 64-WAIFE-14 for  
meeting Nov 29- Dec 3 1964 10  p. see a l s o  ASME - Trans  - 3 
Eng f o r  Power v 87 n 3 J u l y  1965 p 309-18. A n a l y t i c a l  model 
of c a v i t a t i o n  process  i n  pump 1s developed assuming t h a t  
flow 1 s  a d i a b a t i c ,  f r i c t i o n l e s s ,  s teady .  m d  i r r o t a t i o n a l ,  
r e l a t i o n s h i p  IS developed r e l a t i n g  volume percentage of 
f l u i d  vapor ized  dur ing  c a v i t a t i o n  process  t o  thermal 
c a v i t a t i o n  parameter,  experimental  and a n a l y t i c a l  methods 
f o r  determining c a v i t a t i o n  c h a r a c t e r i s t i c s  o f  pumps handl ing  
petroleum-based hydrocarbon mixtures  are descr ibed ,  c a v i t a t i o n  
d a t a  f o r  two p ipe- l ine  pumps handl ing  gasoline, f u e l  a i l ,  
and crude o i l  a re  presented .  

10. Starkman, E.  S . ,  V. E. Shrock, K. F. Neusen, and 0. J .  
Maneely, "Expansion of Very Low Q u a l i t y  Two-Phase F lu id  
Through Convergent-Divergent Nozzle . 'I  ASME - Paper 63-AHGT- 
4 f o r  meeting Mar 3-7 1963 8 p. Flow in de Lava1 nozz les  
o f  h-p steam water  mixtures  was i n v e s t i g a t e d  t o  determine 
mass flow rates and des ign  c n t e n a ;  q u a l i t x e s  ranged from 
0 t o  202 and pressures  up  t o  1000 p s i a ;  comparisons of 
d a t a  t o  i s e n t r o p i c  expansion, frozen composition, and s l i p  
flow showed s a t i s f a c t o r y  correspondence except  f o r  q u a l i t i e s  
v e r y  c l o s e  t o  s a t u r a t e d  l i q u i d ,  c o n d i t i o n  s i m i l a r  t o  shock 
r e s u l t e d  when nozz les  were overexpanded, per t inence  t o  very  
high hea t  f l u x  h e a t  power d e v i c e s ,  e.g . ,  nuclear  r e a c t o r s ,  
wrth a p p l r c a t i o n n  m n u c l e a t e  b o r l i n g  regron. 

ASME - Paper 63-AHGT-22 f o r  meeting Mar 3-7 1963 5 p.  Method 
o f  r e p r e s e n t i n g  thermal p r o p e r t i e s  o f  l i q u i d s  15 o f f e r e d  
such t h a t  c a v i t a t i o n  behavior of c e n t r i f u g a l  pumps handling 
any l i q u i d  molten meta l ,  hydrocarbons,  c ryogenics  can be 
a c c u r a t e l y  e v a l u a t e d ,  t h e r e  are s u f f i c i e n t  test d a t a  t o  
i l l u s t r a t e  use of method. 

11. Stepanoff ,  A. J., "Cavi ta t ion  P r o p e r t i e s  o f  Liquids," 
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12. S tepanof f ,  A. J . ,  and H. A. S t a h l ,  "Cavi ta t ion C r i t e r i o n  
f o r  D i s s imi l a r  Cen t r i fuga l  Pumps," ASME - Paper 61-WA-139 f o r  
meeting Nov 26-Dec 1.1961 5 p. Method o f  expres s ing  n e t  
p o s i t i v e  suc t ion  head f o r  c e n t r i f u g a l  pumps in terms of  
impe l l e r  design elements  as they appear  in i n l e t  v e l o c i t y  
t r i a n g l e ;  procedure i s  app l i cab le  t o  pumps o f  d i f f e r e n t  
s p e c i f i c  speeds, of  d i f f e r e n t  suc t ion  s p e c i f i c  speeds,  end 
t o  pumps having impe l l e r s  of  e i t h e r  overhung type or with 
s h a f t  through eye.  

Turbopumps." ASME - Papers  61-WA-112 13 p. 61-WA-98 11 p f o r  
meeting Nov 26-Dee 1 1961. Paper WA-112 (P t .  1 ) .  Seve ra l  
s implifLed f r e e  s t r eaml ine  models s u i t a b l e  f o r  flow through 
inducer  discussed.  Paper WA-98 (P t .  2) .  Resu l t s  are =om- 
pared with t e a t s  on a c t u a l  inducers;  re levance t o  develap-  
meat o f  l i g h t  weight turbomachine components f o r  l i q u i d  
rocke t  propuls ion systems. 

Sec t ion  of P a r a l l e l  P l a t e s , "  A.1.Ch.E. J v 10 n 3 May 1964 
p 323-9. Numerical s o l u t i o n s  of exac t  momentum equa t ions  f o r  
s t eady  isothermal  laminar flow o f  incompressible  Newtonian 
f l u i d  i n  i n l e t  s e c t i o n  of  p a r a l l e l  p l a t e s ;  v e l o c i t y  d i s t r i b u -  
t i o n s ,  pressure g r a d i e n t s ,  and o v e r a l l  p re s su re  drop f o r  
two cases a t  Re 300; i t  was v e r i f i e d  t h a t  u sua l  boundary- 
l aye r  assumptions are not  v a l i d  near l ead ing  edge. 

15. Warner, C. F., and D. W. Netzer ,  ' I n v e s t i g a t i o n  of  Flow 
c h a r a c t e r i s t i c s  i n  Converging-Diverging Nozzles," ASME - Paper 
63-WA-192 f o r  meeting Nov 17-22 1963 9 p. Ana ly t i ca l  method 
based on 1-dimensional model is presented f o r  determining 
flow c h a r a c t e r i s t i c s  of 2-phase flow of  l i q u i d  drops i n  g a s  
s t ream eipanding through converging-diverging nozzle;  
a n a l y s i s  can be u t i l i z e d  t o  p r e d i c t  l i q u i d  v e l o c i t y ,  g a s  
v e l o c i t y ,  s t a t i c  p re s su re ,  and d r o p l e t  diameter  as func t ion  
of  a x i a l  d i e t ance  a long  nozzle  axis f o r  flows con ta in ing  
approximately 10 t i m e s  8 s  much l i q u i d  as gas by weight .  

16. Wu, T. Y. and D. P. Wang, "An Approximate Numerical 
Scheme f o r  t he  Theory of  Cavi ty  Flows Pas t  Obstacles  of  
A r b i t r a r y  P r o f i l e , "  Trans. ASME, J1 of Basic  Engineer ing,  
Sept-1964, p 556-560. P rev ious ly  one of t h e  au tho r s  has 
developed an exec t  theory f o r  t h e  c a v i t y  flow p a s t  an 
o b s t a c l e  o f  a r b i t r a r y  p r o f i l e  a t  an a r b i t r a r y  c a v i t a t i o n  
number by adapt ing a f r ee - s t r eaml ine  wake madel. In t he  
p re sen t  paper t he  au tho r s  in t roduce  an approximate numerical  
method f o r  t he  computation o f  t he  dua l  func t iona l  equat ion6 
which r e s u l t  from t h e  theory.  The new method is  shown to 
provide B d r a s t r c  s i m p l i f i c a t i o n  t o  t h e  computations while  
maintaining a high degree of  accuracy of t he  numerical re- 
suit. 

13. S t r i p l i n g ,  L. E., and A. J .  Acosta, "Cavi ta t ion i n  

14. Wang, Y. L., and P. A .  Longwell, "Laminar Flow-In I n l e t  

e. Cavi t a t ion  (Two-Phase Flow) - Experimental 

1. '?Facilities and Techniques Employed a t  Lewis Research 
Cen te r  in Experimental I n v e s t i g a t i o n s  o f  C a v i t a t i o n  in 
Pumps," ASME - Symposium on C a v i t a t i o n  Research F a c i l i t i e s  
and Techniques, May 18-20 1964, p 60-76. Study o f  e a v i t a -  
t i o n  a s  i t  occurs i n  pumping of  high-energy p rope l l an t s  
(cryogenic l i q u i d s )  used i n  chemical and nuclear rocket 
eng ines  end a l k a l i  me ta l s  used in space-electr ic-power 
gene ra t ion  systems; paper l i s t s  and desc r ibes  f a c i l i t i e s  
and techniques u t i l i z e d  t o  supply experimental  i npu t  t o  
progran s t u d i e s ;  t e s t  f l u i d s  inc lude  wa te r ,  cryogenic  
l i q u i d s ,  end a l k a l i  me ta l s .  

2. Gr inde l l ,  A.G., ' C o r r e l a t i o n  of  C a v i t a t i o n  Incep t ion  
Data f o r  Cen t r i fuga l  Pump Operat ing i n  Water and in 
Sodium-Potassium Alloy (NaK)," ASME-Trans4 Basic  Eng 
v 82 Ser  D n 4 Dec 1960 p 821-8. S t a t i c  head st pump 
s u c t i o n  a t  time o f  c a v i t a t i o n  incep t ion  was c o r r e l a t e d  
f a r  wa te r  and f o r  1500 F NsK on b a s i s  o f  d i f f e r e n c e s  
of vapor  p re s su res  of two l i q u i d s ;  d i f f e r e n c e  between 
vapor p re s su res ,  f o r  same cond i t ions  of pump speed and 
l i q u i d  flow. was added t o  wa te r  t e a t  c a v i t a t i o n  incep t ion  
value;  t h i s  proved t o  be  good approximation t o  experimental  
va lue  found f a r  c a v i t a t i o n  incep t ion  wi th  NaK. Paper 59-A-156. 

C a v i t a t i o n  in Low Hub-Tip Ra t io  Axial-Flow Pump," ASME- 
Paper 60-HYD-14 f o r  meeting Mar 6-9 1960, 12p. C a v i t a t i o n  
formations in pump r o t o r  a r e  examined in at tempt  t o  d e t e r -  
mine important  c h a r a c t e r i s t i c s  o f  flow model which may 
be used t o  i n d i c a t e  e f f e c t s  of  c a v i t a t i o n ;  d a t a  were ob- 
t a ined  a t  Lewis Water Tunnel a t  NASA Lewb Research Center ;  
bes ides  instrument  surveys;,  h igh speed photographs were 
taken,  f o r  which l a t t e r  purpose upper h a l f  o f  pump cas ing  
is of  p l a s t i c .  

4 .  Horie, C. and M. Oshima. 'gxperimental  Study on Cev i t a -  
t i o n  in Mixed Flow Pump Impel lers ,"  Japan Soc Mech Engrs - 
Bul v 7, n 25, Feb 1964, p. 62-70. S e r i e s  o f  experimental  
s t u d i e s  o f  c a v i t a t i o n  c h a r a c t e r i s t i c s  of  mixed flow pump 
impe l l e r s  was performed; r e p o r t  c l a r i f i e s  mainly how c a v i t e -  
t i o n  incep t ion  and performance dec rease  are influenced by 
number of  vanes and shape of  vane i n l e t  edge; it was a l s o  
found t h a t  c e r t a i n  moun t  o f  f low d e v i a t i o n  must be taken 
i n t o  account in de te rmina t ion  o f  vane i n l e t  angles .  

E f f e c t s  on Inducer  Cav i t a t ion , "  ASME-Paper WAIFE-31 f o r  
meet ing Nov 27-Dec 1 1966, 9 p. T e s t s  o f  va r ious  hubless  
inducers in wate r  show t h s t  s u c t i o n  s p e c i f i c  speed inc reases  
w i t h  Reynolds number end inc idence  angle;  a n a l y s i s  is pre-  
s en ted  which reduces t h i s  obse rva t ion  t o  Reynolds iwmber- 
dependency and approximate incidence-independency o f  newly 
de f ined  "vane coe f f i c i en t ; ' '  r e l a t i o n s h i p s  a r e  gene ra l  and 
apply t o  o t h e r  i nduce r  t ypes  and normal pump impel lers .  
22 r e f s .  

3. Hartmann, M.J.  and R.F. S o l t i s ,  "Observation o f  

5. J e k e t ,  W.K., "Reynolds Number and Incidence-Angle 

10. 

11. 

12. 

13. 

Langteau, R.R. and E.R. Dodge. ' F a v i t a t i o n  i n  Impel ler-  
Looking f r an  I n s i d e  Out," ASME-Paper 63-AHGT-30 f o r  meet ing 
Mar 3-7 1963 12 p. 
c e n t r i f u g a l  pump was modified by s p l i t t i n g  casing and 
impe l l e r  in h a l f  and inco rpora t ing  t r anspa ren t  i n s e r t s  and 
housings t o  permit  v i s u a l  observat ions of  flow; "half pump" 
was operated in wate r  test f a c i l i t y  a t  p ro to type  des ign  
heads w i t h  both F ranc i s  and radial-vaned i n l e t  impel ler  
design;  photographic  r eco rds  of c a v i t a t i n g  and nonesv i t a r ing  
cond i t ions  a t  various po in t s  a long  pump c h a r a c t e r i s t i c  are 
c o r r e l a t e d  wi th  va r ious  pe r fomance  p a r m e t e r s .  

Miller, M.J., J.E. Grouse, and D.E. Sandercock, 
"Summary o f  Experimental I n v e s t i g a t i o n  o f  Three Axial-Flav 
Pump Rotors  Tested in Water," ASME-Paper 66-WAIFE-24 f o r  
meeting Nov 27-Dec 1 1966, 11 p. Three r o t o r s  l oca t ed  
immediately dams t ream of  pump induce r  were t e s t e d  t o  
s tudy flow and performance acro88 loaded ex ia l - f low b lade  
rows; p r i n c i p a l  d e s i g n  parameters  va r i ed  were flow co- 
e f f i c i e n t ,  blade load ing  parameter a t  t i p ,  end hub-t ip  
r a d i u s  r a t i o ;  o v e r a l l  and b l ade  element performances under 
noncsv i t a t ing  flow cond i t ions  are d i scussed ;  c m p e r f s a n s  
between measured, three-dimensional  des ign  parameters  and 
those canputed fran two-dimensional cascsde c o r r e l a t i o n s ;  
performance obtained du r ing  ope ra t ion  o f  r o t o r s  i n  uns t ab le  
flow and c a v i t a t i n g  flow cond i t ions .  

Sslemsnn, V., 'What Engineers  Should Know Abwt  
C a v i t a t i o n  and NPSW," Pipe Line Industry v 1 5  n 1 Ju ly  1961 
P 55-61. Re la t ionsh ip  between pump s u c t i o n  c h a r a c t e r i s t i c s  
and f l u i d  p r o p e r t i e s  has  been obtained;  s a t i s f a c t o r y  pe r -  
formance o f  pumps on hydrocarbons wi th  less n e t  p o s i t i v e  
s u c t i o n  heed a v a i l a b l e  than r equ i r ed  by cold water  was 
s tud ied ;  d a t a  c o l l e c t e d  and theory developed aim a t  accu ra t e  
p r e d i c t i o n  o f  pump s u c t i o n  requirements  f a r  a l l  l i q u i d s ,  on 
b a s i s  o f  co ld  wa te r  requirements;  causes of  c a v i t a t i o n ;  
t e s t  s t and ,  i n s t rumen ta t ion ,  r e s u l t s ,  and b e n e f i t s  o f  
i nves t iga t ion .  

" Inves t iga t ion  of t h e  Performance of  a 78" F l a t - P l a t e  H e l i c a l  
Inducer," NASA TND-1170, 1962. 
inducer  w i th  a pump, m orde r  t o  r e a l i z e  t h e  advantages 
of h i s h e r  mechanical speeds,  has  found wide use i n  missile 
app l i ca t ions .  
shape employed ~n t h e  inducer  has  been the  f l a t - p l a t e  h e l i x .  
This report p resen t s  t h e  measured performance o f  an inducer  
of t h i s  type. The rotor, 5 mches  i n  diameter ,  cons i s t ed  of  
three b lades  wi th  a hub- t ip  r a t i o  o f  0.5 and a h e l i x  ang le  
of 78 degrees  a t  t h e  t i p .  A l l  t e s t s  were made ~n water .  

Performance r e s u l t s  over B range o f  flows are presented 
a t  both c a v i t a t i n g  and noncav i t a t ing  cond i t ions .  This  i nc ludes  
both t h e  o v e r a l l  performance and r a d i a l  d i s t r i b u t i o n s  of flow 
cond i t ions  and s e l e c t e d  blade-element performance parameters .  
I n  a d d i t r a n ,  photographs t h a t  v i s u a l l y  desc r ibe  flow cond i t ions  
a t  va r ious  modes of ope ra t ion  are presented.  A comparison of  
t he  measured a x i a l  v e l o c i t y  d i s t r r h u t i o n s  wi th  those computed 
assuming s imple  r a d i a l  equrl ibr ium provides  a check on t h e  
v a l i d i t y  of  t he  r a d l a l  equ i l ib r ium assumptLon. 

Wood. G.M., 'V i sua l  C e v i t e t i o n  S tud ie s  o f  Mixed Flow 
Pump Impel lers ,"  Trans. ASME 85 D (J. Basic  Engng.) 1, 
17-28, Mar. 1963. Three mixed impe l l e r s  (design parameters ;  
3800, 4920, 8500 rpm, 1760, 1545, 1245 gpm; 287, 235, 245 f t )  
have been t e s t e d  in a c losed  water  loop. Author compares 
c a v i t a t i o n  curves a t  t h r e e  test p o i n t s  a t  rpm 1900, 2460, 
4250 wi th  t h e  high-speed photographic  records.  
t h s t  c a v i t a t i o n  occur8 fo r  a l l  impe l l e r s  a t  h ighe r  va lues  
o f  NPSH then  those  a s soc ia t ed  wi th  a  drop i n  t he  head rise. 
C a v i t a t i o n  in vane channels  is c y c l i c ,  whereas c a v i t a t i o n  
near t h e  vane l ead ing  edges wn8 more s t a b l e .  

is B prime v a r i a b l e  i n  t h e  de t e rmina t ion  of c a v i t a t i o n  per-  
formance c h a r a c t e r i s t i c s .  Some d a t a  on vane channel  c e v i t a -  
t i o n  frequency a r e  presented.  

Low s p e c i f i c  speed, double s u c t i o n  

S o l t i s ,  R. F., D. A. Anderson, and D. M. Sandercock, 

The coupl ing of a c a v i t a t i n g  

An e f f e c t i v e  and q u i t e  e a s i l y  f a b r i c a t e d  blade 

He concludes 

In au thor ' s  op in ion ,  t he  mean s t a t i c  p r e s s u r e  g rad ien t  

Wood, G.M., J.S. Murphy, and J. Farquhar ,  "Experimental 
Study o f  Cav i t a t ion  in Mixed Flow Pump Impel ler ,"  ASME- 
T r a n s 4  Basic  Eng v 82 Ser D n 4 Dec 1960 P 929-40. 
Hydraul ic  pe r fomance  o f  impe l l e r  des ign  t e s t e d  wi th  6, 5,  
and 4 vanes in c losed  water  l oop ;  2 idea l i zed  flow models 
f o r  i n c i p i e n t  c a v i t a t i o n  were der ived  t o  i l l u s t r a t e  l i m i t s  
of  c a v i t a t i o n  des ign ;  both vane blockage and s o l i d i t y  
e f f e c t s  are importent .  Paper 60-Hyd-7. 

f o r  Cav i t a t ion -Res i s t an t  Inducers  up t o  40,000 Suc t ion  
S p e c i f i c  Speed," ASME-Paper 63-AHGT-59 f o r  meeting Mar 3-7 
1963 8 p. 
o f  i nduce r  des ign ,  c o r r e l a t i o n  o f  dimensionless  des ign  
p a r m e t e r s ,  experimental  d a t a  obtained f r m  2 models 
developed by Be l l  Aerosystems Co. and sugges t s  s e v e r a l  
a u x i l i a r y  means o f  augmenting c a v i t a t i o n  r e s i s t a n c e  o f  
inducer;  inducer  is a x i a l  flow pump capable  o f  d i g e s t i n g  
l e r g e  s c a l e  f l u i d  vapor formations a t  i t s  i n l e t  w i thou t  
s e r i o u s l y  a f f e c t i n g  head generat ion.  

Yokoyema, S., "Ef fec t  o f  P r o f i l e  o f  Entrance o f  
C e n t r i f u g a l  Pump Impe l l e r  on Cavi t a t ion , "  Japan Sac Mech 
Engrs-Bul v  5 n 1 9  Aug 1962 p 485-91. Ve loc i ty  d i s t r i b u -  
t i o n  j u s t  be fo re  vane en t r ance  edge d i f f e r s  accordjng t o  
d i f f e r e n c e  of  impe l l e r  en t r ance  p r o f i l e ;  i r r e s p e c t i v e  o f  
v e l o c i t y  d i s t r i b u t i o n ,  s t a t i c  p re s su re  d i s t r i b u t i o n  a t  
p o i n t  J u s t  be fo re  vanes was almost same f o r  a l l  p r o f i l e s ;  
i n  comparison o f  c a v i t a t i o n  occurrence of p r o f i l @ s  des ig -  
nated A and C ,  no d i s t i n c t i v e  d i f f e r e n c e  was observed 
except  t h a t  head drop due t o  c a v i e e t i o n  in l a r g e  flow r a t e  
range was sma l l e r  f o r  second p r o f i l e .  

Wright. M.K., "Design C-ents and Experimental Resu l t s  

Paper cons ide r s  general  geometr ic  cons ide ra t ions  
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14. Yakoyma, S., "Effec t  o f  T i p  Shape a t  Entrance of 
Impel le r  Vane of C e n t r i f u g a l  Pump on C a v i t a t i o n , "  Japan 
Soc Mech Engrs-Bul v 3 n 11 Aug 1960 p 326-32. Exper i -  
ments were c a r r i e d  o u t  on t h r e e  d i f f e r e n t  types  of  t i p  
shape; i n  each case, head c a p a c i t y  curve, s t a t i c  pres -  
sure d i s t r i b u t i m  on s u r f a c e s  of  vanes near  e n t r a n c e  t i p s  
and modes of c a v i t a t i o n  occurrence  were measured; r e s u l t s  
i n d i c a t e  t h a t  a t  shockless  e n t r y  t h e r e  are mare changes of 
c a v i t a t i o n  f o r  r w n d  t i p  vane than  for  o t h e r  type vanes: 
for sharp  t i p  vane no c a v i t a t i o n  occurs in experiments.  

2. VANE STRESSES (STReSSES I N  CURVED PLATES) 

a. Exact Solu t ions  

1. Candela,  F. ,  " S t r u c t u r a l  Appl ica t ions  o f  Hyperbolic 
Parabolo ida l  S h e l l s , "  J.  Amer. Concr. l n s t .  26,  5,  397-415, 
Jan .  1955. A f t e r  a s h o r t  e x p o s i t i o n  o f  the  p r o p e r t i e s  
of the hyperbol ic  parabolo id ,  au thor  gives in  simple form 
Pueher 's  general equat ions  of the  s t r e s s  system a n a l y s i s .  
More e s p e c i a l l y ,  the  warped para l le logram 1 s  s t u d i e d .  
a r i s i n g  from c o n s i d e r a t i o n  of a p o r t i o n  of a hyperbol ic  
paraboloid l imi ted  by four s t r a i g h t  g e n e r a t r i x .  In gen- 
e r a l ,  the  sere88  system 1 s  given  f o r  the fo l lowing  cases 
( 1 )  snow load ,  ( 2 )  dead load ,  (3) f i l l  load .  The f . ( x ) , F , ( y )  
func t ions  r e l a t i v e  t o  the  boundary c o n d i t i o n s  a r e  t o  be 
determined i n  a l l  a f o r e s a i d  cases. The f i n i t e - d i f f e r e n c e s  
method 16 recommended f o r  the  more complex s o l u t i o n  of case 
(2). 

Some e x i s t i n g  examples a r e  shown of ConstructLons in 
Mexico C i t y  b u i l t  up a s  a s s o c i a t i o n s  of the  warped p a r a l l e l -  
ogram. 

The p o s s i b i l i t i e s  of the use of these  s h e l l s  I n  re inforced-  
concre te  c o n s t r u c t i o n  makes t h i s  work p a r t l c u l s r l y  I n t e r e s t i n g .  

Devera l l .  L. 1. and C .  J .  Thorne, "Bending of Thin Ring- 
Sector  P l a t e s , "  J.  appl .  Mech. 18, 4 ,  359-363, D e c .  1951. 
Authors a t t a c k  the  problem by a method they used for  rec- 
t angular  p l a t e s  ~n a previous  paper (AMR 4 ,  Rev. 3837). 
General express ions  f o r  the  d e f l e c t i o n  o f  p l a t e s  whose 
planform is  a s e c t o r  of a c i r c u l a r  ring are given  f o r  cases 
i n  which the  s t r a i g h t  edges have a r b i t r a r y  b u t  given d e -  
f l e c t i o n  and bending moment. The s o l u t i o n s  a r e  given f o r  
a l l  combinations of phys ica l ly  important edge condi t ions  
on the  two c i r c u l a r  edges.  S e c t o r s  of c i r c u l a r  p l a t e s  are 
included as  s p e c i a l  c a w s .  S o l u t i o n s  are given  f o r  a genera l  
load which i s  a continuous func t ion  o f  r and a s e c t i o n a l l y  
continuous f u n e t i o n  of 8 .  where r and 8 are the  usua l  po lar  
coord ina tes  with t h e  pole a t  the  c e n t e r  of the  ring. Sev- 
e r a l  s p e c i f i c  examples f o r  angles  of the  s e c t o r  30" and 90' 
a r e  given. 

Curved P l a t e s , "  ASME - Paper 64-WAIMD-8 f o r  meeting Nov. 29- 
Dee. 4 1964 6 p.: See also ASME - Trans - J Eng for  
I n d u s t r y  v 87 n 3 Aug 1965 p 303-8. S o l u t i o n  i s  obta ined  
using l i n e a r  theory  of e l a s t i c i t y  f o r  s t r e s s e s  In long, 
t h i c k ,  uniformly curved p l a t e  due t o  pressure  on curved 
s u r f a c e s  and f o r c e s  or d e f l e c t i o n s  s p e c i f i e d  on s t r a i g h t  
edges ,  maximum s t r e s s e s  are compared wi th  those  obta ined  by 
elementary t h i n  beam theory ,  showing range of a p p l i c a b i l i t y  
of s impler  theory :  i n  g e n e r a l ,  accuracy of elementary theory  
depends on t o t a l  p l a t e  angle ,  as w e l l  as mean-radius-to- 
th ickness  r a t i o  

2 .  

3. G r i f f i n ,  D. S . ,  "St resses  and Deflec t ions  of Thick, 

4 .  Haas, A. M . ,  "Design o f  Thin Concrete S h e l l s  Vol. 1,  
P o s i t i v e  Cucvaturc Index," New Yark, John Wiley & Sans, Inc., 
1962, v i i i  + 128 p. This book r e p r e s e n t s  the  f i r s t  of d 

s e t  o f  s e v e r a l  volumcs concerning var ious  a s p e c t s  o f  s h e l l  
a n a l y s i s ,  d e s i g n ,  and c o n s t r u c t i o n  t h a t  the  au thor  in tends  
t o  publ rsh .  This  f i r s t  volume d e a l s  wi th  thL des ign  and 
a n a l y s i s  of doubly curved s h e l l s  of p o s i t i v e  curva ture  and 
l n  p a r t i c u l a r  ax isyometr ic  s h e l l s .  

theory O I  shells and a concise summary of the  oecessary  
r e l a t i o n s h i p s  of d i f f e r e n t i a l  geometry f o r  the  analysis 
o f  t h m  s h e l l s .  Next, the  membrane a n a l y s i s  of dxisymmetric 
deformation of axisymmetrw s h e l l s  1s formulated and d 
number o f  s p e c i a l  cases p e r t a m i n g  t o  membranes s t r e s s e s  
e x i s t i n g  I" symmetrically deformed s h e l l s  of revolu t ion  
are  t r e a t e d .  These inc lude  the s p h e r i c a l  dome, thc el- 
l i p t i c a l  dome, and conical s h e l l s  subjec ted  t o  various types  
of symaet r ic  losdn .  Analy t rce l  as  w e l l  A S  BraphiLal 
s o l u t i o n s  a r e  d iscussed .  The next chapter  presents  the case 
o f  unsymmetrically loaded s h e l l s  of r e v o l u t i o n  and linear 
e l a s t i c  theory  IS Lmnplctcly d e w  loped fur t h i s  s1 tua t i im.  
S o l u t i o n s  involv ing enpansions i n  terms of  harmonic s e r ~ e s  
a re  t r e a t e d  in d e t a i l  for s p h e r i c a l  s h e l l s  and s h e l l s  on 
d i s c r e t e  s u p p o r t s ,  and. l a s t l y ,  V ~ T I - O L I S  a s p e c t s  of design 
c o n s i d e r a t i o n  f o r  such s h e l l s  are discussed .  

The book begins  wi th  a b r i e f  o u t l i n e  of the  membrane 

5. Knowles, J. K., and E. Reissner, "Torsion and Extension 
of Hel ico ida l  S h e l l , "  Quar te r ly  of Applicd Mathematics, 
Vol 17. p 409-422, 1959. l h e  a u t h o r s  determine the e l a s t i c  
behavior o f  a pre twis ted  s l r i p  I" the form ot a h e l i c o i d a l  
shell when a c l e d  upon by a x i a l  f o r c e s  and a t w i s t i n g  moment. 
In t h l s  i n s t a n c e  t h e  r o t a t i o n a l l y  symmetrre s t a t e s  o f  s t r a i n  
depend upon the s t a t e s  of displacement t h a t  are not 
r o t a t i o n a l l y  symmetric. Tors iona l  r i g i d r t y  and axial 
s t i f f n e s s  are obta ined  a s  a f u n c t m n  of p r e t w i s t  by 
p e r t u r b a t i o n  s o l u t i o n s .  

6 .  Langhaar,  H.  L . ,  "An I n v a r i a n t  Membrane S t r e s s  F~lnc t lun  
f o r  S h e l l s , "  3. appl .  Mech. 20 .  2, 178-182, June 1953. The 
equat ions  o f  equi l ibr ium of membrane stresses I" a s h e l l  
are shown t o  be s a t i s f i e d  wi th  C e r t a i n  r e s t r i c t i o n s  by a 
genera l ized  Airy  stress funct ion .  For  s h e l l s  of c o n s t a n t  
Gaussian Curvature the  Stress f u n c t m n  LS shown t o  be 
u n r e s t r i c t e d .  For  o t h e r  s h e l l s .  ~t i n  expressed as  a func- 
t i o n  o f  the  Gaussian c u r v a t u r e .  
Pucher ' s  s t r e s s  func t ion .  S h e l l s  o f  r e v o l u t i o n  wi th  c o n s t a n t  
and v a r i a b l e  curva ture  a r e  d lseussed .  

o f  She1ls: 'J .  a p p l .  Meeh. 21, 1, 81-82, Mar. 1954. In a 
previous  paper (AMR 3, Rev. 1641) o f  the  f i r s t  a u t h o r ,  the 
s t r a m  energy  was der ived  wi th  the  assumption t h a t  on ly  the 
l i n e a r i z e d  terms ~n the  t h i c k n e s s  c o o r d i n a t e  L need be re- 
t a ined  In t h e  geometr ica l  equat ions  between the  s t r a i n s  and 
the  d iep lacements  o f  t h e  mlddle s u r f a c e .  The p r e s e n t  paper 
shows t h a t ,  in g e n e i a l ,  t h e  s t ra in-energy  d e n s i t y  18 only  
a r a t i o n a l  func t ion  of z , and the e v a l u a t i o n  o f  the  s t r a i n  
energy i n  terms of the  d isp lacements  is not  d l f f m u l t .  In 
the  simple example of the  c a n t i l e v e r  curved beam the  au thors  
Poin t  o u t  t h a t  t h e  l m e a r i z i n g  of  the  geometr ica l  equat ions  
i n  connec t ion  wi th  the  use of s t r a i n  energy and c a l c u l u s  o f  
v a r i a t i o n s  leads  t o  ques t ionable  approximations.  The con- 
d i t l o n s  of equi l ibr ium are not  s a t k s f i e d ,  the  ne t  tensson 
d i s a g r e e s  g r o s s l y .  But i f  t h e  s h e l l  is t h l n ,  the  l i n e a r i z i n g  
causes only  a small  error in the  s t r e s s e s .  

Of Curved P1ateb:'NACA TN 3684, 38 pp.; Oct.  1956. The 
s p e c i f i c  problems t r e a t e d  are the  d e f l e e t m n e  o f  doubly 
curved p l a t e s  wi th  normal edge loads ,  doubly curved p l a t e s  
under edge shear  loads ,  and n e a r l y  c y l i n d r i c a l  curved p l a t e s  
under l o n g i t u d i n a l  compression. The d i f f e r e n c e  between 
t h e  f i r s t  two p l a t e s  and the  t h i r d  one l i e s  I n  t h e  f a c t  
t h a t  t h e  i n i t i a l  d e f l e c t i o n  i s  a x i a l l y  symmetric I n  t h e  
f i r s t  two case8 whereas t h e  t h l r d  p l a t e  IS very  c l o s e  t o  
B p o r t i o n  o f  a s t r a i g h t  circular c y l i n d e r  but has ,  ~n a d d i t i o n ,  
a s l i g h t  bulge along the  length  of i t .  

The p r i n c i p l e  of minimum p o t e n t i a l  energy, or equxvalen t ly  
the  K i t z  method. l e  used t o  determine t h e  c o e f f x i e n t s  
i n  the  assumed express ion  f o r  the  s t r e s s  func t ion ,  and It 
18 found t h a t ,  f o r  the  i n i t i a l  d e f l e c t i o n s  cons idered ,  
o n l y  a few c o e f f i c k e n t s  were necessary  t o  represent  the  
complete s o l u t i o n .  This  IS, o f  course, merely another  way 
of  say ing  t h a t  i f  the  i n i t i a l  d e f l e c t m n  can be represented  
w e l l  by a few terms m a double s i n e  s e r i e s  and i f  t h e  
loads  such  t h a t  the  t o t a l  d e f l e c t i o n s  under load are 
s i m i l a r  i n  form t o  the i n i t i a l  d e f l e c t i o n ,  then o n l y  a few 

. tesms i n  a double o n e  series w i l l  s u f f l c e  e q u a l l y  w e l l  t o  
d e s c r i b e  t h e  deformed S t a t e .  

In a d d i t i o n  t o  the  de te rmina t ion  o f  the s t r e s s e s  and 
d e f l e c t % o n s ,  t h e  e f f e c t i v e  wld ths  o f  t h e  curved p l a t e s  were 
c a l c u l a t e d  f o r  s e v e r a l  cases and compared t o  f l a t  shee t8  
and circular c y l i n d r i c a l  curved panels.  

Comparisons are wade with 

7. Langhaar,  H. L. and D. R. Carver,  "On The S t r a i n  Energy 

8. Lew, 8. G - J .  A. Fox, and T. T. Loo, "Large Def lec t ion  

9. L i b a i ,  A . ,  " Invar ian t  S t r e s s  and Deformation Funct ions  
f o r  Doubly Curved S h e l l s , "  Transac t ions  of ASME. Vol 89 ,  
S e r i e s  E,  No. 1, J o u r n a l  o f  Applied Mechanics, Harch 1967, 
p 43-54. Exact i n v a r i a n t  stress and deformation f u n c t w n s  
f o r  doubly curved (nondevelopable) s h e l l s  are der lved .  The 
i n v a r i a n t  s t r e s s  func t ron  reduces the  s i x  s h e l l  equilibrium 
equat ions  i n t o  a s i n g l e  equat ion  in t h e  stress f u n c t i o n  and 
moment r e s u l t a n t s .  The deformation func t ion  reduces the  
t h r e e  s u r f a c e  s t ra in-d isp lacement  r e l a t i o n s  into a s i n g l e  
c o m p a t i b i l i t y  equat ion  in the  s t r a i n s  and defarmat lon  func t ion ,  
i n  terms of which the  changes of  curva ture  are a l s o  expressed. 
Appl ioa t ion  of these func t ions  I n  the  formula t ion  of an 
approximate bending t h e o r y  f o r  s h e l l s  i n  presented .  

10. Reissner ,  E . ,  "On F i n i t e  Twisting and Bending of 
C i r c u l a r  Ring SLctor P l a t e s  and Shallow Hel ico ida l  S h e l l s , "  
Q u a r t e r l y  of Applied Mathematics,  Vol 11, 1963, p 473-483. 
The au thor  cons iders  the  behamor  o f  a t h i n  crrcular ring 
Sector  p l a t e  subjec ted  t o  two equal and oppos i te  f o r c e s  
perpendlcular  t c ,  t hc  plane of the p l a t e  and l a t e r  ana lyzes  
an L n r t l a l l y  d e f l r c t e d  h e l l c o l d a l  s h e l l .  S t r e s s  r e s u l t a n t s  
and couples  are assumed rndependent o f  thc  p o l a r  angle. 0 , 
and t r a n s v e r s e  displacement 1s assumed propor t iona l  t o  8 .  
The s o l u t i o n s  a r e  obtained I n  t e r m s  o f  an Airy S t r e s s  
func tl0". 

11. Reissner ,  E , "Rota t iona l ly  Symmetric Problems In  tbe 
Theory of Thin E l a s t i c  Shel1s:'Proc. Third U.S. Nat.  Congr. 
Appl. Mech., June 1958, A m e r .  Soc. Mech. Engrs., 1958, 
51-69. Paper p r e s e n t s  a n  exhaus t ive  and concue  survey o f  
l i n e a r  and nonl inear  theory  o f  r o t a t i o n a l l y  symmetric problems 
o f  t h i n  e l a s t ~ c  s h e l l s .  Numerous important c o n t r i b u t i o n s  
t o  t h e  Subjec t  by au thor  and o t h e r s  are summarlzed wl th  d i m  
o f  c m s t r u c t m g  B u n i f i e d  and genera l ized  theory.  

linear and small nonlinear d e f l r c t i o n s .  Method f o r  c losed  
nonlinear s o l u t i o n  of sha l low s p h e r i c a l  s h e l l  1s given. 
In V L ~ W  o f  examinatzon or a p p l t c a b l l l t y  of membrane so lu-  
t m n s ,  boundary-layer theory IS summarized. Condition for  
e x i s t e n c e  aI boundary-layer s o l u t i o n  i s  developed f o r  
general case ,  thus generalizing known condi t ion  f o r  
s p h e r i c a l  s h e l l .  

o f  s h e l l  loaded on edges only  LS developed. General condi t ion  
f o r  n e g l r g i b i l l t y  of t h i s  c o r r e c t i o n  IS given, thus general- 
i z i n g  e a r l i e r  r e s u l t  o f  au thor  f o r  c y l i n d r i c a l  s h e l l .  

Theory o f  shallow s h e l l s  of r r v o l o t i o n  IS t r e a t e d  f o r  

Second-order c o r r e e t l o n  theory f o r  in f luence  C o e f f l c l e n t s  
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Other s u b j e c t s  t r e a t e d  are  Llnear theory  o f  pure bending 
o f  incomplete s h e l l s  o f  r e v o l u t i o n ,  s h e l l s  of r e v o l u t i o n  
wi th  sml l  v a r i a t i o n  of  r a d i a l  dimensions,  asymptotic 
s o l u t i o n s  f o r  t o r o i d a l  s h e l l s ,  and bending c o r r e c t i o n  t o  
membrane s o l u t i o n  o f  c losed  e l l i p s o i d a l  s h e l l .  

thin-walled pressur ized  tubes  of rn l t i .31  crrcular cross 
s e c t i o n  is s e t  up. E x p l i c i t  s o l u t i o n  is given by Series 
expansion f o r  case o f  r n i t i a l l y  s t r a i g h t  c e n t e r  I m e .  

t h i n - s h e l l  theory.  

L a s t l y ,  d i f f e r e n t l a l  equat lon  of f i n i t e  bending o f  

Reviewer b e l i e v e s  t h a t  paper i s  of  mapr importance in 

Vol'mir,  A .  S., "Survey of I n v e s t r g a t i o n r  m the  Theory 
of  F lex ib le  P l a t e s  and S h e l l s  (Covering the Period from 
1941 t o  1957)," NASA Tech. Trans l .  F-180, 45 pp., Oct.  1963. 
(From Raschet Prostranstvennykh Kons t rukts iy  4,  451-475, 
1958.) 
and s h e l l s  is reviewed, and informat ion  IS a b s t r a c t e d  on 
p e r t i n e n t  areas such a6 fundamental and approxlmate methods 
of s o l u t i o n ,  l a r g e  d e f l e c t r o n s  o f  p l a t e s  and s h e l l s ,  and 
postbuckling deformations o f  p l a t e s  and s h e l l s .  

The l i t e r a t u r e  on t h e  theory o f  f l e x i b l e  p l a t e s  

b. Approximate Methods 

1. 

L 

Wan, F. Y. M..  "A C l a s s  of Unsymmetrical S t r e s s  016- 
t r i b u t i o n s  i n  Helicoidal S h e l l s , "  Q u a r t e r l y  of Applied Mathe- 
mat ics .  Vol 24, No. 4 ,  1967. The au thor  develops a theory  
f o r  t h e  e l a s t i c  behavior o f  a h e l i c o i d a l  s h e l l  in which the  
displacements a r e  multivalued i n  the  polar  angle ,  e , while 
the  s t r a i n  d i s t r i b u t i o n ,  a l though s m g l e  valved i n  0 , 
is  dependent upon 8 . Ten s t r a l n  displacement r e l a t i o n e  
are used t o  s e t  up the  d i f f e r e n t i a l  equat ions  which govern 
t h e  e l a s t o s t a t i c  behavior o f  the  s h e l l .  The bending of a 
h e l i c o i d a l  s h e l l  by end moments is solved a6 an example. 

Archer,  J .  S., "Cons is ten t  Mat r ix  Formulations f a r  
S t r u c t u r a l  Analys is  Using Finite-Element Techniques:' 
A I A A  J o u r n a l ,  Vol 3, No. 10,  Oct 1965, p 1910-1918. The 
d iscre te -e lement  s t i f f n e s s  mat r ix  technique f o r  formula t ion  
of l i n e a r  s t r u c t u r a l  problems in engineer ing  mechanics is 
examrned t o  deve lop  techniques  t h a t  give exac t  or c l o s e l y  
approximate s o l u t i o n s  for s t a t i c  load-displacement,  e l a s t i c  
s t a b i l i t y ,  and dynamic response problems. An e x a c t  r e l a t r o n -  
s h i p  1s der ived  f o r  determining the  coord ina te  load m a t n x  
equiva len t  t o  a genera l  d i s t r i b u t e d  load func t ion .  Use of 
the  load mat r ix  in s t a t i c  load-displacement problems r e s u l t s  
in an  exac t  s o l u t i o n  f o r  the eoord lna te  displacements con- 
s r s t e n t  wi th  the  t h e o r e t i c a l  b a s i s  used f a r  c o n s t r u c t m g  
the  s t i f f n e s s  mat r ix .  E x p l i c i t  express ions  are  der ived  f o r  
a f in i te -d isp lacement  mat r ix  f o r  beam and p l a t e  elements 
f o r  use I n  formula t ing  the  genera l  e l s s t m - s t a b z l i t y  problem. 
The approach d iscussed  provides  c l o s e l y  approximate buckling 
loads  t h a t  are  upper bounds t o  the  p r e c i s e  s o l u t i o n .  The 
dynamic problem, inc luding  e l a s t i c - s t a b i l i t y  c o n s i d e r a t i o n s ,  
18 formulated using a c o n s i s t e n t  mass matrkx approach. This 
approach provides  c l o s e l y  approxmate  n a t u r a l  f requencies  
t h a t  are upper bounds t o  the  exac t  s o l u t i o n .  The d a t a  re- 
qurred f o r  s t i f f n e s s ,  l o a d ,  f in i te -d isp lacement ,  and mass 
m t r i c e s  f o r  a system composed of Tmoshenko beam elements 
wi th  l i n e a r l y  vary ing  p r o p e r t i e s  are provided. An example 
c a n t i l e v e r  stepped beam problem is so lved  t o  I l l u s t r a t e  the  
techniques  involved and t h e  e x a c t  or c l o s e l y  approxrmate 
n a t u r e  of the  s o l u t i o n s  obta ined .  

8 Argyris,  J.H., "Recent Advences in Matrix Methods o f  
S t r u c t u r a l  Analysis," Progress in Aeronaut ica l  Sciences, 
Yo1 4 ,  The Macmillan Company, 1964. T h i s  book d i s c u s s e s  
methods of us ing  m a t r i c e s  t o  s o l v e  a i r c r a f t  s t r u c t u r a l  
problems by computer techniques .  Methods of s o l v i n g  
l i n e a r  end nonl inear  problems by m a t r i x  force-methods and 
m a t r i x  displacement methods are  presented. These m e  
many examples in which t h e  r e s u l t s  are compared w i t h  
experimental  t e s t  d a t a  wi th  good agreement. Of p a r t i c u l a r  
i n t e r e s t  is t h e  genera l  d i s c u s s i o n  on a method o f  approaching 
the  problem of t h e  curved cover by r e p l a c i n g  t h e  cover  
s u r f a c e  wi th  t r i a n g u l a r  e lements ,  as discussed  i n  Appendix I. 

Dswe, D.J . ,  "A F i n i t e  Element Approach To P l a t e  Vibra-  
t i o n  Problems," Journal of Mechanical Engineering Sc ience ,  
Val 7 ,  No. 1, p 28-32. A  method o f  computing t h e  n a t u r a l  
f requencies  of v i h r a t i a n  o f  f l a t  p l a t e s  of a r b i t r a r y  shape 
is out l ined  i n  which t h e  p l a t e  i s  cons idered  as an assemblage 
of elements.  

Both s t i f f n e s s  and i n e r t i a  m a t r i c e s  are der ived  f o r  a 
r e c t a n g u l a r  i s o t r o p i c  p l a t e  element o f  uniform t h i c k n e s s ,  
and these  matrice. are used to find t h e  n a t u r a l  f requencies  
o f  square p l a t e s  s u b j e c t  t o  various boundary condi t ions .  
Comparison of f i n i t e  element f requencies  w i t h  k n a m  e x a c t ,  
exper imenta l ,  and energy s o l u t i o n s  shows t h e  rnethod t o  glve 
good r e s u l t s  even f o r  r e l a t r v e l y  few elements.  

a b l e  Thickness," Journa l  o f  Mechanical Engineer ing  Science, 
Vol 1, No. 1, p 42-51, 1966. I n  a previous  paper t h e  
a p p l i c a t i o n  of t h e  f i n i t e  element method t o  p l a t e  v i b r a t i o n  
problems was discussed .  It was shown t h a t  t h e  method gave 
good r e s u l t s  when appl ied  t o  t h e  v i b r a t i o n  o f  p l s t e e  of 
uniform th ickness .  

o f  v a r i a b l e  th ickness .  In p a r t i c u l a r ,  s t i f f n e s s  and i n e r t i a  
m a t r i c e s  are der ived  f o r  an i s o t r o p i c  r e c t a n g u l a r  p l a t e  
element o f  l i n e a r l y  v a r i s b l e  th ickness  i n  one ca-ord ina te  
d i r e c t i o n .  These m a t r i c e s  are used t o  f i n d  t h e  n a t u r a l  
f requencies  and mode shapes of  a number of r e c t a n g u l a r  
p l snfonn c a n t i l e v e r  p l a t e s  o f  non-uniform th ickness .  
Experimental  r e s u l t s  provide a b a s i s  f o r  comparison w i t h  
t h e  f i n i t e  element r e s u l t s .  

Dave, D.J., ' 'Vibration o f  Rectangular P l a t e s  o f  Var i -  

The present  psper  ex tends  the  method t o  inc lude  p l a t e s  

5. PlGgge. W . ,  and S. C. Chou, '#Large-Deformation Theory 
o f  S h e l l s  o f  Revolution." Transactions o f  ASHE, Vol 89. 
Series E, No. 1, J o u r n a l  o f  Applied Mechanics, March 1967, 
p 56-58. In t h i s  paper,  nonl inear  membrane equat ions  are  
der ived  f o r  a s h e l l  of revolu t ion  under the  assumption 
t h a t  no t  only are the  displacements and r o t a t i o n s  la rge ,  
b u t  t h a t .  also, l a r g e  s t r a i n s  are admi t ted .  The equat ions .  
t h e r e f o r e ,  are aimed a t  s h e l l s  which are not only  very  
t h i n ,  bu t  which are a l s o  made of a mater ia l  whi'h permits 
l a r g e  e l a s t i c  s t r a i n s .  The s p e c i a l  d i f f i c u l t i e s  r e s u l t i n g  
from t h i s  e x t e n s i o n  o f  t h e  theory are  d iscussed .  A s  an 
example f o r  the  a p p l i c a t i o n  of the  equat ions ,  a c i r c u l a r  
t o m i d  subjec ted  t o  i n t e r n a l  pressure  is s tudied .  Numer- 
i c a l  r e s u l t s  are given f o r  a l e v e l  of loading  which l ie ;  
c l e a r l y  o u t s i d e  the  domain of a l a rge-def lec t ion ,  small- 
s t r a i n  theory .  

6.  Gal lagher ,  R. H.. R. A. G e l l a t l y ,  J. Padleg, and R. H. 
M a l l e t t ,  "A Discrete Element Procedure f o r  Thin-Shell  I n s t a b i l i t y  
Analysis," A I A A  J o u r n a l ,  Vol 3, No. 1, Jan 1967, p 138-145. 
The concepts  o f  t h e  roatrix displacement approach t o  d i s c r e t e  
element s t r u c t u r a l  a n a l y s i s  are extended t o  p r e d i c t  genera l  
i n s t a b i l i t y .  I n s t a b i l i t y  phenomena are accounted f a r  by 
cons ider ing  the  inf luence  o f  element membrane f a r c e s  on 
element e f f e c t i v e  f l e x u r e  s t i f f n e s s e a .  P e r t i e u l a r  a t t e n t i o n  
is given  to t h e  problem of determining membrane force  
d i s t r i b u t i o n s  t h a t  account f a r  in te re lement  membrane-flexure 
coupling. Representa t ions  of i n s t a b i l i t y  e f f e c t s  are form- 
u la ted  f o r  s e v e r a l  l e v e l s  of approximation f o r  an a r b i t r a r y  
q u a d r i l a t e r a l  p l a t e  element.  C r i t i c a l  appl ied  load i n t e n s i t i e s  
a r e  pred ic ted  f o r  p l a t e ,  a r c h ,  and s p h e r i c a l  c a p  s t r u c t u r e s  
t o  demonstrate convergence c h a r a c t e r i s t i c s  and t o  provide 
cornparifions wr th  t e s t  d a t a  and c l a s s i c a l  s o l u t m n s .  

7. Gerstenkoru, G. F. and A. S. Kobayashi, "Application of 
the  D i r e c t  S t i f f n e s s  Method t o  Plane Problems Involv ing  
Large, Time-Dependent Deformations," Journa l  of Basic Eng., 
Dec 1966, p 771-776. The d i r e c t  s t i f f n e s s  method i a  
used t o  formulate a numerical procedure f o r  s o l v i n g  plane 
s t r u c t u r a l  problems involv ing  l a r g e ,  time-dependent deform- 
a t i o n s  and nonhomogeneous. time-dependent m a t e r i a l  p r o p e r t i e s .  
The s t i f f n e s s  mat r ix  ~n polar  coord ina tes  IS der ived  for  the  
s t a t e  of p lane  s t r a i n .  The nonl inear  s t r u c t u r a l  response IS 
incrementa l ly  l i n e a r i z e d  by cons ider ing  the  deformatmn 
process t o  be l i n e a r  w i t h i n  small time increments.  The 
developed procedure 1s compared numerrcally wi th  a known 
s o l u t i o n  of creep  deformations in a thick-walled c y l i n d e r  
subjec ted  t o  i n t e r n a l  pressure  loading and e leva ted  tem- 
pera ture .  

Herman", 1. R., "A Bending Analys is  f o r  P l a t e s , "  March 1965, 
AeroIet-General Corp., Technica l  Paper No. 7 SRO. I n  t h l s  paper,  
a genera l ,  approximate s o l u t i o n  method a p p l i c a b l e  t o  the  bending 
a n a l y s i s  o f  s t r u c t u r a l  p l a t e s  1s presented and i l1ustrat .d.  The 
a n a l y s i s  inc ludes  t h e  e f f e c t s  of s h e a r i n g  deformations and, as 
a consequence, is a p p l i c a b l e  t o  both t h i n  and moderately t h i c k  

8. 

p l a t e s .  
The p l a t e  bending equat ions  ( m c l u d m g  shear  deformat ions) ,  

Wri t ten  as func t ions  of t h e  t r a n s v e r s e  d e f l e c t i o n .  and the  
bending moments are expressed by means of a v a r u t i o n a l  theorem. 
The p l a t e  t o  be analyzed 18 represented  by a s e r i e s  of f l n z t e  
elements ( t r r a n g l e s ) .  Form4 of t h e  primary dependent v e r l a b l e s  
( t r a n s v e r s e  d e f l e c t i o n  and moments) are assumed w i t h i n  each 
element and are r e l a t e d  t o  t h e i r  values a t  t h e  element nodes 

obtained by tak ing  t h e  v a r i a t i o n a l  of t h e  func t ion  wi th  r e s p e c t  
t o  t h e  node values of t h e  unknowns, thus genera t ing  a set of 
l i n e a r  a l g e b r a i c  equat ions  t h a t  d e f i n e  these  nodal va lues .  The 
r o t a t i o n s  and s h e a r s  a r e  c a l c u l a t e d  from the  va lues  of d e f l e c t l o "  
and momenta. 

The cons idera t ion  of t ransverse  shear  deformations permrts 
t h e  s p e c i f i c a t r o n  of t h r e e  boundary condi t ions  a t  each boundary 
p o i n t ,  i n s t e a d  o f  two, as m t h e  case of the  c l a s s ~ c a l  t h i n  
p l a t e  theory.  Thus, f o r  example, a long  a f r e e  edge o f  a p l a t e ,  
the  a c t u a l  boundary condr t ions  may be appl ied  (vanishmg of the  
normal moment, normal s h e a r ,  and t w i s t i n g  moment) ins tead  of 
the  r a t h e r  a r t i f i c i a l  boundary condi t ions  deraanded by t h m  p l a t e  
theory (vanish ing  of t h e  normal moment and t h e  "ef fec t ive"  
t r a n s v e r s e  force) .  

The s o l u t i o n  technique i s  u t i l r z e d  t o  ana lyze  two s i g n i f i c a n t  
problems, f o r  which e x a c t  s o l u t i o n s  are a v a i l a b l e ,  wi th  e x c e l l e n t  
aCC"raCy. 

, a t  t h e  t r i a n g l e  vertices). The approxlmate so lu tzon  IS 

9. Hals ton ,  A. ,  J r . ,  "Approximate Analy t ica l  S o l u t i o n s  of 
the  F in i te -Def lec t ion  Equations f o r  a Shallow Spherical 
S h e l l , "  Transac t ions  of ASME, Vol 89. Series E ,  No. 1 ,  
Journal o f  Applied Mechanics, March 1967. p 65-86. Approx- 
imate s o l u t i o n s  a r e  obta ined ,  by Newton's method, f o r  s h e l l s  
subjec ted  t o  uniform and/or po in t  loads  i n  the  prebuekled or 
postbuckled c o n f i g u r a t i o n s .  
numerical  s o l u t i o n s  shows maximum d e v i a t i o n s  of 5 percent  
f o r  clamped s h e l l s  subjec ted  t o  uniform loads  i n  the  pre- 
buckled conf igura t ion .  S i m i l a r  comparisons f o r  o t h e r  cases 
show l a r g e r  d e v i a t i o n s .  A c h a r a c t e r i s t r c  load LS developed 
which compares favorably  wi th  numerical buckling loads .  

10. Hrennikoff ,  A. ,  " so lu t ion  of Problems of E l a s t r c i t y  by 
the  Framework Method," J o u r n a l  o f  Applied Mechanics, Trans.  
ASME 63, Dec 1941, p A169-AI75. Because of mathematical  
d i f f i c u l t i e s  which make the  s o l u t i o n  o f  d r f f e r e n t r a l  equat ions  
of the theory  o f  e l a s t i c i t y  impossible in many cases,  the 
au thor  has  been impelled tu  seek some o t h e r  method of approach 
than one o f  pure mathematical  a n a l y s i s .  The method out -  
l ined  i n  t h i s  paper LS of thLs c h a r a c t e r  and may with some 
q u a l i f i c a t i o n s  be appl ied  t o  problems of two-dimenstonal 
s t r e s s ,  bending of p l a t e s ,  bending nf c y l i n d r i c a l  s h e l l s ,  
the genera l  case of three-dimensional s t r e s s ,  and a g r e a t  
v a r i e t y  of o t h e r s .  E s s e n t r a l l y ,  t h e  mcthod c o n s i s t s  ~n 
replacing the  ccmtinuous mater la l  o f  the e l a s t i c  body 

Comparison of r e s u l t s  wi th  
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being s tudied  by a framework of b a r s  arranged accord ing  t o  
a d e f i n i t e  p a t t e r n ,  the  elements o f  which a re  endowed wi th  
e l a s t i c  p r o p e r t i e s  s u i t a b l e  t o  the  type of problem. This 
framework 1s then analyzed, accordrng t o  the  procedure out -  
l ined  ~n the paper f o r  various types  of e l a s t l c  problems. 
Examples of  the  a p p l i c a t i o n  o f  the p r i n c i p l e s  involved are 
also given. 

11. Kaln ius ,  A. and J .  F. L e s t i n g i ,  "On Nonlinear Analys is  
of E l a s t i c  S h e l l s  of Revolution," Transac t ions  of ASME, 
Vol 89, Series E No. 1, Journa l  of Applied Mechanics, 
March 1967, p 59-64. A  m l t i s e g m e n t  method 16 developed 
f o r  t h e  s o l u t i o n  of two-point boundary-value problems 
governed by a system of f i r s t - o r d e r  ord inary  nonl inear  
d i f f e r e n t i a l  equat ions .  By means o f  t h i s  method, r o t a t i o n -  
a l l y  symmetric s h e l l s  of a r b i t r a r y  shape under axisynnnetric 
loads  can be analyzed wi th  any a v a i l a b l e  nonl inear  bending 
theory  of s h e l l s .  The bas ic  equat ions  requi red  by the  
method are given f o r  one p a r t i c u l a r  theory  of s h e l l s ,  and 
numerrcal examples of a sha l low s p h e r i c a l  cap  and a complete 
t o m s  subjec ted  t o  e x t e r n a l  pressure  are presented I n  de- 
t a i l .  The main advantage o f  t h i s  method over the  f i n i t e -  
d i f f e r e n c e  approach i s  t h a t  the  s o l u t i o n  IS obta ined  every- 
where wi th  uniform accuracy, and the  i t e r a t i o n  process wi th  
r e s p e c t  t o  the  mesh s i z e ,  which IS requi red  wi th  the f i n i t e -  
d i f f e r e n c e  method. i s  elminated. 

12. Kaufman, S .  and D. B. H a l l ,  "Bending Elements f o r  P l a t e  
and S h e l l  Networks," A I A A  J o u r n a l ,  Vol 3, No. 3,  March 1967, 
p 402-405. Tr iangular  bending elements t h a t  can be appl ied  
t o  i r r e g u l a r  p l a t e  or s h e l l  networks are presented .  Equil-  
ibrium as w e l l  as  e l a s t i c  p r o p e r t i e s  of these  elements are 
der ived .  Also presented are para l le logram p l a t e  bending 
elements whose e l a s t i c  p r o p e r t i e s  inc lude  core shear  
deformations f o r  sandwich or t h i c k  p l a t e s .  The elements 
presented  are  p e c u l i a r  t o  the matrix f o r c e  method wi th  
v i r t u a l  work concepts  forming the b a s i s  f o r  computation of 
the e l a s t i c  p r o p e r t i e s  o f  the elements.  A method of pro- 
v i d i n g  t r a n s i t i o n  elements between t r i a n g u l a r  and p a r a l l e l -  
ogram networks 1s a l s o  given. 

13. Khanna, J .  and R. F. Hooley. "Comparison and Evalua t ion  
of S t i f f n e s s  Matr ices ,"  A I A A  J o u r n a l ,  Vol 4 ,  No. 12, Dec 
1966, p 2105-2111. Previous developments i n  the comparison 
and e v a l u a t i o n  of s t i f f n e s s  mat r ices  are reviewed. A s m -  
p l i f i c a t i o n  t o  the method of making comparisons on the b a s i s  
of s t r a i n  energy  is presented ,  and i t  IS shown t h a t  the  
r e s u l t s  o f  element s t i f f n e s s  mat r ix  comparisons apply t o  
the  s t r u c t u r e .  The t h e o r e t i c a l  b a s i s  f o r  ob ta in ing  approximate 
q u a l i t a t i v e  comparisons from s t i f f n e s s  mat r ix  eigenvalues 
16 descr ibed ,  and the e x u t i n g  hypothesrs  on t h e i r  m e  
evalua ted .  Some plane s t r e s s  s t i f f n e s s  mat r ices  f o r  square ,  
i s o t r o p i c  elements are compared, and i t  16 shown t h a t  It  
1 s  reasonable  t o  expec t  bounding o f  the  s t r a i n  energy by 
vary ing  a s t i f f n e s s  mat r ix  parameter.  A method of comparing 
s t i f f n e s s  mat r ices  o f  d i f f e r e n t  o r d e r s  IS proposed. It 
a l s o  i s  shown t h a t  square  elements g e n e r a l l y  w i l l  provide a 
b e t t e r  approximation t o  the  s t r a i n  energy than c o n s t a n t - s t r e s s  
t r i a n g u l a r  e lements .  

14. K l e i n ,  B . ,  "A Simple Method of Matr ic  S t r u c t u r a l  Analys is , "  
J o u r n a l  of Aerolspace Sciences, J a n  1957, p 39-41. A 
simple method of mat r ic  s t r u c t u r a l  a n a l y s i s  1s. presented 
which i s  belLeved t o  have c e r t a i n  d i s t i n c t  advantages over 
e x i s t i n g  methods a s  expla ined  in the t e x t .  The poss ib le  
d isadvantages  of the method e v e n t u a l l y  may be minimrzed a s  
the  s i z e  and scope of automatic computing equipment are  
w d e  l a r g e r .  C e r t a i n  two- and three-dimensional problems 
a re  worked t o  i l l u s t r a t e  t h e  ease and s i m p l i c i t y  of t h e  
method. 

Analysis:  P a r t  I1 - E f f e c t s  of Taper and Cons idera t ron  
of Curvature," J o b m a l  of AeroISpace Sciences, Nov 1957, 
p 813-820. The matr ic  method of s t r u c t u r a l  a n a l y s i s  pre- 
sen ted  prevmualy  zn P a r t  I i s  extended t o  inc lude  the  
e f f e c t s  of panel geometry and gage t a p e r ,  s t r i n g e r  t a p e r ,  and 
a c o n s i d e r a t i o n  of curved elements.  The r e s u l t i n g  mat r ices  
are  of the  same form as the previous matrix and of comparable 
s i m p l i c i t y .  Severa l  problems are presented t o  i l l u s t r a t e  
the  mechanics and s i m p l i c i t y  of the extended method. 

P a r t  111 - Analys is  of F l e x i b l e  Frames and S t i f f e n e d  Cyl indr ica l  
S h e l l s , "  Journal of AerofSpace Scrences ,  June 1958, p 385- 
394. The method presented in P a r t  I1 ( reference  2 )  i s  ex- 
tended t o  cover the  case of s t i f f e n e d  cy l rnders .  Trea tab le  
loadings  inc lude  those producing peak s h e a r ,  such a s  i n  
f l e x i b l e  frame problems, and those involv ing  thermal s t r e s s e s .  
Various s t r u c t u r a l  i r r e g u l a r i t i e s  may be accounted f o r ,  
such as  v a r i a b l e  frame moment of i n e r t L a ,  tapered longerons,  
v a r i a b l e  s k i n  gage, c u t o u t s ,  n o n c i r c u l a r  c y l i n d r i c a l  
s h e l l s ,  etc.  A f l e x t b l e  frame problem IS solved for  
i l l u s t r a t r o n  purposes.  

17. K l e i n ,  B., "A Simple Method of Matric S t r u c t u r a l  
Analysis:  P a r t  V - S t r u c t u r e s  Containing P l a t e  Elements 
o f  ArbiLrary Shape and Thickness, ' ,  J o u r n a l  of AeroISpace 
Sciences, Nov 1960, p 859-865. Simple squa t ions  are  used 
t o  t r e a t  p l a t e  elements.  The equat ions  are bas ic  e q u i l -  
ibrium and force-displacement equations. The p l a t e  elements 
may be of any shape and have any th ickness  v a r i a t i o n .  The 
s t r e 6 6 e s  i n  t h e  elements may vary  in a complex p a t t e r n .  
There "Led not  be any edge members a t tdehed  t o  the p l a t e s .  
A l l  equa t ions  are simple t o  d e r i v e  and simple in p r i n c i p l e .  
Most e q u a t m n s  c o n t a i n  d e f i n i t e  I n t e g r a l s .  Since in genera l  
the shapes and th icknesses  o f  the  p l a t e  elements are  a r b i -  
t r a r y , =  simple numerical  i n t e g r a t i o n  scheme is used t o  
e v a l u a t e  the i n t e g r a l s .  Numerous numerical  examples are 
worked o u t  t o  I l l u s t r a t e  the m e c h ~ n ~ c s  of the  method and the  
accuracy a t t a i n e d .  

15. Kle in ,  B., "A Simple Method o f  Matr ic  S t r u c t u r a l  

16. Kle in ,  B., "A Simple Method o f  Matric S t r u c t u r a l  Analysis 

18. K l e i n ,  B., "A Simple Method of  Matrx S t r u c t u r a l  
Analys is ,  P a r t  V I  - Bending of P l a t e s  of Arbitrary Shape 
and Thlekness Under A r b i t r a r y  Normal Loading," J o u r n a l  o f  
AerolSpace Sciences. March 1962, p 306-322. 
a n a l y s i s  of genera l  k inds  of  complex p l a t e s  under complex 
normal loading  work LS extensLon of previous ly  g iven  matnr 
method f o r  s o l u t i o n  o f  in-plane p l a t e  problems, method 1s 
of comparable s i m p l i c i t y ,  a l l  boundary c o n d i t i o n s  are 
s a t i s f i e d  e a s i l y  and d i r e c t l y ,  numerical  examples i l l u s t r a t e  
mechanics o f  method. P a r t  V indexed i n  Engineertng Index 
1961 p 1285. 

Method f o r  

19. Lo, C. C., P. W. Niedenfuhr,  and A. W. L e i s s a .  "Further 
S t u d i e s  in the Appl ica t ion  of t h e  Poin t  Matcnmg Technique co 
P l a t e  Bending and o t h e r  Harmonic and B i h a r m n i c  Boundary- 
Value Problems," A i s  Force F l i g h t  Dynamics Labora tory  T e c h n x a l  
Report AFFDL-TR-65-114. 175 pp. (Jan. 1966). Cont rac t  No. 
AF 33(657)-8772. 
work in apply ing  t h e  p o i n t  matching technique t o  p l a t e  
bending end o t h e r  harmonic and biharmonic boundary va lue  
problems. I d e a s  t o  improve the numerical  convergence are 
i n v e s t i g a t e d .  One idea  involves  using mult ip le  poles  of 
expansion; t h i s  i s  demonstrated by a t o r s i o n  problem. 
Sources of round-off error are i d e n t i f i e d  and means o f  
minimizing i t  axe descr ibed ,  along w i t h  examples. The 
concept o f  m u l t i p l e  p o l e s  i s  extended f u r t h e r  t o  t h e  use 
o f  a l a r g e  number of  o r i g i n s  l o c a t e d  along the  boundary 
i t s e l f .  S i n g u l a r i t y  func t ions  r e f e r r e d  t o  these  o r i g i n s  
a r e  used t o  r e p r e s e n t  concent ra ted  forces  and moments. 
Used in conjunct ion  wi th  poin t  matching, a method r e s u l t s  
which i s  an approximation t o  t h e  s o l u t i o n  o f  s m g u l a r  
i n t e g r a l  equat ions ,  and y i e l d s  e x c e l l e n t  r e s u l t s  f a r  i n t r i -  
c a t e  shapes .  
r e s e n t i n g  t h e  boundary c o n d i t i o n s  by s t e p  func t ion  or 
polygonal func t ion  approximation f o r  s e v e r a l  c l a s s e s  of 
problems, inc luding:  conduct ive  hea t  t r a n s f e r ,  t o r s i o n ,  
p l a t e  bending, and p lane  e l a s t i c i t y  wi th  mixed boundary 
condi t ions .  
which demonstrate the  technique and convergence f o r  these  
c l a s s e s  of problems. 

S o l u t i o n  f o r  Thin S h e l l s  o f  Revolutmn," NASA CR-37, 76 pp., 
J u l y  1964. (Prepared under Grant no. NsG-274-63 by Umv.  
o f  c a l i f . ,  Berkeley, C a l i f . )  Thin s h e l l s  of r e v o l u t i o n  are 
widely used in f l i g h t  s t r u c t u r e s  and t h e i r  a n a l y s i s  is of 
g r e a t  importance t o  the des ign  engrneer. I n  such s h e l l s  f o r  
symmetrical  loadings and small d isp lacements ,  the  membrane 
s t r e s s e s  and the  corresponding e l a s t i c  d i sp lacements  can be 
r e a d i l y  computed. However, due t o  t h e  v a r i a t i o n s  i n  thick- 
ness, r i n g - l i k e  reinforcements a t  openings and j u n c t u r e s  wleh 
t h e  a d j o m i n g  s h e l l s  andfor  S t r u c t u r e s ,  very  important 
bending stresses develop. 
may be very  complex. I n  f a c t ,  s o l u t i o n s  are a v a i l a b l e  only  
f o r  the  few s imples t  poss ib le  shapes o f  t h e  meridian.  Also 
very few s o l u t i o n s  e x u t  f o r  the  cases of v a r i a b l e  thickness 
and, I" some of the  s o l u t i o n s  which are a v a i l a b l e .  t h e  th ick-  
ness v a r i a t i o n  15 prescr ibed  fOK reasons of mathematical 
expediency. On the o t h e r  hand, func t iona l  and manufacturmg 
requirements o f t e n  demand a r b i t r a r y  shape and th ickness  
v a r i a t i o n  of the  s h e l l  o f  revolu t lon .  
s o l u t i o n  f o r  such a genera l  problem is the primary purpose 
of t h i s  I n v e s t i g a t i o n .  

IMMatrix Methods m S t r u c t u r a l  Mechanics," (proceedings of 
the  conference held a t  Wrrght-Patterson A k r  Force Base, Ohm, 
26 t o  28 October 1965),  AFFDL-TR-66-00. The Conference on 
Matrix Methods 1" S t r u c t u r a l  Mechanics he ld  a t  Wright-Patterson 
Arr Force Base on 26 t o  28 October 1965 was sponsored j o m t l y  by 
the  A i r  Force F l i g h t  Dynamrcs Laboratory,  Research and Tech- 
nology Divis ran ,  Ai r  Force Systems Cownand, and the  A r r  Force 
I n s t i t u t e  of Technology, A i r  Unlvers l ty .  The purpose of the  
conference was t o  d i s c u s s  the recent  developments in the  f i e l d  
of m a r r ~ x  methods of s t r u c t u r a l  a n a l y s i s  and des ign  of aerospace 
vehic les .  

Thrs  work is t h e  second r e p o r t  summarizing 

S u i t a b l e  equat ions  are formulated f o r  rep- 

Numerous numerical  examples sre presented  

20. Lu, 7.. A . ,  J. Penzien, and E. P. Popov, "Fin i te  Element 

The a n a l y s i s  o f  such s t r e s s e s  

TO achieve a p r a c t i c a l  

21. 

The 36 papers presented were arranged i n t o  6 sesslons under 
5 d i f f e r e n t  themes; General Matrlx Methods, F m z t e  Element 
P r o p e r t i e s ,  Nonlmear E f f e c t s .  Dynamics, and A p p l x a t m n s .  
The papers cover p r a c t l c a l l y  a l l  major a s p e c t s  of r e c e n t  research  
and development work in the  f i e l d  o f  m a t r i x  methods of s t r u c t u r a l  
a n a l y s i s  and design. 

22. Melosh, R. J., "Basts f o r  Der iva t ion  of Matr ices  f o r  
the  Direc t  S t i f f n e s s  Method," AIAA J o u r n a l ,  Vol 1, No. 7,  
J u l y  1963, p 1631-1637. Previous developments in the  d i r e c t  
s t i f f n e s s  method are  reviewed. The advantages of extending 
the  d e f i n i t i o n s  t o  make the  method a v a r i a t i o n a l  approach are 
c i t e d .  The f i n i t e  element formula t lon  of the method of 
minimum p o t e n t i a l  energy IO glven. E x p l i c i t  requirements 
of p o t e n t i a l  energy displacements are presented .  and a c r i t e r i o n  
insuring monotonic convergence 1s developed. Illustrative 
displacements yre ld ing  mat r ices  r e s u l t i n g  i n  monotonic 
convergence are Included. Avai lab le  mat r ices  are reviewed 
wi th  r e s p e c t  t o  t h e  extended developments. 

Melosh, R. 3 .  and R. G .  M e r r i t t ,  "Evaluation of Spar  
Matrices f o r  S t i f f n e s s  Analyses." J o u r n a l  of  the AerofSpace 
Sciences, Vol 25, No. 9 ,  Sept  1958, p 537-543. Convergence 
d i f f i c u l t i e s  have been encountered in the d e f l e c t i o n  a n a l y s i s  
of c e r t a i n  s t r u c t u r e s  wi th  most o f  the  bending m a t e r l a l  in 
t h e  s k i n  using the s t i f f n e s s  method. The d i f f i c u l t i e s  are  
a t t r i b u t e d  t o  the  use of t h e  elementary beam s p a r  mat r ix .  
Two new s p a r  matrices are  developed and compared wi th  the  
mat r ix  based on elementary beam concepts.  The error, as  
a func t ion  of the  nodal breakdovn and the  s t r u c t u r a l  par- 
ameters,  is determined lor a beam analyzed using the s p a r  
mat r ix  f o r  t h e  web and s t r i n g e r  mat r ices  f o r  the  f langes .  

23. 
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Convergence t o  the  f i n a l  s t i f f n e s s  c o e f f i c i e n t s  1s shown t o  
be much mre rap id  using e i t h e r  of the new matr ices  f o r  
structures wi th  mst of the bending w t e r i a l  i n  t h e  s k i n .  

o f  t h e  s t i f f n e s s  s o l u t i o n s  and t h e  s u p e r i o r i t y  of t h e  new 
moment-shear s p a r  mat r ix  i n  an a c t u a l  problem c h a r a c t e r i s t i c  
of a wing. The s t i f f n e s s  method r e s u l t s  are shorn t o  con- 
verge t o  a n a l y t i c a l  r e s u l t s  ob ta ined  wi th  elementary bending 
theory  inc luding  t r a n s v e r s e  s h e a r  deformation and s h e a r  lag  
eorrec t ions .  

An unswept box beam is analyzed t o  demonstrate convergence 

24. Percy, 3. H., T. H. H. Pian ,  S. Klein ,  and D. R .  
Navaratna,  "Application of Matr ix  Displacement Method t o  
Linear E l a s t i c  Analys is  o f  S h e l l s  of Revolution," A I A A  
J o u r n a l ,  Vol 3,  No. 11, Nov 1965, p 2138-2145. The paper 
d e s c r i b e s  the  a p p l i c a t i o n  of the  mat r ix  displacement method 
t o  the  l i n e a r  e l a s t i c  a n a l y s i s  of s h e l l s  of revolu t ion .  The 
shell is i d e a l i z e d  a6 a series of c o n i c a l  f r u s t a ,  jo ined  a t  
nodal c i r c l e s .  In the  present  paper the use of the  i d e a l -  
i z a t i o n  t o  handle asymnetric deformations i s  demonstrated.  
Also  shown 1s how approximations t o  the  mas6 and s t i f f n e s s  
mat r ices  may be c o n s i s t e n t l y  der ived ,  these  may then be used 
t o  so lve  both s t a t i c  and dynamic problems. The e f f e c t  on 
t h e  r e s u l t s  of s t a t i c  ana lyses  of improving the approximation 
t o  the  s t i f f n e s s  mat r ix ,  using the procedure suggested by 
Pian ,  is demonstrated and d iscussed .  R e s u l t s  a r e  presented 
o f  s t a t i c  ana lyses  of s e v e r a l  s h e l l  c o n f i g u r a t i o n s ,  and 
these  are compared wi th  s o l u t i o n s  by o t h e r  methods. It 
1s found that the  method provides  accura te  s o l u t i o n s  f o r  
s h e l l s  of r e v o l u t i o n  under both axisyometric and asymmetric 
loudings by using a reasonable number of elements.  

o f  F l a t  P l a t e s  by Algebraic Carry-Over Method," Oklahoma 
S t a t e  Univ Eng Experiment S t a t i o n ,  Publ ica t ion  118, Dec 
1960, 230 p. Lagrange's 4 t h  o r d e r  p a r t z a l  d i f f e r e n t i a l  
equat ion  of t h i n  p l a t e  i s  replaced by 2nd o r d e r  equat ions  i n  
terms of loads ,  momnts and d e f l e c t i o n s :  these  equat ions  
toge ther  wi th  boundary c o n d i t i o n s  are expressed by 2 s e t 8  
of f i n i t e  d i f f e r e n c e  equat ions  I n  a l g e b r a i c  form: numerical  
e v a l u a t i o n  of these  a l g e b r a i c  r e s u l t s  is made by means of 
e l e c t r o n i c  computer; t a b l e e ;  re ferences .  

26. Turner,  M. J., R. W. Clough, H. C.  Mar t in ,  and L. J. Topp, 
" S t i f f n e s s  and Def lec t ion  Analys is  of Complex St ruc tures ."  
J o u r n a l  of the  Aeronaut ica l  Sciences, Vol 25, No. 9 ,  Sept  
1956, p 805-823. A method IS developed f o r  c a l c u l a t i n g  
s t i f f n e s s  inf luence  c o e f f i c i e n t s  of complex she l l - type  
s t r u c t u r e s .  The o b j e c t  i s  t o  provide a method t h a t  w i l l  
y i e l d  s t r u c t u r a l  d a t a  of s u f f i c i e n t  accuracy  t o  be adequate 
f o r  subsequent dynamic and a e r o e l a s t i c  ana lyses .  

S t i f f n e s s  of the  complete s t r u c t u r e  is obta ined  by 
sunming s t i f f n e s s e s  of i n d i v i d u a l  u n i t s .  S t i f f n e s s e s  of 
t y p i c a l  s t r u c t u r a l  components are der ived  in the  paper.  
Basic condi t ions  of c o n t i n u i t y  and equi l ibr ium are es- 
t ab l l shed  a t  s e l e c t e d  p o i n t s  (nodes) I n  the  s t r u c t u r e .  
I n c r e a s i n g  the number o f  nodes increases  the  accuracy o f  
r e s u l t s .  Any p h y s i c a l l y  p o s s i b l e  suppor t  c o n d i t i o n s  
can be taken i n t o  account.  D e t a i l s  i n  s e t t i n g  up t h e  
a n a l y s i s  can be performed by nanengineering t ra ined  personnel;  
c a l c u l a t i m s  are convenient ly  c a r r i e d  o u t  on automatic 
d i g i t a l  computing equipment. 

a f l a t  p l a t e .  and a box beam. Due t o  shear  lag  and s p a r  
web d e f l e c t i o n ,  t h e  box beam has a 25 percent  g r e a t e r  
d e f l e c t i o n  than  predic ted  from beam theory .  It is s h o w  
t h a t  the  proposed method c o r r e c t l y  accounts f o r  these  e f f e c t s .  

Considerable e x t e n s i o n  of the m a t e r i a l  presented i n  the  
paper 1s poss ib le .  

Melosh, ''Large Def lec t ions  o f  S t r u c t u r e s  Subjected t o  Heating 
and Externa l  Loads." Journa l  of AeroISpace Sciences, Feb 1960, 
p 97-106. The method of d i r e c t  formula t ion  of the  s t i f f n e s s  
mat r ix  i s  extended t o  inc lude  the  e f f e c t s  o f  nonuniform 
h e a t i n g  and l a r g e  d e f l e c t i o n s .  The purpose IS t o  develop an 
a n a l y t i c a l  t o o l  f o r  the t rea tment  of a c t u a l  s t r u c t u r e s .  

25. Tuma, J.  J.. K. S .  Havner, and S .  E.  French Jr., "Analysis 

Method LS i l l u s t r a t e d  by a p p l i c a t i o n  t o  a simple t r u s s ,  

27. ' Turner,  M. J . ,  E .  H. D i l l ,  H. C.  Martrn,  and R .  J. 

In the s o l u t i o n  of a e r o e l a s t i c  problems the  r e l a t i o n s  
between f o r c e s  and d e f l e c t i o n s  must be detc-rminPd 3 e  usa . 
s t i f f n e s s  mat r ix  formula t ion  o f  t h i s  r e l a t i o n s h i p  is l imi ted  
t o  small temperature changes and small  d e f l e c t i o n s .  For 
l a r g e  temperature changes a d d i t i o n a l  terms are  requi red .  
Also the problem becomes geometr ica l ly  nonl inear  when large 
d e f l e c t i o n s  are involved. To overcome t h e  i n h e r e n t  d i f f i -  
c u l t i e s  of the nonl inear  problem f o r  p r a c t i c a l  s t r w t u r e s  
e i t h e r  an i t e r a t i v e  or a step-by-step procedure must be 
used. The force-deformation r e l a t i o n s  necessary  f o r  t h i s  
step-by-step or i t e r a t i v e  approach are der ived  f o r  an 
a x i a l l y  loaded member and f o r  a p l a t e  element inc luding  
t h e  e f f e c t s  of thermal s t r a i n s .  

Elements o f  Nonzero Gaussian Curvature,* '  A I M  J o u r n a l ,  Vol 5, 
No. 9 ,  Sept 1967, p 1659-1667. F l a t  t r i a n g u l a r  e lements ,  
when used t o  approximate s h e l l s ,  may cause geometr ica l  
I d e a l i z a t i o n  e r r o r s  in a d d i t i o n  t o  the  e r r o r 8  a s s o c i a t e d  
wi th  assumptions on d e f l e c t i o n  d i s t r i b l t t i o n s .  Taking i n t o  
account average c u r v a t u r e s  o f  the  middle s u r f a c e ,  these  
i d e a l i z a t i o n  errors may be reduced wi thout  a d d i t i o n a l  g r i d  
refinement.  The curved t r i a n g u l a r  e lements  are def ined  by 
j o i n i n g  the  s e l e c t e d  nodes wi th  the geodesic l i n e s  o f  t h e  
middle sur face .  In computer a p p l i c a t i o n s ,  the  average 
v a l u e s  of normal c u r v a t u r e s  o f  a curved t r i a n g u l a r  element 
may be e i t h e r  input  or  computed from the  C a r t e s i a n  coord ina tes  
o f  e lementa l  nodes. A piecewise l i n e a r  d e f l e c t i o n  f i e l d  is 
assumed. The nodal va lues  o f  t h i s  f i e l d  are the undetermined 
parameters o f  the  problem which y i e l d  a minimizing sequence 

28 .  Utku, S., " S t i f f n e s s  Matrices f o r  Thin Tr iangular  

wi th  g r i d  refinement.  Using the shallow s h e l l  theory ,  
s t r a i n s  may be expressed I" the  n a t u r a l  coord ina te  system 
of the  base t r i a n g l e .  Expressing the  s t r a i n  energy of 
the  curved t r i a n g l e  in terms o f  i ts nodal d e f l e c t i o n s ,  the  
eleraental  s t i f f n e s s  mat r ix  is obta ined  by t h e  u s u a l  mini- 
miza t ion  process  coupled wi th  the  condi t ion  t h a t  no nodal 
f o r c e s  r e s u l t  from r i g i d  body modes. By s e t t i n g  the  
average c u r v a t u r e s  equal  t o  zero, t h e  s t i f f n e s s  mat r ix  of a 
f l a t  t r i a n g u l a r  element i s  obtained. 

Utku, S., and R. J. Melosh, "Behavior of Tr iangular  S h e l l  29. 
Element S t i f f n e s s  Matrices Associated wi th  Polyhedral Def lec t lon  
D i s t r i b u t i o n s , "  NASA Technica l  Report  32-1217, 13 February 1968. 
I n v a r i a n t s  of the  t r r a n g u l a r  s h e l l  element s t i f f n e s s  matrxces 
are  examined. 
membrane, bending, and t r a n s v e ~ s e  shear  s t i f f n e s s  mat r ices  
r e p r e s e n t i n g  r e s p e c t i v e  StraLn energies. 
and Curvatures,  e igenvalues  of these  matrices are obta ined  
numerically.  By s tudying  t h e  e igenvalues ,  it is shown t h a t  
s t i f f n e s s  mat r ices  produced wi th  t h e  h e l p  of equilxbrium r e q u ~ r e -  
menta may d i s p l a y  nonpos i t ive  behavior depending upon element 
geometry. The grave  consequences of nonpos l t ive  behavrar are 
demonstrated.  Since equi l ibr ium algorithms can be used t o  
a c c e l e r a t e  t h e  convergence, two schemes are developed t o  c o r r e c t  
t h e  nonpositLve behavior.  These schemes are  based on t h e  obser -  
v a t i o n  t h a t  nonpos i t ive  behavior o r i g i n a t e s  from t h e  base m a t r i x  
t o  which equi l ibr ium a lgor i thm is  appl ied .  
th ickness la rea  r a t i o  on t h e  o v e r a l l  behavior is s t u d i e d .  The 
behavior assoc ia ted  w i t h  t r u e  p o t e n t r a l  energy approach is demon- 
s t r a t e d  on s e v e r a l  test cases. The e f f e c t  of geometry is a l s o  
drscussed i n  the  assembled matrix.  Guide l ines  have been presented  
f o r  t h e  use of t h e  t r i a n g u l a r  s h e l l  element in s t r u c t u r a l  a n a l y s i s .  

The s t i f f n e s s  matrLX is consxdered as t h e  sum of  

For V ~ ~ L O U S  geometries 

The e f f e c t  of 

30. Zienkiewice,  0. C. and Y.  K. Cheung, "The F m i t e  Element 
Method Ln S t r u c t u r a l  and Continuum Mechanics," McGraw-Hill, 
1967. The powerful method of " f i n i t e  elements" permi ts  almost 
a l l  problems of s t r u c t u r a l  stress a n a l y s i s ,  or t h e  a n a l y s i s  of 
such f i e l d  problems as h e a t  t r a n s f e r  and f l u i d  flow, t o  be 
presented in 8 mathematical  form s u i t a b l e  f o r  s o l u t i o n  on a 
d i g i t a l  computer. T h i s  1s i n d i s p e n s i b l e  r f  complex s t r u c t u r e s  
are t o  b e  economically des igned ,  n o t  on ly  t o  8erve the  advanced 
needs of a e r o n a u t i c s ,  space f h g h t ,  t u r b i n e  des ign ,  and nuc lear  
technology, b u t  e l s o  f o r  use i n  such genera l  engineer ing  f i e l d s  
8s dam and br idge  b u i l d m g .  

"The F l u t e  Element Method i n  S t r u c t u r a l  and Continuum 
Meehanrcs" IS the  f i r s t  comprehensive textbook on  a s u b j e c t  
t h a t  u n t i l  now has  been presented  mainly i n  s p e c i a l i s t  papers .  
Although it begms w i t h  f i r s t  p r m c i p l e s  and LP a r e l a t i v e l y  
simple t rea tment  of a wide s u b j e c t ,  the  book takes  t h e  reader  
up t o  t h e  f r o n t i e r s  of present-day research .  It a l s o  includes 
many examples of s o l u t i o n s  t o  p r a c t i c a l  problems, such as those  
r e l a t i n g  t o  t h e  des ign  of dams, nuc lear  r e a c t o r s ,  and t u r b i n e s ,  
as w e l l  as those  concerned wi th  rack  mechanxs and seepage in 
c i v i l  engineer ing  p r o j e c t s .  A f i n a l  chapter  g i v e s  d e t a i l s  of 
t y p i c a l  computer programs w r i t t e n  i n  FORTRAN language with  
eonments on d a t a  p r e p a r a t i o n  and d L g i t a l  s o l u t i o n s .  

c. Experimental  Methods 

1. I s l e r ,  H., "Experimental S h e l l  Design," Proceedings o f  
the  Symposium on S h e l l  Research, New York, John Wiley 6 
Sons, Inc.. 1962, p 356-358. Experimental  methods are  
d e s c r i b e d ,  he lp ing  t o  so lve  s h e l l  problems a t  d i f f e r e n t  
l e v e l s :  t o  f ind  new shapes,  t o  v i s u a l i z e  des ign;  t o  e l a b o r a t e  
accura te  shape, t o  determine s t r e s s e s  and d e f l e c t i o n s ,  t o  
ana lyse  s t a b i l i t y ;  t o  check b u i l t  s h e l l s .  

p l a s t i c s  are shown. 

2. Rowe,  R. E . ,  "Tests on Four Types of Hyperbolic S h e l l , "  
Proceedings of the  Symposium on S h e l l  Research, New York, 
John Wiley 6 Sons, Inc., 1962. p 16-35. T e s t s  are descr ibed  
and p r i n c i p a l  r e s u l t s  a r e  reported.  One t e s t  was performed 
on a 1/10 s c a l e  model of  one q u a r t e r  of a square s h e l l  
roof ,  wi th  edge beams, made of re inforced  cement m r t a r .  
Another t e s t  was on a s i m i l a r  model wi thout  edge beams. 
The t h i r d  model was a square mushroom roof  on a c e n t r a l  
column made o f  re inforced  mortar t o  116 s c a l e .  The f o u r t h  
model was a g r i l l a g e  of Perspex p l a s t i c  beams welded wi th  
chloroform, s imula t ing  to 1/32 s c a l e  the  c o n s t r u c t i o n  of 
p a r t  o f  a composite hypar roof from p r e c a s t  concre te  u n i t s .  
In these  tests bendrng s t r e s s e s  were shown t o  have the same 
o r d e r  o f  magnitude as  membrane s t r e s s e s .  

Appl lca t ians  in p r e s t r e s s e d  concre te  and re inforced  

3. VANE VIBRATIONS (VIBRATIONS OF CURVED PLATES) 

a. Exact Solu t rons  

1. Cummings, B. E . ,  ' 2 a r g e  Amplitude Vibra t ion  and Response 
Of  Curved Panels , "  AIAA J o u r n a l ,  Vol 2 .  4. p. 709-716, Apr 1964. 
The dynamic nonl inear  sha l low-she l l  equa t ions  are examined I n  the  
s p e c i a l  case o f  a c y l r n d r i c a l  s h e l l  segment. D i f f e r e n t  deve l -  
opments a r e  given f o r  two systems: i n  system A ,  the S t r e s s  
boundary c o n d i t i o n s  are s a t i s f i e d  e x a c t l y ,  and c o m p a t i b i l i t y  
is s a t i s f i e d  on the  average, i n  system 8, c o m p a t i b i l i t y  i s  
s a t r s f i e d  e x a c t l y .  and the  s t r e s s  boundary c o n d i t i o n s  a re  
s a t i s f i e d  on the average. P e r t u r b a t i o n  and e x a c t  i n t e g r a l  
express ions  are found f a r  the  f requencles  of v i b r a t i o n .  The 
response t o  d e l t a - f u n c t i o n ,  s tep- func t ion ,  and harmonic- 
func t ion  loading i s  examined. Dynamic buckling is predrc ted  
by shock response method. 

2. G a l l e t l y ,  G. D . ,  "On The In-Vacuo Vibra t ions  of Simply 
Supported,  Ring-Stiffened C y l i n d r i c a l  S h e l l s , "  Proceedings 
o f  the  Second U. S .  Nat iona l  Congress o f  Applied Mechanics 
(1954), p 225-231. An a n a l y t i c a l  s o l u t i o n  IS presented 
f o r  the  problem of de te rmming the in-vacua f requencies  of 
v i b r a t i o n  of a simply supported t h i n  c y l i n d r i c a l  s h e l l  
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which 1s re inforced  by e q u a l l y  spaced, equal  s t r e n g t h  
c i r c u l a r  ring s t i f f e n e r s .  The displacement c o n f i g u r a t i o n  
assumed permits I n t e r - r i n g  deformation of  the s h e l l .  Nu- 
mer ica l  c a l c u l a t i o n s  were made f o r  a c y l i n d r i c a l  s h e l l  wkth 
var'1ous sizes of s t i f f e n i n g  rings,and curves  were p l o t t e d  
which show the e f f e c t  of the  r i n g s  upon t h e  frequency of 
v i b r a t i o n .  
wi th  those c a l c u l a t e d  by approximate methods and were found 
t o  agree with in  f 1 0  percent .  

The numerical va lues  obta ined  were a l s o  compared 

3. Guyan, 1. J., "Reduction of S t i f f n e s s  and Mass Matr ices ,"  
A I A A J ,  Volume 3, No. 2, p 380, February 1965. Thra paper d i s -  
cusses a m a t n x  candensa tmn technlque by which the  o r d e r  of 
s t i f f n e s s  and mass m a t r m e s  can be reduced. ReductLon 1s accom- 
p l i shed  by e l i m i n a t r n g  coord ina tes  a t  which a zero f o r c e  IS appl led .  
The reduced aatrices retam t h e  s t r u c t u r a l  and maas p r o p e r t i e s  of 
t h e  o r i g i n a l  mat r ices  ~n a complex form. 
m the  inducer v i b r a t i o n  program by reducrng the  number o f  
degrees  of freedom per  f r e e  node t o  one. 
e x i s t i n g  FRDC e igenvalue  or l a t e n t  r o o t  program t h a t  18 l imi ted  
t o  50 degrees of freedom w i l l  a l low an inducer  wi th  a maximum 
of 50 f r e e  nodes t o  be analyzed. 

Thrs  w i l l  be u s e f u l  

I n  t h i s  manner, an 

4. Kalnina,  A . ,  "Free Vibra t ion  of R o t a t i o n a l l y  Symmetric 
S h e l l s , "  Journa l  of the  Acous t ica l  S o c i e t y  of America, 
Vol 36, No. 7 ,  J u l y  1964. This paper i s  concerned wi th  a 
t h e o r e t i c a l  i n v e s t i g a t i o n  of the f r e e  v i b r a t i o n  of a r b i t r a r y  
s h e l l s  of r e v o l u t i o n  by means of the  c l a s s i c a l  bendmg theory  
of s h e l l s .  A method i s  developed t h a t  i s  a p p l i c a b l e  t o  
r o t a t i o n a l l y  Symmetric s h e l l s  wi th  meridional v a r i a t i o n s  
( i n c l u d m g  d i s c o n t i n u i t i e s )  i n  Young's modulus, P o ~ s s o n ' s  
r a t i o ,  r a d i i  o f  Curva ture ,  and th ickness .  By means of the  
method of t h i s  paper.  the  n a t u r a l  f requencies  and the 
corresponding mode shapes of axisymmetric or n o n s y m e t r i c  
f r e e  v i b r a t i o n  of r o t a t i o n a l l y  symmetric s h e l l s  can be 
obta ined  wi thout  a l i m i t a t i o n  on the  length  of t h e  meridran 
o f  the  s h e l l .  To i l l u s t r a t e  the  a p p l i c a t i o n  of the  method 
given i n  t h i s  paper t o  p a r t i c u l a r  s h e l l s ,  some r e s u l t s  
of f r e e  v i b r a t i o n  o f  s p h e r i c a l  and c o n i c a l  s h e l l s  ob ta ined  
e a r l i e r  by mans of t h e  bending theory are  reproduced by 
the  genera l  method of t h i s  paper ,  and a d e t a i l e d  comparison 
i s  made. In a d d i t i o n ,  parabolo ida l  s h e l l s  and a ephere-cone 
s h e l l  combinatron are cons idered ,  which have been previous ly  
analyzed by means of the inextens iona l  theory  of s h e l l s .  
and n a t u r a l  f requencies  and mode shapes pred ic ted  by the  
bending theory are given .  

5. Kalnins.  A.,  "Free Nonsynoletrie Vibra t ions  of Shallow 
Spher lca l  S h e l l s , "  Proceedings o f  the  Four th  U.S. Congress 
of Applced Mechanics, Vol I ,  p 225-233, 1962. This  paper 
is concerned w i t h  the  i n v e s t i g a t i o n  of the  n a t u r a l  f requencies  
and mode shapes o f  free v i b r a t i o n s  o f  shallow s p h e r i c a l  
s h e l l s  wi th  the  use of the c l a s s i c a l  theory  o f  sha l low 
a h e l l s .  E x p l i c i t  s o l u t i o n s  f o r  the  t h r e e  displacement com- 
ponents of the middle s u r f a c e  are der ived  i n  term6 of 
Besse l  f u n c t i o n s ,  and the frequency equat ion  f o r  a shallow 
s p h e r i c a l  cap  w i t h  a clamped edge Is deduced. A l l  n a t u r a l  
f requencies  w i t h i n  a c e r t a i n  frequency band are determmed 
f o r  various values  of the c i r c u m f e r e n t i a l  wave number, curva ture ,  
and th ickness  of the  s h e l l .  The mode shapes of the  f i r s t  61x 
modes are c a l c u l a t e d  and t h e i r  c h a r a c t e r  IS examined. I t  
is found t h a t  the  modes a r e  such t h a t  e i t h e r  the  l o n g i t u d i n a l  
or the  t ransverse  displacement LS predominant. The corm- 
spondrng frequency equat ion  g iven  by the  theory  o f  t r a n s v e r s e  
v i b r a t i o n  i s  deduced and by comparing i t s  f requencies  t o  
those  of the  c l a s s i c a l  theory  the  modes not  pred ic ted  by 
the  theory of t r a n s v e r s e  v i b r a t r o n s  are determined. 

6. 'Palmer, P. J . ,  "Natural  Frequency of Vibra t ion  o f  Curved 
Rectangular P la tes , "  Aeronaut ica l  Quar te r ly  v 5 p t  2 J u l y  
1954 p 101-10. 
s i o n a l  mode. thought t o  be appl icable  when p l a t e s  are  ex- 
c i t e d  by uniformly d i s t r i b u t e d  pressure  as m y  occur wlth  
dynamic pressure  wave, n a t u r a l  f requencies  corresponding t o  
t h i s  mode i n c r e a s e  f a i r l y  r a p i d l y  wi th  c u r v a t u r e  of p l a t e .  

Vibra t ion  eva lua ted  f o r  fundamental exten- 

b. Approximate Methods 

1. Dawe, D. J., "A F i n i t e  Element Approach t o  P l a t e  Vibra- 
t i o n  Problems," J .  Mech. Engng. Sci. 7 ,  1, 28-32, Mar. 1965. 
Energy c o n s i d e r a t i o n s  are used t o  d e r i v e  s t r f f n e a r  and i n e r t i a  
mat r ices  f o r  a rec tangular  i s o t r o p x  p l a t e  element of uniform 
t h x k n e s s .  The d e f l e c t e d  form o f  each element 1s assumed 
t o  c o n t a i n  terms propor t iona l  t o  1, x ,  y. x2, xy, yz,  x3, 
X2Y. X Y 2 ,  y3, X3Y, xY3, and the  twelve assoc ia ted  unknowns 
are  determined from c o n t i n u i t y  of w ,  awlax ,  &lay a t  the  corner 
poin ts .  (See a l s o  Zienkiewicz and Cheung, AMR 18 (1965),  
Rev. 131).  The mat r ices  are  used t o  f i n d  the  n a t u r a l  
f requencies  of c e r t a i n  square p l a t e s ,  and comparisons wi th  
o t h e r  s o l u t i o n s  show t h a t  the  method gives good r e s u l t s  
even f a r  r e l a t i v e l y  few elements.  

2. Deak. A.L. and T.N.N. P ian ,  "Application o f  Smooth- 
Surface  I n t e r p o l a t i o n  t o  t h e  F i n i t e  Element Analysis,' '  
A I A A  Journal, Vol 5 ,  No. 1, p 187-189, Jan 1967. Can- 
p a t i b i l x t y  of t h e  s l o p e s  along t h e  noma1 of the  i n t e r -  
element boundaries of f i n i t e  r e t a n g u l a r  elements Ln 
bending i s  achieved by t h e  use o f  s p e c i a l  polynomisl 
func t ions .  S t i f f n e s s  and mass mat r ices  based upon t h e s e  
func t ions  have been used t o  make s t a t i c  and dynamic 
ana lyses  of r e t s n g u l a r  p l a t e s .  This  method y i e l d s  B 
cons iderable  improvement i n  numerical s o l u t i o n s  of d i s -  
placements i n  numerical  s o l u t i o n s  o f  d i sp lacements  and 
f requencies  as obta ined  wi thout  t h e  use of t h e  I n t e r p o l a -  
t i o n  func t ions .  

3. Laursen, H. I., R. P. Shublnski ,  and R. W. Clough, 
"Dynamic Matr ix  Analys is  of Framed S t r u c t u r e s , "  Proceedings 
o f  the Fourth U.S. Congress of Applied Meehanrcs. Vol I ,  
1962, p 99-105. The matr ix  methods developed i n  recent  
years  f o r  s t a t i c  a n a l y s i s  of s t r u c t u r e s  can be used e f f e c t z v e l y  
t o  determine the  n a t u r a l  f requencies  o f  these  s t r u c t u r e s .  
Thm can be accomplished by developing a dynamic s t i f f n e s s  
mat r ix  f o r  the  i n d i v i d u a l  members and subsequent ly  obta inrng  
a dynamic s t i f f n e s s  matrix f o r  the  e n t i r e  s t r u c t u r e .  Subs t i -  
t u t i o n  o f  thz6 m t r i x  i n t o  t h e  approprza te  equi l ibr ium 
express ion  r e s u l t s  I n  an express ion  f o r  t h e  n a t u r a l  f r e -  
quencies  of the  s t r u c t u r e .  Appl ica t ion  o f  t h i s  technique 
16 demonstrated h e r e  wi th  s e v e r a l  d i f f e r e n t  examples. The 
r e s u l t s  may be cons idered  e x a c t  i n  the  sense t h a t  the  ma66 
of a l l  members IS assumed t o  be d i s t r i b u t e d  and the  s t i f f n e s s  
of a l l  members i s  assumed t o  be f i n i t e .  

4. Leckie,  F. A. ,  "Application o f  Transfer  Ma:ricea t o  
P l a t e  Vibra t ions ,"  Ingenieur-Archiv v 32 n 2 1963 p 100-11. 
Successfu l  a p p l i c a t i o n  of t r a n s f e r  mat r ices  t o  computation 
of n a t u r a l  f requencies  and normal modes of e l a s t i c  systems 
descr ibed  by s r n g l e  space v a n a b l e  suggested ex tens ion  t o  
inc lude  s y s t e m  descr ibed  by 2 space v a r i a b l e s  such as 
p l a t e s ,  when, i n s t e a d  o f  p i a t e ,  model suggested by A. 
Hrennikoff was used, problem could be reduced t o  One with  
f i n i t e  degrees  of freedom. 

5. ' 'Matrix Methods zn S t r u c t u r a l  Mechanics," (proceedings o f  
t h e  conference  he ld  a t  Wright-Patterson A i r  Force  Base, Ohm, 
26 t o  28 October 1965),  AFFDL-TR-66-80. The Conference on 
Matr ix  Methods i n  S t r u c t u r a l  Mechanics he ld  a t  Wright-Patterson 
A i r  Force  Base on 26 t o  28 October 1965 was sponsored j o i n t l y  
by t h e  A i r  Force F l i g h t  Dynamics Laboratory,  Research and 
Technology Drvis ion ,  A i r  Force Systems Camand, and t h e  A n  
Force I n s t i t u t e  o f  Technology, A r r  Unzversrty.  The purpose 
of the conference was t o  d i s c u s s  t h e  recent  developments i n  
the  f i e l d  of m a t r m  methods of s t r u c t u r a l  a n a l y s i s  and des ign  
of aerospace vehic les .  

5 d i f f e r e n t  themes; General Mat r ix  Methods, F i n i t e  Element 
P r o p e r t i e s ,  Nonlmear  E f f e c t s ,  Dynamics, and Appl ica t rons .  
The papers cover p r a c t i c a l l y  a l l  major a s p e c t s  of r e c e n t  research  
and development work m t h e  f i e l d  of mat r ix  methods of s t r u c t u r a l  
a n a l y s i s  and des ign .  

The 36 papers presented  were arranged i n t o  6 S ~ S B L O D S  under 

6 .  McGrattan, R. J., and E. L. North,  "Vibration Analys is  
o f  S h e l l s  Usmg D i s c r e t e  Mass Techniques," Transac t ions  of 
ASME, November 1967, p 766-772. A method for analyz ing  t h r n  
s h e l l s  by a d i s c r e t e  mass technique IS presented .  The s h e l l s  
and s t i f f e n e r s  a r e  i d e a l i z e d  as B system of lumped masse8 and 
an e l a s t i c  framework having the equiva len t  ma85 and s t l f f n e n s  
of the  a c t u a l  s h e l l .  This method 1s most u a e f u l  f o r  s h e l l s  
wkthout r o t a t i o n a l  symmetry, since c l a s s i c a l  solutions are 
not a v a i l a b l e  f o r  these  cases.  Four examples are presented 
and a comparison wi th  exper imenta l  r e s u l t s  and c l a s s ~ c a l  
theory  1 6  made f o r  a case of a symmetrically s t i f f e n e d  
cy l inder .  

7. Navaratna,  D. R., ' i i a t u r a l  Vibra t ions  o f  Deep Spher ica l  
S h e l l s , "  AIAA J o u r n a l ,  Vol 4 ,  No 11, p 2056-2058, Nov 1966. 
The au thor  r e p r e s e n t s  a s h e l l  of r e v o l u t i o n  by a s e r i e s  o f  
d i s c r e t e  f r u s t r a  o f  s h e l l s  which s a t l s f y  the  displacement and 
s lope  c o n t i n u i t y  a t  the  c o m m  nodal c l r c l e s .  S t i f f n e s s  
and mass m a t r i c e s  are determined and the  matrn frequency 
equat ion  18 solved f o r  the n a t u r a l  f requencies  a d  the  gen- 
e r a l i z e d  displacements.  C a l c u l a t i o n s  f o r  s p h e r i c a l  s h e l l s  
wi th  f r e e ,  hinged, and clamped edges agree s e t i f s c t o r i l y  
wi th  those  obta ined  by o t h e r  methods. 

8. Nowinski, J .  1.. 'Zerge-Amplitude O s c i l l a t i o n s  of Oblique 
Panels  wi th  an  I n i t i a l  Curvature." A I A A  J .  2,  6 ,  1025-1031, 
June 1964. Von K d r d n  f i e l d  equat ions  f o r  f l e x i b l e  obl ique  
p l a t e s  wi th  an i n i t i a l  curva ture  are extended to a dynamics1 
case. Using s e r i e s  r e p r e s e n t a t i o n  of i n i t i a l  and a d d i t i o n a l  
d e f l e c t i o n s  and Galerk in ' s  procedure,  the  governing equat ion  
f o r  an admissrb le  mode time func t ion  is e s t a b l i s h e d .  Using 
t h i s  s i n g l e  assumed modal d e f l e c t i o n ,  and assuming b u i l t - i n  
edge f r e e  t o  m v e  i n  t h e  rnplane  d x r e c t l o n s ,  the  fo l lowing  
p a r t i c u l a r  cases are discussed: buckling of an  obl ique  p l a t e  
under u n i a x i a l  compressive load, f r e e  l i n e a r  v i b r a t i o n s  
o f  a square  p l a t e ,  l a r g e  d e f l e c t i o n s  of a uniformly loaded 
square  p l a t e ,  snap-through phenomena of a curved obl ique  
p l a t e  under uniform t ransverse  load ,  and f r e e  nonl inear  VL- 

b r a t i o n s .  A numerical  example concerning a rhombic p l a t e  
i s  d iscussed  m more d e t a i l .  The well-known f a c t  of a de- 
crease o f  the  per iod  of nonl inear  v i b r a t i o n s  wi th  an i n c r e a s i n g  
amplitude i s  cor robora ted ,  t h i s  r e l a t i o n  being less pra- 
nauneed f o r  l a r g e r  sweep angles .  

9. P e t y t ,  Maurice, " F i n i t e  Element V i b r a t m n  Analys ls  of 
Cracked P l a t e s  i n  Tension," Technica l  Report  AFML-TR-67-396, 
January 1968. A f i n i t e  element method of a n a l y s i s  1s developed 
t o  de te rmine  the  v r b r a t i o n  c h a r a e t e r l s t l c s  of an a l r c r a f t  fuse-  
l a g e  panel c o n t a i n i n g  a f a t i g u e  c rack .  
show t h a t  as the  l e n g t h  of t h e  c rack  lncreases, t h e  frequency o f  
vibration reaches a minimum when the  f r e e  edge of t h e  crack 
buckles.  
width IS s t u d i e d  both  exper imenta l ly  and t h e o r e t l c a l l y .  

l a t i o n s  are performed a t  each s t a g e  on problems wl th  known 
s o l u t i o n s  t o  determrne t h e  accuracy of  t h e  method. 
consrdered inc lude  che v i b r a t i o n s  of f l a t  p l a t e s  of varying plan- 
form, the  v i b r a t r o n s  o f  a c y l m d r i c a l  s h e l l ,  the  buckl lng  of a 
rec tangular  p l a t e ,  and the  vibrations of a r e c t a n g u l a r  p l a t e  
in compression. 

p l a t e  x n  t e n s m n  and t h e  r e s u l t s  compared wl th  e x p e r m e n t a l  

Experrmental observa t ions  

The v a r i a t i o n  =n t h i s  phenomena wzth m c r e a s m g  p l a t e  

The a n a l y s i s  LS developed m a sys temat ic  manner and c a l c u  

The problems 

The method IS f i n a l l y  applLed t o  t h e  problem of a cracked 
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measurements. The p o s t  buckl ing behavior  i s  c a l c u l a t e d  using 
a s tep-by-step a n a l y s i s  t o  permit  l i n e a r i z a t i o n  o f  t h e  governing 
equat ions.  By cons ide r ing  t h e  ca l cu la t ed  stress d i s t r i b u t i o n s .  
t h e  v a r i a t i o n  i n  buckl ing stress wi th  c rack  l eng th  and p l a t e  
width is explained.  

"Applicat ion o f  Re i s sne r ' s  Var i a t iona l  P r i n c i p l e  t o  Can t i l eve r  
P l a t e  Def l ec t ion  and Vib ra t ion  Problems," Journal of  Applied 
Mechanics. Harch 1962, p  127-135. 
due t o  E. Reissner has  been r e w r i t t e n  i n  a form which is 
a p p l i c a b l e  t o  sma l l  d e f l e c t i o n  problems f o r  t h i n  p l a t e s .  
nad i f i ed  p r i n c i p l e  is used t o  o b t a i n  approximations t o  
s t a t i c  d e f l e c t i o n  and v i b r a t i o n  problems of  square and skew 
c a n t i l e v e r  p l a t e s  of  uniform th i ckness .  

Rose, E. W., Jr. and W. T. Mattheus, "Frequencies and Mode 
Shapes for Axis-tric Vib ra t ion  of  She l l s , "  T ransac t ions  
of  ASME, V o l  89 ,  S e r i e s  E, No. 1, Journa l  of  Applied Hechanics. 
March 1967. p 73-86. This  paper  t r e a t s  t h e  sxisymmetrie 
v i b r a t i o n  o f  t h i n  e l a s t i c  s h e l l s .  Est imates  o f  n a t u r a l  
f requencies  end modes m e  obtained f o r  a gene ra l  c l a s s  o f  
domes by  applying the  approximations obteined i n  B previous 
paper by one of  the  au tho r s .  Numerical r e s u l t s  are obtained 
f o r  e l l i p s o i d a l  s h e l l s ,  and one MY t h e o r e t i c a l  r e s u l t  is 
found. 

10. P l a s s .  H. 3. Jr . ,  J. H. Wlinea, and C. D. Hewsom, 

A v a r i a t i o n a l  p r i n c i p l e  

The 

11. 

12. Witmer, E. A., H. A. Balmer. J. W. Leech, and T. H. H. 
Pian. "Large Dynamic Deformations o f  Beams, Rings, P l a t e s ,  
and She l l s , "  AIAA J. 1, 8,  1848-1857. Aug. €963. Authors 
develop a f i n i t e  d i f f e r e n c e  lumped-str inger  type o f  formulat ion 
f o r  t h e  dynamic response o f  s imple tuo -d imns iona l  and axi- 
s-tric s t r u c t u r e s  sub jec t ed  t o  impulse loadings which 
deform the s t r u c t u r e s  i n t o  t h e  p l a s t i c  region.  The reethod 
cons ide r s  e l a s t i c  s t r a in -ha rden ing  behavior ,  s t r a i n  r a t e  
and l a rge  d e f l e c t i o n s .  

The r e s u l t i n g  numerical  s o l u t i o n s  f o r  p a r t i c u l a r  eases 
are  compared wi th  l imi t ed  experimental  d a t a  - p a r t i c u l a r l y  
some recen t  beam t e s t s  a t  P i ca t inny  Arsenal. A comparison 
between au tho r s '  t heo ry  and experiment shows g e n e r a l l y  good 
agreement a l though  t h e r e  are some unexplained d i f f e r e n c e s  
between p red ic t ed  and observed time h i s t o r i e s .  

au tho r s  no te ,  t h e  large number of  d i f f e r e n c e  equa t ions  which 
r e q u i r e s  cons ide rab le  computer time. Simpler ,  less time- 
consuming methods are d e s i r a b l e .  

13. Zienkiewicz, 0. C., and Y. K. Cheung, "The F i n i t e  Element 
Method i n  S t r u c t u r a l  and Continuum Mechanics," McGraw-Hill, 1967. 
The powerful method of  " f i n i t e  elements" permits  a lmost  a l l  
problems o f  s t r u c t u r a l  stress a n a l y s i s ,  or t h e  a n a l y s i s  of such 
f i e l d  problems 8s h e a t  t r a n s f e r  and f l u i d  flow, t o  he  presented 
i n  a mathemstical  form s u i t a b l e  f o r  s o l u t i o n  on a d i g i t a l  =om- 
pu te r .  This  is ind i spens ib l e  i f  complex s t r u c t u r e s  are t o  be  
economically designed,  no t  on ly  t o  s e r v e  the advanced needs o f  
ae ronau t i c s ,  space f l i g h t ,  t u rb ine  des ign ,  and nuclear technology, 
h u t  a l s o  f o r  use i n  such gene ra l  eng inee r ing  f i e l d s  a s  dam and 
b r idge  bu i ld ing .  

Mechanics" is t h e  f i r s t  comprehensive textbook on a s u b j e c t  that 
u n t i l  now has been presented mainly i n  s p e c i a l i s t  papers. 
Although it begins  wi th  f i r s t  p r i n c i p l e s  and is a r e l a t i v e l y  
s imple t r ea tmen t  of  a wide s u b j e c t ,  t h e  hook tekea t h e  r eade r  
up t o  t h e  f r o n t i e r s  of present-day research.  It a l s o  inc ludes  
many examples of s o l u t i o n s  t o  p r a c t i c a l  problems, such as those 
r e l a t i n g  t o  t h e  des ign  o f  dams, nuclear  r e a c t o r s ,  and tu rb ines ,  
as well a s  those  concerned wi th  rock mechanics and seepage i n  
c i v i l  eng inee r ing  p r o j e c t s .  A f i n a l  chap te r  g ives  d e t a i l s  of  
t y p i c a l  computer programs w r i t t e n  i n  FORTRAN language wi th  
comments an d a t a  p repa ra t ion  and d i g i t a l  so lu t ions .  

A major d i f f i c u l t y  i n  applying t h e i r  method is, as t h e  

"The F i n i t e  Element Method i n  S t r u c t u r a l  and Continuum 

e. Experimental Methods 

1. Hoppmann, W. H., 11, and C. N. Baronet ,  "A Study o f  the 
Vib ra t ions  o f  Shallow Spher i ca l  S h e l l s , "  Trans. ASME 30 E 
(J. Appl. Hech.) 3 ,  329-334, Sep t .  1963. Paper is sequel  
t o  papers  by senior au thor  a lone or with c o l l a b o r a t o r s  (see. 
f o r  example, AHR 15 (1962). Revs. 1370, 2026) on v i b r a t i o n  
of s p h e r i c a l  caps.  
presented and compared w i t h  r e s u l t s  o f  theory p rev ious ly  
presented f o r  s y m e t r i c a l  v ib ra t ion .  New da tp  are given 
f o r  s h e l l s  which have 12-mch chord;  0.5 and 1.6-inch r i s e ;  
t h i cknesses  of  1/16, 118, and 114 inch;  and both clamped 
and hinged edges. Agreement is moderately good. Experimental 
r e s u l t s  are also presented f o r  a s y m e t r i c a l  v i b r a t i o n .  A s  
au tho r s  po in t  o u t ,  i t  1s i n t e r e s t i n g  t o  note t h a t  f requencies  
f o r  clamped and f o r  momentless eases do not  d i f f e r  g r e a t l y .  
Appendix p resen t s  formulas f o r  By-trical v i b r a t i o n  but  no 
bas i c  theory;  t h e  reader is r e f e r r e d  to previous paper f o r  t he  
complete a n a l y t i c a l  t reatment .  

Add i t iooa l  e x p e r i r e n t s l  r e s u l t s  a r e  
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APPENDIX B 
RESUMES OF SOURCE MATERIAL 

1. HYDRODYNAMIC LOADING OF INDUCER BLADES 

The fol lowing a re  resumes of  t h o s e  a r t i c l e s  included i n  t h e  L i t e r a t u r e  
Survey (Appendix A) from which p r e d i c t i o n  methods were s e l e c t e d  f o r  use 
i n  formulat ing a n a l y t i c a l  models. 

a .  Exact Methods: Noncavi ta t ing  

1. Durand, W .  F . ,  Aerodynamic Theory, V o l  I1 (General 
Aerodynamic Theory - P e r f e c t  F l u i d s  by Th. von Karman 
and J .  M .  Burge r s ) ,  F i r s t  E d i t i o n ,  1963; "Flow Through 
a L a t t i c e  Composed of  A i r f o i l s , "  p 91-96. 

An exact two-dimensional s o l u t i o n  t o  the  b a s i c  p o t e n t i a l  
flow o p e r a t i o n s  i s  presented f o r  both s t agge red  and 
unstaggered f l a t  p l a t e  cascades.  The s o l u t i o n  t o  t h e s e  
p o t e n t i a l  f low equa t ions  employs the  techniques of 
conformal mapping. A gene ra l  form o f  t h e  Joukowski 

. t r ans fo rma t ion  i s  used t o  map from the  p o t e n t i a l  flow 
about  a c i r c l e  i n  one plane i n t o  t h e  flow around a 
cascade o f  a i r f o i l s  (s taggered o r  uns taggered) i n  
the  real p lane .  This method cons ide r s  i d e a l  o r  
no-loss  flow o n l y ,  while  g i v i n g  a s o l u t i o n  t o  the  
flow f i e l d  i n  two dimensions.  C a v i t a t i o n  i s  not  con- 
s i d e r e d .  This method of a n a l y s i s ,  however, does a l l o w  

t h e  b l ade  l e a d i n g  edge. 

Performance o f  A i r f o i l s  of  A r b i t r a r y  Shape i n  an  
A r b i t r a r y  Cascade , I '  

Department, Report R-23010-12, 23 February 1953. 

An exact two-dimensional p o t e n t i a l  flow s o l u t i o n  i s  
presented f o r  t h e  case o f  incompressible  flow through 
a i r f o i l s  of a r b i t r a r y  shape i n  an  a r b i t r a r y  cascade.  
This work i s  a n  expansion on t h e  theory presented i n  
Durand (Reference 1) by von JLarman and Burgers.  Sources 
and s i n k s  are a p p l i e d  a l o n g  t h e  s u r f a c e s  of  the  f l a t  
p l a t e  a i r f o i l s  t o  s i m u l a t e  t h e  e f f e c t s  of  a i r f o i l  thick-  
ness  and shape on t h e  p o t e n t i a l  f low f i e l d .  This method 
o f  flow a n a l y s i s  i s  completely t h e o r e t i c a l  and does n o t  
a l l o w  f o r  i n t e r n a l  flow l o s s e s  b u t  does a c c u r a t e l y  
d e s c r i b e  the  d e v i a t i o n s  between t h e  s t r e a m l i n e s  and t h e  
b l ade  s u r f a c e  i n  the  r e g i o n  of  t h e  a i r f o i l  l ead ing  edge. 
C a v i t a t i o n  i s  not  cons ide red ,  r e s t r i c t i n g  u s e  of  t h e  
s o l u t i o n s  presented t o  s ing le -phase  flow. 

de te rmina t ion  of  i nc idence  e f f e c t s  on load ing  around i 

2. F a n t i ,  R . ,  "Elementary Incompressible  S o l u t i o n  f o r  t h e  

United A i r c r a f t  Corpora t i o n  Research 

/ 

b.  Exact Methods: C a v i t a t i n g  

1. S t r i p l i n g ,  L .  B .  and A .  J .  Costa ,  " C a v i t a t i o n  i n  Turbo- 
pumps ," P a r t s  I and 11, ASME Papers No. 61-WA-112 and 
61-WA-98, 25 J u l y  1961. 
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An exact two-dimensional s o l u t i o n  t o  the  p o t e n t i a l  f low 
equa t ions  f o r  t he  case o f  s u p e r c a v i t a t i n g  flow i s  pre- 
s e n t e d  i n  P a r t  I. The method o f  s o l u t i o n  employs con- 
formal mapping techniques similar t o  those used i n  t h e  
a r t i c l e s  presented by Durand and F a n t i  f o r  n o n c a v i t a t i n g  
flow. P a r t  I1 i l l u s t r a t e s  the  c a v i t a t i o n  performance 
d a t a  o f  s e v e r a l  h e l i c a l  inducers  f o r  va r ious  flow coef- 
f i c i e n t s  c o r r e l a t e d  wi th  the  theory from P a r t  I. With 
the  u s e  o f  semi-empirical  c o r r e l a t i n g  f a c t o r s ,  t he  
s t r e a m l i n e  theory presented i n  P a r t  I is  s a i d  t o  s e r v e  
as a u s e f u l  b a s i s  f o r  des ign .  

Basic assumptions made i n  the  s t r e a m l i n e  model are  
1 i s  t ed  below: 

0 A d i s t i n c t  vapor c a v i t y  is formed by a 
f r e e  s t r e a m l i n e  which i s  a t t a c h e d  t o  t h e  
l e a d i n g .  edge of a l l  b l ades  

i n v i s c i d  and n o n o s c i l l a t o r y  
0 Flow i s  two-dimensional, i r r o t a t i o n a l ,  

0 Cavi ty  i s  i n f i n i t e  i n  l e n g t h .  

These assumptions r e s u l t  i n  measurable d e v i a t i o n s  from 
t h e  a c t u a l  flow case. I n  p a r t i c u l a r ,  t h e  combination 
o f  r a d i u s  changes and r o t a t i o n  o f  t h e  inducer  would 
r e s u l t  i n  s i g n i f i c a n t  b l ade  load ings  due t o  C o r i o l i s  
e f f e c t s ,  which are no t  accounted f o r  i n  t h e  two- 
dimensional a n a l y s i s .  Other  important  real  e f f e c t s  
i nc lude  flow l o s s e s  due to  f r i c t i o n ,  leakage and 
d i f f u s i o n  and three-dimensional c a v i t i e s  t h a t  c o l l a p s e  
w i t h i n  the  inducer .  This method i s  a l s o  r e s t r i c t e d  
t o  flow through cascades composed o f  p a r a l l e l  f l a t  
p l a t e  a i r f o i l s .  Although t h i s  type a n a l y s i s  would no t  
r e s u l t  i n  s a t i s f a c t o r y  de te rmina t ion  o f  t h e  flow f i e l d  
w i t h i n  cambered inducer  passages,  t h e  e x a c t  t heo ry  
could be used t o  i n d i c a t e  flow inc idence  e f f e c t s  on 
and nea r  t h e  a i r f o i l  l e a d i n g  edge,  i n c l u d i n g  t h e  
e f f e c  ts o f  c a v i  ta t ion .  

2. Jakobson, J .  K . ,  " S u p e r c a v i t a t i n g  Cascade Flow Analys is  , I '  

ASME Paper No. 64-FE-11, 27 February 1964. 

Exact two-dimensional p o t e n t i a l  flow theo ry  i s  presented 
f o r  incompressible  flow through a cascade o f  a r b i t r a r i l y  
shaped a i r f o i l s ,  i nc lud ing  t h e  e f f e c t s  of  c a v i t a t i o n .  
The assumptions t h a t  are made are e s s e n t i a l l y  t h e  same 
as those  made by S t r i p l i n g  and Acosta .  Flow is two- 
dimensional ,  i r r o t a t i o n a l ,  i n v i s c i d ,  and n o n o s c i l l a t o r y .  
Cavi ty  r e p r e s e n t a t i o n  is made by a d i s t i n c t  (vapor) 
c a v i t y  of i n f i n i t e  l e n g t h .  This l a t t e r  assumption a g a i n  
a l lows  a n  exact mathematical  s o l u t i o n  o f  t h e  p o t e n t i a l  
f low equa t ions  f o r  special  cases u s i n g  the techniques 
of conformal mapping. 
through any cascade composed o f  blades o f  a r b i t r a r y  

The gene ra l  t heo ry  f o r  flow 
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shapes r e s u l t s  i n  a n  i n t e g r a l  e q u a t i o n  t h a t  cannot be 
solved d i r e c t l y  and must r e l y  on numerical i n t e g r a t i o n  
techniques f o r  i t s  s o l u t i o n .  It i s  i n d i c a t e d  t h a t  a 
numerical  i n t e g r a t i o n  o f  r e s u l t i n g  i n t e g r a l s  f o r  cambered 
b l a d e s  could be complex, r e q u i r i n g  experimentat ion t o  
develop computer programs t h a t  would be convergent and 
e f f i c i e n t .  Although t h i s  paper covers  the  theo ry  f o r  t h e  
most gene ra l  type of  two-dimensional , i d e a l  (s teady , 
i r r o t a t i o n a l ,  l o s s l e s s ) ,  p o t e n t i a l  flow, t h a t  o f  cavi-  
t a t i n g  flow i n  a cascade o f  a r b i t r a r y  shaped a i r f o i l s ,  
t he  complexity of  t h e  r e s u l t i n g  exact s o l u t i o n s  may be 
u n a t t r a c t i v e  f o r  use i n  t h i s  program. 

c .  Numerical o r  Approximate Methods 

1. Cooper, P .  and H .  B .  Bosch, "Three Dimensional Analysis  
of Inducer  F l u i d  Flow," NASA CR-54836, 11 February 1966. 

S o l u t i o n s  f o r  t he  three-dimensional and quasi-  th ree-  
dimensional p o t e n t i a l  f low f i e l d s  are presented.  The 
three-dimensional a n a l y s i s ,  r e f e r r e d  t o  as t h e  "exact" 
a n a l y s i s ,  r e s u l t s  from a f i n i t e  d i f f e r e n c e  r e p r e s e n t a t i o n  
o f  t h e  b a s i c  p o t e n t i a l  flow e q u a t i o n s ,  The quasi- three-  
dimensional a n a l y s i s ,  r e f e r r e d  t o  as t h e  "approximate" 
method, r e s u l t s  from a f i n i t e  d i f f e r e n c e  s o l u t i o n  o f  t he  
basic flow equa t ions  i n  t h e  hub-to-shroud d i r e c t i o n  wi th  
a superimposed assumed s o l u t i o n  i n  the blade-to-blade 
d i r e c t i o n .  

Use o f  t h e s e  b a s i c  flow equa t ions  and t h e i r  f i n i t e  
d i f f e r e n c e  s o l u t i o n  i n  d e f i n i n g  three-dimensional 
flow f i e l d s  i s  s imilar  t o  methods which have been 
employed a t  FWC as w e l l  as by o t h e r s .  Reference i s  
made t o  S t a n i t z  (Reference 5 ) and Stockman (Refer- 
ence 6 ) i n  t h e  l i t e r a t u r e  survey.  Both employed 
types  o f  quasi- three-dimensional  s o l u t i o n s  f o r  
d e s c r i b i n g  flow f i e l d s .  U s e  o f  t h e  method presented 
i n  t h i s  r e p o r t  i s  unique, however, i n  i t s  t r ea tmen t  
of  c a v i t a t i n g  flow. 

Both methods of  a n a l y s i s  presented i n  t h i s  r e p o r t  account  
f o r  i n t e r n a l  f low l o s s e s  due t o  f r i c t i o n  and d i f f u s i o n  
wh i l e  a l s o  account ing  f o r  t h e  e f f e c t s  o f  c a v i t a t i o n .  The 
c a v i t y  model used i n  both models a l lows  f o r  c a v i t i e s  of 
f i n i t e  l e n g t h  and c o n s i s t i n g  o f  a homogeneous, two-phase 
mixture .  This c a v i t y  model d i f f e r s  s i g n i f i c a n t l y  from 
the  c a v i t y  model assumed by S t r i p l i n g  (Reference 2 ) 
and Jakobson (Reference 4 ) who assumed a d i s t i n c t  
c a v i t y  f i l l e d  wi th  s a t u r a t e d  vapor and i n f i n i t e  i n  
l e n g t h .  

The "exact" method completely d e s c r i b e s  t h e  e n t i r e  
p o t e n t i a l  flow f i e l d  inc lud ing  flow l o s s e s  and 
c a v i t a t i o n  e f f e c t s .  The "approximate" method, i n  
d e s c r i b i n g  t h e  flow f i e l d  two-dimensionally i n  t h e  
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hub- to-shroud d i r e c t i o n  on ly ,  cannot  a c c u r a t e l y  account  
f o r  t h e  e f f e c t s  of  l ead ing  edge loading  ( incidence)  and 
t r a i l i n g  edge unloading (devia t ion)  . Both s o l u t i o n s  
compare f avorab ly  i n  t h e  i n t e r i o r  reg ions  of  t h e  inducer .  

The "exact" method, whi le  r ep resen t ing  a good des ign  system 
capable  o f  s o l v i n g  t h e  most gene ra l  o f  problems, i nc lud ing  
inc idence  e f f e c t s  , f low l o s s e s  , c a v i t a t i o n ,  and gene ra l  
b lade  geometry, r e q u i r e s  cons ide rab le  computing t i m e  
t h a t  would, i n  gene ra l ,  p r o h i b i t  i t s  use as a p r a c t i c a l  
d e s i g n  t o o l .  

2 .  STRESSES AND VIBRATIONS I N  INDUCER BLADES 

1. Argyr i s  , J . H. , "Recent Advances i n  M a t r i x  Methods of  
S t r u c t u r a l  Ana lys i s  ,I1 Progress  i n  Aeronaut ica l  Sc iences ,  
V o l  4 ,  1964, The MacMillan Company, Perganon P res s .  

Sec t ions  o f  t h i s  book o u t l i n e  the  technique by which a 
curved cover  can be analyzed by r e p l a c i n g  t h e  s u r f a c e  
wi th  t r i a n g u l a r  e lements .  The v e r t i c e s  o f  t h e  elements  
are  f i r s t  p rescr ibed  as coord ina te s  of  a common co- 
o r d i n a t e  system. A local plane coord ina te  s y s t e m  is 
then  de f ined  f o r  t he  element and t h e  d i r e c t i o n  cos ines  
of t h e  axes of  t h i s  system r e l a t i v e  t o  t h e  common s y s t e m  
are determined. These d i r e c t i o n  cos ines  a re  then  used 
t o  de te rmine  t h e  l o c a l  coord ina te s  of t h e  nodes. The 
s t i f f n e s s  matrix, which is  a func t ion  of  t he  l o c a l  
coord ina te s  , can then be computed. This ma t r ix  i s  then 
transformed t o  t h e  common axes  by r o t a t i n g  l o c a l  axes  
t o  t h e  common a x e s .  

2. McGrattan,  R. J .  and E .  L .  North,  "Vibra t ion  Analys is  of 
S h e l l s  Using Discrete Mass Techniques," Transac t ions  
of  ASME, Journa l  of  Engineer ing f o r  I n d u s t r y ,  767-777, 
November 1967. 

I n  t h i s  paper ,  t h i n  s h e l l s  are i d e a l i z e d  by a framework 
of  e las t ic  beams t h a t  have the  e q u i v a l e n t  mass and 
s t i f f n e s s  o f  t h e  s h e l l .  The i n t e r e s t i n g  p a r t  o f  t h i s  
paper is no t  t h e  p a r t  involv ing  t h e  equ iva len t  s h e l l ,  bu t  
t h e  method o f  t ransforming s t i f f n e s s e s  and de termining  
f l e x i b i l i t y  matrices. Because t h e  gene ra l  s u r f a c e  is 
curved,  t h e  s t i f f n e s s e s  o f  t h e  i n d i v i d u a l  beams must be 
transformed by r o t a t i n g  t h e i r  coord ina te  s y s  tern t o  a 
common coord ina te  s y s  t e m  and t r a n s l a t i n g  from the  mid- 
po in t  of  t he  element  t o  a n  a p p r o p r i a t e  j o i n t .  
r e s u l t i n g  s t i f  fnes ses  are then  summed. This gene ra l  
method can  be adapted  t o  t h e  inducer  problem by t r ans -  
forming t h e  s t i f f n e s s  matrices of  t h e  t r i a n g u l a r  e lements  
i n  t h e  same manner. 

The f l e x i b i l i t y  matrix i s  determined by t h e  convent iona l  
u n i t  load  method, i n  which t h e  d e f l e c t i o n  v e c t o r  due t o  
a u n i t  load  i s  a p p l i e d  a t  t h e  N j o i n t s .  

The 
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3. Utku, Senol ,  " S t i f f n e s s  Matrices f o r  Thin Tr i angu la r  
Elements on Analyzed Gaussian Curvature," A I A A ,  Vol 
No. 9 ,  pp 1659-1667, September 1967. 

I n  t h i s  paper, curved s u r f a c e s  w i t h  double  c u r v a t u r e  
are t r i a n g u l a t e d  and r e f e r r e d  t o  a base t r i a n g l e  whose 
v e r t i c e s  are t h e  nodes o f  t h e  curved element.  Shallow 
s h e l l  theory is used and the s t r a i n  energy o f  the  s h e l l  
i s  expressed i n  terms o f  nodal displacements .  I f  ze ro  
c u r v a t u r e  f o r  t he  element i s  assumed t h e  curved elements 
degene ra t e  i n t o  t h e  f l a t  t r i a n g u l a r  base plane elements 
as w i l l  be done f o r  t h e  inducer  b l ade .  The method o f  
p a r t i t i o n i n g  t h e  bending, membrane , and s h e a r  s t i f f n e s s  
matrices, and t h e  method of  avoid ing  the  d i f f i c u l t y  
due t o  coupl ing  of  bending moments and membrane fo rces  
i s  d i scussed .  These techniques should be a p p l i c a b l e  
t o  t h e  inducer  b l a d e  problem. 

" S t i f f n e s s  and D e f l e c t i o n  Analys is  o f  Complex S t r u c t u r e s  
J o u r n a l  o f  t h e  Aeronaut ica l  Sc iences ,  V o l  25 ,  pp 805-823, 
September 1956. 

This i s  one o f  t h e  bas id  papers from which the  matr ix  
a n a l y s i s  o f  s t r u c t u r e s  w a s  developed. Direct methods 
f o r  determining s t i f f n e s s  matrices o f  frame elements ,  
s h e a r  pane l s ,  box beams, spars ,  r e c t a n g u l a r  p l a t e s ,  
and t r i a n g u l a r  p l a t e s  are presented.  These matrices are  
developed by c o n s i d e r a t i o n s  o f  s t a t i c s  and avoid t h e  
use  of  s t r a i n  energy methods. Of p a r t i c u l a r  i n t e r e s t  i s  
the  membrane s t i f f n e s s  matrix f o r  a r b i t r a r i l y  shaped 
t r i a n g u l a r  p l a t e s  o f  uniform th i ckness .  

4 .  Turner ,  M .  J . ,  R .  W.  Clough, H .  C .  M a r t i n ,  and L .  J .  Topp, 

2211222 



APPENDIX C 
FORMULATION OF HYDRODYNAMIC COMPUTER PROGRAM 

Contained i n  t h i s  Appendix i s  t h e  engineer ing  formula t ion  f o r  t h e  
hydrodynamic computer program. 

INTERNAL PROGRAM CONSTANTS 

u =  2 K N  

2 .o 

INLET ROUTINE 

INLET CONSTANTS : 

ItT = t a n  
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INLET STREAMLINE CALCULATIONS : 

Find R for esch s t r eaml ine  (RsT) by d i v i d i n g  t h e  annulus area i n t o  
N I  equa l  a r e a s  such t h a t  AR2 between s t r eaml ines  equa l s  a c o n s t a n t ,  i .e.,  

Find lL<i) for each s t r e a m l i n e  by l i n e a r  i n t e r p o l a t i o n  ve r sus  
r ad ius .  

B* = t a n  -1 [R(i) Rtan 0 $1 
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(i) - 'SAT k =  P 

QD 
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R e t u r n  t o  i n l e t  s t r e a m l i n e  c a l c u l a t i o n s  repeat ca l cu la t ions  f o r  
N I  streamlines. 

PT -. PSAT 
P 

NPSH = 

- 2g NPSH - 
‘C AV 

MAIN PROGRAM 

J-STATION CONSTANTS: 

- z  
( j )  (j-1) 

AZ = 2 

AR = ?qj) - %(j) 
STREAMLINE ITERATION: 

t 

RST RST 

2.0 
R =  
(i) 

2.0 

226 



where: 

xx = 1 i f  hub o r  t i p  stream tube .  

xx = 0 f o r  a l l  o t h e r  stream tubes .  

2.0 
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I f  b l ade  leading edge th i ckness  ( t u )  i s  less than  t h e  maximum 
blade t h i c k n e s s t  
t h i c k n e s s .  

a t  t h e  given a x i a l  l o c a t i o n  use blade leading edge 
(i 1 

(EXIT DEVIATION) 

CAVITY ITERATION: 
;k 

I f  t h e  c a v i t y  i s  growing t h e  c a v i t y  s lope  (60 ) i s  g r e a t e r  t han  (i) zero f t o l e r a n c e  and: 

2.0 
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I f  t h e  c a v i t y  has  reached i t s  maximum he igh t  ( 6 @  = 0.0 f t o l e r a n c e )  
o r  i f  c a v i t y  i s  c o l l a p s i n g ,  then:  

- 
t a n  B 1 . 0  + 

(FLOW CALCULATIONS - START) 

where 

xx = 1 i f  c a v i t y  e x i s t s  on b lades ,  

xx = 2 i f  no c a v i t y  e x i s t s .  

(FLUID INERTIA EFFECTS - START) 
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* i 

6, = Peff - 

(FLUID INERTIA EFFECTS - END) 

For an inducer with blade leading edge sweep back, the re la t ive  
flow angle ( 0  
edge is calculated through a Conservation of angular momentum: 

) for  streamtubes that  have not crossed the leading 
( i )  

I 

AP = q i )  - qi) 
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- - w = w C O S T  
U 

(BOUNDARY LAYER CALCULATIONS - START) 

0.246 
C f  = I - 

0.678H 

10 .o 
(i) Re 0.268 

0.167 
CL = Re e "(i> 

0.0135 e5(H;i) - 1.4) 
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0.167 

H ( i )  = 1.4 - - 0.0135 [y a] 
( i )  

where 

xx = 1 i f  c a v i t y  exists. 

xx = 2 i f  no c a v i t y .  

For e i t h e r  hub o r  t i p  s t ream tubes :  

(BOUNDARY LAYER CALCULATIONS - END) 

If c a v i t y  i s  c o l l a p s i n g :  
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For a l l  o t h e r  cases  APD = 0.0 

(CAVITY MOMENTUM BALANCE) 

A t  = t 
I 

- t  
( i >  ( i >  

2 .o 

WP = xx 

where 

xx = 1 i f  c a v i t y  e x i s t s  

xx = 2 i f  no c a v i t y  

For t h e  hub s t ream tube :  
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For t h e  t i p  stream tube:  

2.0 

-L - - 
PSAT AY A t  + 

+ 2 7 (z - A Y ( ~ ) )  yl S in  p" 

PSAT Ay Ab S i n F  

AM Fc - Fc - FD 
r 

Calcu la t e  e r r o r  i n  stream tube  momentum (M(i)) .  I f  t h e  e r r o r  i s  
no t  w i t h i n  t o l e r a n c e  a d j u s t  c a v i t y  s lope  (a@") and r e t u r n  t o  s ta r t  of  
c a v i t y  i t e r a t i o n .  Iterate u n t i l  e r r o r  i n  stream tube  momentum i s  w i t h i n  
to l e rance .  
s w e p t  back b l ade ,  t h e  momentum i s  c a l c u l a t e d  ( w i t h  F=1.0) f o r  r e fe rence .  

I f  a s t reamtube has  n o t  c rossed  the  l ead ing  edge of  a 

(RADIAL PRESSURE GRADIENT CALCULATION - START) 

A P = P  - P  ( i )  (i - 1) 
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Simple r a d i a l  equ i l ib r ium:  
2 

For  a s t reamtube t h a t  has n o t  c ros sed  t h e  l ead ing  edge of  a 
swept back b l ade ,  i t s  r a d i a l  l o c a t i o n  i s  found by s a t i s f y i n g  
simple r a d i a l  angle  l i b r ium.  

2 .o 

2.0 

Streaml ine  cu rva tu re  and r a d i a l  a c c e l e r a t i o n :  

+ d$ Cos2 
._ dP =-..E I;' 'rn - dZ 
d r  2 g  

'ST(i-l) 
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dP dP 
d r  d r  
- - -  - 

AP dP E r r o r  = - - - 
AR d r  

I dP 
1 dr 2 

(RADIAL PRESSURE GRADIENT CALCULATION - END) 

(Streamline T e s t  and Adjustment Routine) 

The e r r o r  i s  determined f o r  each s t r eaml ine  and compared wi th  some 
t o l e r a n c e .  I f  each s t r e a m l i n e  e r r o r  i s  w i t h i n  t h e  prearranged t o l e r a n c e ,  
t h e  program cont inues.  
i n  t h i s  t o l e r a n c e ,  t h e  e r r o r s  of t h a t  s t r e a m l i n e  and i t s  ad jacen t  stream- 
l i n e s  a r e  used i n  t h e  adjustment f o r  l o c a t i n g  t h e  new s t r e a m l i n e  p o s i t i o n s .  
A f t e r  each s t r eaml ine  adjustment  has  been made, t h e  program r e t u r n s  t o  
t h e  s ta r t  of t h e  s t r eaml ine  i t e r a t i o n  i n  t h e  main program. 

I f  a l l  o r  anyone of t h e  s t r eaml ines  i s  not  with- 

END STREAMLINE ITERATION 

J - STATION PARAMETERS: 

(Blade Loading C a l c u l a t i o n s  - S t a r t )  
- 

(Blade Loading C a l c u l a t i o n s  - End) 

( S t a t i o n  Performance C a l c u l a t i o n s  - S t a r t )  

v = u - w  
U U 
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V 

H 

H I  

'I 

d 

m9; 

n b 

PCB 

( i )  
RvU 

END J - 

m 
V 

S i n  cy 
- -- 

= R  V ($1 u 

STATION PARAMETER CALCULATIONS 

E X I T  STATION CALCULATIONS: 

xx = 1 f o r  hub and t i p  s t r e a m  tubes  

xx = 0 for a l l  o ther  s t r e a m  t u b e s  
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Note: F l u i d  angu la r  momentum (RVu ) i s  assumed cons t an t  f o r  
each stream tube between t h d i ) l a s t  i n t e r n a l  s t a t i o n  and 
the ex i t  s t a t i o n .  Hence: 

w = u - v  
U . u  

m v =- 
Sin  cy 

V 

V 
m w =- 

(i) S i n @  e 

Adjust  s t r eaml ines  to s a t i s f y  simple r a d i a l  equ i l ib r ium 
(dP/drl '). 
the i n t e r n a l  s t a t i o n s .  I t e r a t e  u n t i l  r a d i a l  momentum i s  s a t i s f i e d .  

The procedure f o r  s t r eaml ine  adjustment  i s  t h e  same as f o r  

For hub and t i p  stream tubes :  
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For  a l l  other  s t r e a m  tubes :  

H 

'I 

d 

H 
H I  

-- - 

END E X I T  STATION CALCULATIONS 

OVERALL PERFORMANCE 

N. 

V R =  e 

ss - - OdQI 
(g NPSH)3'4 

END FLOW ANALYSIS CALL W A D I N G  ROUTINE 
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Loading Routine 

Curve f i t  following parameters from the  main program. 

I f  t h e  b l ades  have t ape red  l ead ing  and/or t r a i l i n g  edges 

I f  t h e  blade l ead ing  and/or  t r a i l i n g  edges a r e  n o t  t ape red ,  = 0. 

Suc t ion  Surface: 

(Channel Regisn) SMNo g r e a t e r  than 0.0 

I f  c a v i t y  e x i s t s  a t  s t a t i o n  b 

P s ( i )  = P s a t  

I f  no c a v i t y  exists a t  s t a t i o n  b 

P ( i )  and hPbn( i )  found from curve f i t s  a t  m(5)  = SMNo 

# 0.0 
(i) 

= 0.0 
(i) 

- -APbn( i )  = P  
's(i) (i) 2 .o 
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where: 

P r e l ( j ,  i )  i s  t h e  t o t a l  re la t ive  p r e s s u r e  a t  t h e  Z l o c a t i o n  
f o r  which loadings are being c a l c u l a t e d .  

(Uncovered Leading Edge Region) 

I f  c a v i t y  exists a t  s t a t i o n  b ( i )  + 0.0 

P s ( i >  = P s a t  

I f  no c a v i t y  e x i s t s  a t  s t a t i o n  b ( i >  - 0.0 

= P  - "bn(i) 

2 .o s ( i )  ( i )  
P 

I 

Pressu re  Surface:  

(Channel Region) 

are found from curve f i t s  a t  m = SMN 
'(i) and "bn(i) (i> 

"bn (i) 

2 .o 
= P  + 

P (i> (i) 
P 
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I f  Pp ( i )  i s  g r e a t e r  than P r e l ( i )  a t  the  Z l o c a t i o n  for which 
loadings a r e  be ing  c a l c u l a t e d  then 

2g - pP(i))  p 

(Uncovered T r a i l i n g  Edge Region) 

m ( ~ ~ ,  i )  SMN, = SMN - 

*'bn ( i )  

2 .o 
= P  + 

p ( i )  ( i )  
P 
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APPENDIX D 
DERIVATION OF BASIC RELATIONS 

FOR STRESS AND VIBRATION COMPUTER PROGRAMS 

Contained i n  this  appendix are t h e  d e r i v a t i o n s  of the b a s i c  
r e l a t i o n s  used i n  t h e  stress and v i b r a t i o n  computer programs. 

The d i s c u s s i o n  of t h e  d e r i v a t i o n s  o f  t he  v a r i o u s  r e l a t i o n s  i n  
ma t r ix  form are sepa ra t ed  i n t o  r e l a t i o n s  t h a t  are common t o  both t h e  
stress and v i b r a t i o n  programs and those  apply s p e c i f i c a l l y  t o  on ly  
one of t h e  programs, as o u t l i n e d  below. 

Both Programs 

(1) D i r e c t i o n  Cosine Matr ix  

(2) Nodal Coordinate Matrix 

(3) Triangular  Su r face  Coordinate Matrix 

( 4 )  Thickness Matr ix  Re la t ion  

(5) Membrane S t i f f n e s s  Matrix 

(6) Bending S t i f f n e s s  Matrix 

[ G  Nl 

[ % I  
S t r e s s  Propram 

I Fp I, ( 7 ) P r e s s u r e  Force Mat r ix  

(8) Cen t r i fuga l  Force Matrix 1. 1 
‘ N  

(10)Approximate C e n t r i f u g a l  Force Matr ix  

Vib ra t ion  Program 

(11) Membrane I n e r t i a  Matrix 

(12) Bending I n e r t i a  Matrix 

(13)  Normal D i r e c t i o n  Cosine Matrix 

(14) R e l a t i v e  Vib ra to ry  Bending S t r e s s  Matrix 

1541 

1% I 
[R1), 

I n t e g r a t i o n  of expres s ions  con ta in ing  v a r i a b l e  th i ckness  T s  accomplished 
by the Gaussian quadra tu re  formula,  u s ing  100 i n t e r n a l  nodal  va lues  o f  the 
integrand i n  t h e  t r i a n g u l a r  element.  
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(1) D i r e c t i o n  Cosine Matrix R1 (See F igu re  109.) 

[R l ]  e s t a b l i s h e s  t h e  r e l a t i o n  The d i r e c t i o n  cos ine  o r  r o t a t i o n  ma t r ix  
i 1  

between t h e  d i r e c t i o n s  of t h e  axes of  t h e  common coord ina te  system and 
t h e  l o c a l  coord ina te  system. It i s  obtained by t h r e e  ope ra t ions :  

1. D i r e c t i o n  of a x i s  i s  obtained by determining d i r e c t i o n  of 
v e c t o r  product of v e c t o r s  i n  d i r e c t i o n s  of two s i d e s  of 
t r i a n g l e .  

2. D i r e c t i o n  of a x i s  i s  obtained by p r o j e c t i o n .  

3. D i r e c t i o n  of 7 a x i s  i s  obtained by determining d i r e c t i o n  
of v e c t o r  product of v e c t o r  a long  i a x i s  and 2 a x i s .  

F igu re  109. Geometry f o r  Deriving [R1] 

FD 251438 

FD -25843B 

1. i D i r e c t i o n  

Vector area of t r i a n g l e  r e l a t i v e  t o  common system, (one h a l f  of v e c t o r  
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- t - b  -). 

+ js +TslZ 
l x  1 Y  

S1 = i s  

t S  S S 
-? 1x +3 ly + 7 -  

s1 s1 % 
k =I- 

2. D i r e c t i o n  

B y  i n spec t ion ,  

- x2 - x1 
cos (x,x) = 

4 2  

- Y p  - Y 1  
cos (y,x) = 

e12 

- z2 - z1 
cos (z ,x)  = 

1 1 2  
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3. Direc t ion  
- w +  -.) 7 axis is  i n  d i r e c t i o n  of vec to r  product ,  S x (R2 - R1) 

1 

-c 
k t ( f  J 

v -  

\/[SlX(Y2 - Y,) - . s l y  (x 2 - xl) I' 

+ -t 
+ j S  + k S 2 z  

- - t +  

S = i s  
2 2x 2Y 

+ j  j = 1 -  

L 

-B-s  
COS (y,?) = * 7 2 y  J . J = 

s2 

s2 
COS (z ,y)  = k j = - 
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The d i r e c t i o n  c o s i n e  m a t r i x  i s  then:  

[ R l ]  = 

cos (X,X> cos (x,?) cos  (x,Z) 

cos  (Z,X> cos ( Z j )  cos ( Z , Z >  

- s2x 

s2y 

s2 

s 2  

22 - 
s2 

(2)  Nodal Coordinate  Matrix [GN I (See Figure 110) 

The ma t r ix  e s t a b l i s h e s  t h e  l o c a l  coord ina te s  of t h e  nodes of 
t h e  t r i a n g l e  i n  terms of t h e  common coord ina te s  of t h e  nodes of t h e  
t r i a n g l e .  It is obta ined  by two ope ra t ions :  

1. T r a n s l a t i o n  o f  o r i g i n  of l o c a l  coord ina te  system t o  o r i g i n  
of common coord ina te s  system. 

2.  Ro ta t ion  o f  axes of  l o c a l  coord ina te  system t o  axes of 
common sys  t e m .  

The o p e r a t i o n  q ’ ~ -  qq I o r  I 

t r a n s l a t e s  t h e  l o c a l  coord ina te  system t o  t h e  o r i g i n  o f  t h e  r e f e r e n c e  
system. This  ope ra t ion ,  t oge the r  w i t h  r o t a t i o n  of  t h e  axes ,  y i e l d s :  

I T 2 1  = 

= 
= I O 1  



x3 

(G3) = (II 0 

o r  

2 

0 

X I 0 i cos (X,x) cos (X,y) cos (X,z) 

cos (Y,X) cos (Y,y) cos <;,z> 

cos ( Z , x )  cos (Z,y) cos (&I 

= [ 

cos (X,y) + (z3 - z ) cos (X,z> 

cos ( Y , Y >  3. ( z 3  - zl> cos (Y,d 

cos (Z,y) + (z3 - z ) cos ( Z , z )  

1 

1 

I n  ma t r ix  n o t a t i o n :  

J X  

Figure  110. Geometry f o r  Deriving 1 I qNl FD 25842 
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(3) Tr iangu la r  Sur face  Coordinate  Matrix [*I (See Figure 111.)' 

The ma t r ix  9 e s t a b l i s h e s  the  r e l a t i o n  between t h e  l o c a l  coord ina tes  I 1  of po in t s  i n  t h e  plane of t he  t r i a n g l e  and t h e  common coord ina tes  of t h e s e  
po in t s .  It i s  obtained by two ope ra t ions :  

1. Trans l a t ion  of o r i g i n  of l o c a l  system t o  o r i g i n  of  common 
sys  tem. 

2. Rota t ion  of  axes of  l o c a l  system t o  axes of  common system. 

(From f i g u r e  111.) 

1 x  

Figure  111. Geometry f o r  Deriving 1.1.1 

e +  * + But 
i = i cos (x,x) + j cos (x,y) + k cos ( 2 , ~ )  
e - &  * - 
j .- i cos (y,x) +- j cos (;,y) + k COS ( y , z )  

FD 25841.4 

+ - 
- - c  t 
k = i cos ( i , x )  + j cos ( i , y )  + k cos (i,z) 
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4 + - c +  

lX1 . .  i x  + j y  +- kz = 

1 * -b 
cos (x,x) + j cos (x,y) + k cos (x,z) +- 

- 1  
I 

-m + 
y i cos (;,x) + j cos (;,y) + k cos (y,z)  +- 

z -)r 

- r 
cos (z,x) + j cos (z ,y)  +- k cos (i,z) 

- . .  x = x + x cos (X,X) + i cos (x,?) -I- z cos ( X , Z )  

y = y1 + x cos (y,X) -I- cos (y,?) +- b cos (y,Z) 
+- x cos (Z,X) + y cos (z,?) +- z cos ( Z , Z )  

1 

z = z 1 

o r  

I n  ma t r ix  form 

(4 )  Thickness Matr ix  R e l a t i o n  (See Figure 1 1 2 . )  

This  r e l a t i o n  expresses  t h e  th i ckness  a t  a p o i n t  i n  t h e  plane of t h e  
t r i a n g l e  i n  t e r m s  of t h e  th i cknesses  a t  t he  t h r e e  v e r t i c e s ,  when t h e  
thickness  i s  assumed t o  vary l i n e a r l y  wi th  5 and 7 over the  t r i a n g l e .  
It i s  de r ived  by determining t h e  c o e f f i c i e n t s  of t h e  l i n e a r  form by 
ma t r ix  a lgeb ra .  

F igu re  112 .  Geometry of Tr i angu la r  Element With FD 25840A 
Linea r ly  Varying Thickness 
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Assume - 

la3 J 
- - - 

For nodal v a l u e s ,  tl, t2, t3, 

1 X 

x2 

3 = [ :  X 

i n  ma t r ix  form 

y2 

y3 

x1-x3 

x3y1-x1y3 

y1-y2 
- -  
x2 -XI 

(5) Membrane S t i f f n e s s  Matr ix  [GI (See F igu re  113-)  

The ma t r ix  [ I(M 1 expres ses  t h e  l i n e a r  r e l a t i o n  between s t a t i c a l l y  
equ iva len t  nodal fo rces  and nodal displacements  i n  t h e  plane of t he  tr i-  
angle .  It i s  de r ived  by ob ta in ing  the  i n t e r n a l  s t r a i n  energy i n  t h e  form: 

where [hEljN i s  the  l o c a l  nodal membrane displacement column ma t r ix  and 
the middle matr ix  [ ] i s  t h e  l o c a l  membrane s t i f f n e s s  ma t r ix  
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Figure  113. General ized Nodal Local Membrane FD 25631B 
Displacements and Forces on F l a t  
T r i angu la r  Element 

L e t t i n g  

For nodal va lues  

- 
1 a 

- 
a2 

a4 

- 
3 a 

- 
- 
5 a 

a6 
- 

1 a 
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O r ,  i n  mat r ix  form 

us  ing 

S t r a i n  
Matr ix  

. .  
u s i n g  

S t r e s s  
Matr ix  

. .  

XX 
ISM) = f - -  

YY 

f - -  1 XY 

I Z M I  

0 1 1 0 0 0  
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I n t e r n a l  s t r a i n  energy 

- _ -  
where d v  = tdxdy 

and 

(6) Bending S t i f f n e s s  Matr ix  [Q] (See F igu re  114.)  

The m a t r i x  [&I expres ses  t h e  l i n e a r  r e l a t i o n  between s t a t i c a l l y  
e q u i v a l e n t  nodal f o r c e s  and nodal bending displacements  i n  t h e  t r i a n g l e .  
It i s  de r ived  by ob ta in ing  the i n t e r n a l  s t r a i n  energy i n  t h e  form: 
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where 
the  middle ma t r ix  [ 

i s  the  l o c a l  nodal bending displacement  column ma t r ix  and 
] i s  t h e  l o c a l  bending s t i f f n e s s  ma t r ix  

Figure 114. Generalized Nodal Bending FD 25652 
Displacements and Forces on F l a t  
T r i a n g u l a r  Element 

Using displacement f u n c t i o n  

- 
X 

0 

-1 

- 
Y 

1 

0 

-2 
X 

0 

- 2z 

-2 
Y 

0 -2 
-Y 

I n  matr ix  form 
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For nodal va lues  

-W- - 0 0 0 0 -2 0 0 -2E -67 Curvature  
Matrix' 0 0 0 -2 0 -6; -2y 0 

= [ -:::i W- - = [ 0 0 0 0  0 0 2 2 2 y  0 
XY 

or 

1'1 = [EB] lGB/  = [EBl[AJ-l  N I'BI N 
I n t e r n a l  s t r a i n  energy, 

-3 - E t  
= 12(1-v2) 



(7) Nodal P res su re  Force Matr ix  /I? D I -1 (See Figure 115.) 

The matrix is  t h e  column ma t r ix  of s t a t i c a l l y  equ iva len t  local 
This  is  de r ived  by o b t a i n i n g  t h e  p o t e n t i a l  energy nodal  p r e s s u r e  forces. 

i n  t h e  form: 

where [ ;BIN is l o c a l  nodal bending displacement row ma t r ix  and t h e  l a t t e r  
ma t r ix  1 I ['PIN. i s  t h e  d e s i r e d  l o c a l  p r e s s u r e  f o r c e  m a t r i x  

F igu re  115. General ized Nodal Bending 
Displacements and Forces on F l a t  
T r i a n g u l a r  Element 

I n  l o c a l  c o o r d i n a t e s ,  

- -  - - - - - -2 - -2 - -3 
w = a l  + a2x -I- a3y -I- a4x -I- a5y + a6x 

i% 

For nodal va lues  

FD 25652B 
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The p o t e n t i a l  energy due t o  p re s su re  loading is 
- 1 T  T 1  

i p  = JpGdZdy = [ i jBjN f p [ & I N  I L B ]  [(I} dxdy 

Therefore  , 

The matrix lFClN is t h e  column ma t r ix  of s t a t i c a l l y  e q u i v a l e n t  l o c a l  
nodal c e n t r i f u g a l  ro rces .  
energy i n  t h e  form: 

This  i s  de r ived  by o b t a i n i n g  t h e  p o t e n t i a l  

where [ ilN is  the  l o c a l  nodal displacement row ma t r ix  and t h e  l a t  er 

~ ~ ' 1  N' 
i s  t h e  d e s i r e d  l o c a l  " cen t r i fuga l "  f o r c e  column m a t r i x  matrixl IN. 

The p o t e n t i a l  energy due t o  r o t a t i o n  is  

= S p W 2 E r  ar d~ 

= fpW2Er ~u cos (r,x) -t v cos ( r ,y )  +- w cos ( r , z )  I d  
cos ( r , y )  dA 
c o s  ( r ,x )  

=JpW2Er 1 
cos  ( r , z )  I 
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z 

X i 
Figure  116.  Geometry of Rota t ing  Tr i angu la r  

Element 

But 

O r  

Since cos (r, z )  = 0. A l s o  

From which 

z - Z I  = x cos (Z,G)+ 7 cos (z,;) 

Therefore  

FD 25844 
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and 

expanding 
- 

P o 0  
0 1 0  

where 

J 

T h e r e f  ore 

- 
U 

Also  

0 

0 

0 0 0 
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Theref o r e  

Is1 = IdN 

In matr ix  .form 

0 

0 

and 

Then, i n  common coord ina te s  

T T 

531; I"] O 

0 0 
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(10) Approximate Centrifu.ga1 Force Matr ix  IF } 
C 

N 
F 

F 
x1 

Y 1  

FZ 

x1 

Y 1  

z1 

x2 

y2 

z2 

x2 

y2 

=2 

x3 

y3 

FZ 

1 
M 

M 

M 

F 

F 

F 

M 

M 

M 

F 

F 

3 
M 

M 

M 

x3 

y3 

z3 
1 

A = Area of i t h  element 

p = Density 

0 = Angular v e l o c i t y  

i 

This  matrix (D-2) i s  used i n  l i e u  of (D-1)  because o f  i t s  
s i m p l i c i t y .  
i n  cases where bending stresses are predominant; however, more 
experience i s  needed wi th  t h i s  ma t r ix  (D-2) form b e f o r e  i t  can be 
used with a h igh  degree of  confidence.  
program c o n t a i n s  an o p t i o n  t h a t  pe rmi t s  s e l e c t i o n  of e i t h e r  matrix 
(D-1) o r  (D-2). 

It should provide b e t t e r  accuracy t h a n  ( D - l ) ,  p a r t i c u l a r l y  

(D-1)  

For t h i s  r eason ,  t h e  computer 
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(11) Membrane I n e r t i a  Matrix l ~ ]  (See Figure 117) 

The ma t r ix  [ %] is  t h e  ma t r ix  of nodal masses and i n e r t i a s .  It is 
de r ived  by o b t a i n i n g  t h e  k i n e t i c  energy of motion i n  t h e  form: 

where 14 I N  i s  the  l o c a l  nodal v i b r a t o r y  membrane v e l o c i t y  column 
ma t r ix  and the  middle ma t r ix  i s  t h e  d e s i r e d  l o c a l  membrane i n e r t i a  I 1  

.2 
Kine t i c  

S 

Membrane Displacement Matrix 

o r  

For nodal va lues  

and 
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:. Membrane i n e r t i a  matrix is  

(12)  Bending I n e r t i a  Matrix 1 ~ 1  (See F igure  115) 

resist  v i b r a t o r y  t r a n s v e r s e  bending motion of t h e  t r i a n g l e .  
de r ived  by ob ta in ing  t h e  k i n e t i c  energy of motion i n  t h e  form: 

The matrix [ &] is t h e  ma t r ix  of nodal  masses and i n e r t i a s  which 
It i s  

where 1 4 IN i s  t h e  l o c a l  nodal v i b r a t o r y  t r a n s v e r s e  bending v e l o c i t y  
column ma t r ix  and t h e  middle ma t r ix  [ 1 i s  t h e  d e s i r e d  l o c a l  bending 
i n e r t i a  ma t r ix  

2 

Kine t i c  Energy = (2) dxd; 

Transverse Displacement 

- 2 - 2  2 
q = a  1 2  + ~ ~ + a y - ~ - a i ?  3 4 + a 5 y  + a 6 1 i 3 + a t y +  7 

2 - 3  
agWy + agy 

o r  

Using nodal  va lues  
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. * . Bending i n e r t i a  ma t r ix  i s  

I.11 n 
(13)  Normal D i r e c t i o n  Cosine Matrix 

The ma t r ix  [Rl ] ,  e s t a b l i s h e s  t h e  r e l a t i o n  between t h e  d i r e c t i o n s  of 

It i s  obtained by averaging t h e  d i r e c t i o n s  of t he  j i  and E axes 
the axes of t he  common coord ina te  system and t h e  axes o f  the.quasi-normal 
system. 
of t he  four  t r i a n g u l a r  elements t h a t  have a common node and a common 
gene ra to r ,  with t h e  x a x i s  l y ing  i n  the  d i r e c t i o n  of t h e  gene ra to r  as 
shown i n  f i g u r e  123. The d i r e c t i o n s  of  t h e  l o c a l  axes of t h e  i n d i v i d u a l  
t r i a n g u l a r '  elements are obtained d i r e c t l y  from t h e  d i r e c t i o n  cos ine  

zn matrix [R1l- 

Figure 1 1 7 .  D e f i n i t i o n  of Quasi-Normal 
Coordinate System 

FD 25669 

265 



la, I ( 1 4 )  Rela t ive  Vibra tory  Bending Stress Matr ix  

is t h e  column mat r ix  of l o c a l  v i b r a t o r y  bending 
tresses are normalized i n  t e r m s  of t h e  maximum stresses 

when the  system v i b r a t e s  i n  r e l a t i v e  modal amplitudes.  Using t h e  l o c a l  
bending stress mat r ix :  

and t h e  r e l a t i o n s  

The l o c a l  bending stress mat r ix  i n  t e r m s  of t h e  displacements  i n  the  
quasi-normal system is:  

-1 . T 
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A .  HYDRODYNAMIC 

APPENDIX E 
NOMENCLATURE 

SYMBOL 

A 

b 

C 

‘e 

c€ 

E 

FUC 

FD 

F 
P 

FPC 

FPSC 

F 
P A 7  

ljF 2 

FR 

g 

H 

h 

DESCRIPTION 

Flow area normal t o  d i r e c t i o n  of relative 
v e l o c i t y  

Tangen t i a l  vapor c a v i t y  h e i g h t  

C le aranc e 

E x i t  d e v i a t i o n  cons t an t  

Surface f r i c t i o n  c o e f f i c i e n t  

E r r o r  i n  r a d i a l  p r e s s u r e  g r a d i e n t  

C e n t r i f u g a l  f o r c e  

Drag f o r c e  

Pressure f o r c e  

P res su re  f o r c e  due t o  vapor c a v i t y  formation 

P res su re  f o r c e  due t o  s t r e a m l i n e  re- 
l o c a t  i o n  

P res su re  f o r c e  due t o  a change i n  blade 
pas sage width 

P res su re  f o r c e s  due t o  mid channel  p r e s s u r e  

C e n t r i f u g a l  f o r c e  i n  t h e  r a d i a l  d i r e c t i o n  

A c c e l e r a t i o n  due t o  g r a v i t y  

T o t a l  s t a t i c  head o r  boundary l a y e r  shape 
f a c t o r  

S t a t i c  head 

UNITS 

L2 

L 

L 

FL-3 

F 

F 

F 

F 

F 

F 

F 

F 

LT-~ 

L 

L 
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SYMBOL DESCRIPTION 

Ideal head rise 

UNITS 

L 

deg 

HI 

i 

k 

Incidence angle 

Cavitation number 

Distance along streamline L 

FTL' 

FT 

L 

m 

m 

M 

Mass flow rate 

Fluid momentum 

m* Distance along the blade 

Number of streamlines NI 

NJ Number of axial stations 

Nb 
N 

Number of  blades 
Inducer rotative speed T- 1 

L 

FL- 2 

FL' 

FL- 2 

NPSH Net positive suction head 

Mixed out total relative pressure 

Prel 

PSAT 

Total relative pressure 

Fluid saturation pressure 

FL' PT 

POT 

P 

Total absolute pressure 

Mixed out total absolute pressure 

FL- 2 

FL- 2 

FL- 2 

Static pressure 

Blade pressure loading 

Total relative pressure l o s s  due to cavity 
collapse 

L3 T-1 

L 3  T - 1  

FL- 2 

Q 

QI 

QD 

Volumetric flow rate per blade passage 

Total volumetric flow rate 

Relative dynamic pressure 
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SYMBOL 

R 

Re 

Re9 

ss 
T 

t 

U 

u, v 

V 

W 

W.P. 

AY 

Z 

AZe 

a 

a W  

B 

60 

DESCRIPTION 

Radius 

Reynolds number based on tip radius 

Reynolds number based on momentum thickness 

Suction specific speed 

Torque 

Blade thickness 

Inducer tangential velocity 

Velocity components 

Fluid absolute velocity 

Fluid relative velocity 

Perimeter of wetted surface 

Radial distance between streamlines 

Axial dimension 

Axial distance from station to exit 

Angle between fluid absolute velocity and 
tangential direction 

Blade leading edge wedge angle 

Angle between fluid relative ve€ocity 
and tangential direction 

Angle between blade and tangential direction 

Blade taper angle 

Deviation angle 

Deviation angle due to vapor cavity or vapor 
eavity surface slope relative to the blade 

Deviation angle at inducer exit 

Deviation angle due to exit deviation 
(distributed value of 6e) 

Deviation angle due to inlet incidence 

UNITS 

FL 

L 

LT- 1 

LT- 1 

LT- 1 

LT- 1 

L 

L 

L 

L 

deg 

269 



DESCRIPTION 

Deviat ion due t o  f l u i d  i n e r t i a  ( d i s t r i b u t e d  
va lue  of 6,) 

Cavity c o l l a p s e  a n g l e  

Shear stress 

Boundary l a y e r  displacement t h i c k n e s s  

E f f i c i e n c y  

Absolute v i s c o s i t y  

Kinematic v i s c o s i t y  

Density 

Blade t a n g e n t i a l  spacing 

C a v i t a t i o n  parameter 

Tangen t i a l  space between b l ades  occupied by f l u i d  

Blade spacing measured normal t o  b l ades  

Flow c o e f f i c i e n t  

Critical flow c o e f f i c i e n t  

Angle between s t reamtube and a x i a l  
! d i r e c t i o n  

Head rise c o e f f i c i e n t  

S t a t i c  head c o e f f i c i e n t  on t h e  blade s u c t i o n  
s u r f a c e  

S t a t i c  head c o e f f i c i e n t  on t h e  blade 
p r e s s u r e  s u r f a c e  

Inducer  a n g u l a r  v e l o c i t y  

Blade s o l i d i t y  

Boundary l a y e r  momentum th i ckness  

Hub/Tip r a d i u s  r a t i o  

Blade camber 

m T S  

deg 

deg 

FL- 2 

L 

F T L - ~  

L’T- I. 

FT2Lm4 

L 

L 

L 

T- 

L 

S u p e r s c r i p t s  

I Previous va lue  
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SYMBOL DESCRIPTION 

- Average v a l u e  between axial s t a t i o n s  

- - Average va lue  between s t reamtubes 

S u b s c r i p t s  

UNITS 

e 

B 

i 

j 

J 
LE 

m 

n 

0 

P 

re 1 

S 

ST 

T 

Z 

TE 

U 

V 

E x i t  

Hub 

Streamline number, 1,2,3 ---- N I  

Axial s t a t i o n  number, 1 , 2 , 3  ---- 
Liquid o r  leakage 

Leading edge 

Meridiona 1 d i r e c t  ion 

D i r e c t i o n  normal t o  t h e  b l ade  

I n l e t  

P res su re  s u r f a c e  

Relative 

Suc t ion  s u r f a c e  

Streamline 

Tip 

Ax ia l  d i r e c t i o n  

T r a i l i n g  edge 

Tangent ia  1 

Vapor c o n d i t i o n  

B .  STRESS AND VIBRATION 

SYMBOL DE SCRIPTION UNITS 

IA] , [ B]  , [ C] , [ D] , [E] P a r t i t i o n e d  matrices of K IT  

Displacement f u n c t i o n  coord ina te  Mixed 
matrix 
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SYMBOL DES CRIPTI ON UNITS 

wll 

[FLI 

IFL-2] 

Mixed 

[ FL'2] 

Curvature matrix 

F lexua l  r i g i d i t y  EE3/12(l - U ) 2 - 
D 

E Modulus o f  e l a s t i c i t y  

Curvature c o o r d i n a t e  matrix 

Membrane e las t ic  c o n s t a n t s  matrix 

Force i n  coord ina te  d i r e c t i o n  

General ized nodal f o r c e  column 
matrix [ Fx,FyyFz,%,M M T 

Unit d i agona l  matrix 

S t i f f n e s s  ma t r ix  

Y '  2 )  

III 

lKl  
[ 11 

[FL"] 

Reduced s t i f f n e s s  system matrix 

PI 'IK] TITI 

Moment about  c o o r d i n a t e  a x i s  

I n e r t i a  matrix 

2 -1 
[FT L 1 ,  Reduced i n e r t i a  system ma t r ix  

[ FT2L] 

[ FL-2] P P res su re ,  + ve i n  + ve d i r e c t i o n  
o f  z 

General ized v i b r a t o r y  amplitude 

R Radius measured i n  x ,  y plane 

R* Radius measured a l o n g  gene ra to r  

RG Generator o f f s e t  r a d i u s  

Ro ta t ion  matrix 

T K i n e t i c  energy 
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SYMBOL DESCRIPTION UNITS 

[ 11 Coordinate  t r ans fo rma t ion  matrix 

[ -h] 
- 
t Thickness of t r i a n g u l a r  element 

Nodal t h i ckness  column matrix 
T 

U I n t e r n a l  s t r a i n  energy 

Displacement i n  x ,  y ,  z d i r e c t i o n s  

v P o t e n t i a l  energy 

Bending e l a s t i c  c o n s t a n t s  matrix 

[x: 0 0 2(1-u)  ] 
Bending stress e l a s t i c  c o n s t a n t s  mat r ix  

10 0 1-u] 

1% I Membrane s t r a i n  coord ina te  mat r ix  

Rectangular  coord ina te s  x, Y, z 

Lead h e i g h t  of  gene ra to r  measured 
a t  hub r a d i u s  H z 

Mixed Displacement f u n c t i o n  c o e f f i c i e n t  
column matrix 

1Qtl Th i c  knes s func t ion  coe f f i c  i e n t  
column matrix 

Mixed 

General ized displacement  column 
matrix [ u v w 6 6 O,]T 
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SYMBOL DESCRIPTION 

S t r a i n  i n  x and y d i r e c t i o n s  

UNITS 

[ 11 

e 
8XY8Y 

x 

V 

P 

I4 

cos  (x,?), e tc .  

S u p e r s c r i p t s  - 

I I' 
S u b s c r i p t s  

B 

C 

H 

i 

Shear s t r a i n  

Membrane s t r a i n  column matrix 

Wrap a n g l e  

Ro ta t ion  about  coord ina te  axis 

Generator l e a n  ang le  

P o i s s o n ' s  r a t i o  

Density 

Coordinate ma t r ix  

N a t u r a l  frequency o r  angu la r  
v e l o c i t y  

Column matrix 

Determinant 

Cosine o f  a n g l e  between x axis i n  
common and 7 axis i n  l o c a l  system 

Refers  t o  l o c a l  coord ina te  system 

Transpose of matrix I1 
Bending 

C e n t r i f u g a l  

Inducer  hub 

Parameter a t  node I ' i "  ( 1 , 2 , 3 )  
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SYMBOL DE SCRIPTION 

M Membrane 

Pressure P 

ss 

T 

Subsys tem 

Inducer tip 

Matrix of nodal parameter$ 

System matrix [ I:, 
NOTE: Symbol [l] represents dimensionless expression. 

UNITS 
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